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PBEFACE 



Ax attempt is made in this volume, to bring the science of geometry, 
directly to the comprehension of the learner ; and to accomplish this 
end, it is necessary to sweep away some of the rubbish and some of the 
redundancies which haVe seemed only to obstmct our progress and 
becloud our vision. 

All attempts to prove what is perfectly obvious to every one without 
proof, only weakens the mind rather than strengthens it, and hence, we 
have discarded all such propositions as the following : ''All right an- 
gles are equal.'* *\^^y ^^ ^^^^ of a triangle are greater than the 
third side.** *' Parallel lines can never meet, however far they may be 
produced** — and some few others of like character. In almost every 
treatise on Geometry, the first, or one of the first propositions for de- 
monstration is, ** Thai all right angles are ejutfZ.** This* proposition at 
once excites in the mind of the intelligent pupil, a mingled sensation 
of disappointment and indignation^ — disappointment, because he ex- 
pected to learn new truths ; indignation, because he feels as if his 
time and common sense are trifled with. 

\Vlien he attempts the demonstration, he either has, or has not, a 
eorrect idea of a right angle ; if he has a correct idea, he cannot demon- , 
strate, or say anything that can be called a demonstration — ^because 
the proposition is all embraced in the definition of a right angle. 

If he has not the correct idea of the term right angle, he must 
obtain it before he can commence any demonstration"^; so, in either 
ease, the proposiUon is worse than useless. 

When he comes to the proposition, that ''Any two sides of a tri- 
angle, are together, greater than a third side,** and is carried through a 
useless demonstration, he looks about in wonder and perplexity, to 
discover why it is that he should be dragged through formal techical- 
ities to arrive at the perfectly axiomatic truth, that astraight line is the 
shortest distance between two points* 
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Where is the logic of proving that parallel lines wiH never niaet» 
however far they may be produced, when the very meaiiing of the term 
parallel is, that they cannot meet ; hence, we say that all attempts to 
prove what is perfectly obvious, tend more to confuse and weaken, 
than to strengthen and enlighten. 

Notwithstanding we have discarded such like propositionsy we have 
omitted none of the truths therein expressed ; for we have put them 
either in the axioms or Jiefinitions, and have made as complete a chain 
of geometrical truths as are to be found in any other work. 

At the same time, no attempt has been made to present all the 
known propositions in geometry ; we have taken such only as, united 
and combined, will give the pupil complete power over the science, 
and make his geometrical knowledge ^leien/, ttf^/uZ, and pracHcdL 

In the mathematical sciences, it is . necessary to be moro or less 
technical, formal, and exact ; but we have made efforts not to be un- 
pleasantly so. We have presumed that the roader will exercise his 
own judgment in construing our language ; and in place of the procise- 
ness of the professor, we have aimed to take the moro wholesome and * 
elevated tone of the practical common-sense man of the world. For 
the sake of perspicuity and brevity, we have freely used the algebraic 
language ; ^nd the whole work supposes that the reader clearly compre- 
hends simple equations, and is able to perform all ordinary operations 
with them ; but this should be no objection to the use of this book — ^for 
no treatise on Geometry should be studied prior to Algebra, whatever be 
the tone and style of the Geometry. 

To most persons, Geometry is a very dry and uninteresting study; and 
from the nature of the human mind it must be so, until the pupil catches 
the spirit of the science; but as a general thing that spirit cannot be 
infused until some essential advancements have been made; hence, 
the ill success of many who undertake this study. 

It is essential that the teacher should have a clear view of all these 
particulars ; that he should possess the true spirit himself; and then he 
will be able to animate, encourage, and assist the new beginner, until 
the daylight of the science broaks in upon his mind. 

It is of little use to commence Geometry unless the learner is-deter- 
mined to go through, at least, so far, as to understand Plane Trigonom-. 
etry. The first propositions aro only so many letters in the great 
alphabet of science, and we must be able to put them together, before 
we can really perceive their utility and power. These considerations 
induced us to be very full and practical in the application of Geometry, 
and if a student can go through this book understandingly, we aro sure 
that his geometrical knowledge will be at once ample and efficient 
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With proper encoaragement and proper instractioii, the learner will 
begin to discover the beauties of geometdcal demonstrationB, after 
passing through the first three books, and when that discovery is made, 
all serious difficulties will be over. Yet the pupil should not stop there ; 
for, to receive the benefits of any science, we must have command ^owr 
(hat science. To receive the benefits of any enterprise, we must carry 
it through to completion, or be content to lose a part, if not the whole 
of our labors ; it is emphatically so with this science. 

The infinitesimal system has been used in demonstrations to a greater 
extent in this, than in most other works of like kind, and although the 
method has been«objected to, the objections are neither far-sighted nor 
philosophical ; a rejection of this method necessarily rejects the dif- 
ferential and integral calculus, and all works based upon them afl 
unscientific and unsound. 

In plane and spherical trigonometry, great pains have been taken to 
show the theoretical beauties of those sciences, as well as their practi- 
cal application, and for this end, many of the demonstrations have 
been given both analytidUly and geometrically. In applying these 
sciences, more examples are given in this work than any other that 
I have seen, and such questions and such problems have been chosen„ 
as to show tiie great power and utilily of geometrical science. Bt 
confirmation of this, we refer the reader to the various astronomical 
problems, and in particular to the one, giving general directions for 
computing the beginning or end of a local soliu' eclipse. 

Those only who pay particular attention to Geometry, will be able to 
demonstrate the propositions proposed for exercises on pages 100-104 ; 
they are designed for amateurs in particular ; they are marks of attain- 
ment to which all may aspire, but as a general thing they will require 
more time and attention than can be devoted to them in schools ; there- 
fore, no attempt should be made to solve all of them, before passing on. 

In conic sections we have not been as full as some other treatises, 
especially in respect to the hyperbola, and the reason for our brevier 
on that curve is, that it is of litUe or no practical utili^ ; it is merefy 
a curve of mathematical curiosi^. The ellipse and parabola have im- 
portant relations to astronomy, and projectile motions, and we have 
taken particular care to demonstrate those properties essential to their 
application, and further than this would exceed our design ; but we have 
given this ampfy and fully ; yet this treatise is not designed to super- 
sede the study of these curves again in Analytical Geometry, and if 
the student understands the demonstrations here given» he will ba 
able to pursue analysis with great power and facility. 
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GEOMETRY. 



BBjUITittHS, 

1. GEOMETRY is the science that estimates and compares cBs* 
tancesj ppsitipiis, and magnitudest 

2. A Point is position, not magnitude, and on pa)^r it is repre- 
sented by a visible dot/ thus • 

3. A Line is length, only. The extremities of a Hne are poinis. 
. 4. A Bight Line has the same direction in every part 

6. A Curved Line is continually changing its direction. 

6. A Broken or Crooked Line ohanges its direction at intervals. 

7. An Angle is the difiference in the diredian of two Imes. 

Two lines dx«wn from the same point, and in the same dixecUon, are one 
and the same line. * - 

To make an angle apparent, the two tinea most 
meet in a point, as AB, and AC, which meet at the 
point ii. 



Two lines, not having the none direction, and not 
meeting in a point as AB, and CP, still have an 
angle existing between them egicoZ to tht djfkfence in 
their direction ; and to make the aaj^e apparent, 
take any point in quo of the linesi as 0, and oon> 
ceive GXr to lie ia tiie same direction as AB. Then 
the difference in tiie directlona oit CQ and Gff me»- 
iores the angle ; or meofiiret ^ dfgennee in tha 
dIzeetionB of ilB and CD. 
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. 8. Angles are meaBured by the nimber of d egrees at a efarde 
indiided between Ihe two lines which farm 
the angle at the center of the circle. Thus, 
the portion of the circle between the'lines 
04^ and C3 measures the angle at the 
center of the circle. Every circle is di- 
vided into S60^» and the greater the num- 
ber of d^prees between any two Unea 
miming from the center, the greater the 
angle. 
Angles are more indefinitely distingniahed hjAeutt, OUuh, and 

9. A Biffhi Ai^ is fimed by one Kna 
meeting another so as to make equal angka 
with the other Ime.* 

One line so inclined to another k said to . 
be perpendicoiar to another. 

10. An Acuie Angle is less than a right 
angle. 




11. An 02AtM Angle is greater than a 

light angle. 



12. An angle is named by a letter at its vertex, 
as A. When two or more angles have 4heir ver- 
tices at the same point, this method will not be 
sofficiently definite. 

Thus, when several lines as AS, AO, AJ), 

all meet at the point A, several angles are 

formed ; and to define the one formed by the two 

lines' JL8 and ^C7, we must, say the angle CAB, 

or BAC. To express, the angle requires three 

letters, and the middle one must be at the vertex 

of the angle. The angle i>ul(7 is the angle made by the two 

lines DA and AO. Thid ai^le j>AS is the angle made by the 

two lines DA and AlS. 




DSPIKITI0K8. 11 

IS. Two lines similarly situated and maldng equal aisles with a 
&ird line, aU bdng in ib« same plane, are jpofofltf. 

FualMniiMinaybeeHliorrightliiiMias JLJ^yOrenrred ^ ^ 

ll]iM» 9MCDt bat at preseat we are only coaiideriiig zif^t ' 



Reetilixieftr panllels haya the same absolute dliectloiis 
and, conTenely, lines having the SBine abeolnte direction, are parallel. 

Two parallel lines cannot be drawn from the same point ; for to ju^ the eon" 
Man of 'parallelism, any attempt to draw them would nm them Into the same 
direction, and thus make one line. CouTersely, tiben, two parallel lines cannot 
meet in a point, however far they may be produced. 

14. Saperficies are either Plane or Curved. 

A Plane Saperficies, or a Plane, is that with which a rights line 
may every way coincide. Or, if the line touch the plane in two 
points, it will touch it in every point ; but, if not, it is curved. 

15. Plane figures are bounded either by right lines or curves. 

16. Plane figures that are bounded by right lines have names 
aooording to the number of their sides, or of their angles ; for 
they have as many sides as angles ; the least number being three. 

17. A figure of three fsides and angles is called a triangle ; and 
it receives particular denominations from the relations of its sides 
and angles. 

18. An . Equilateral Triaogle has three eq[ual 
sides. 

19. An Equiangular Triangle has three equal 




Every Equilateral Triangle is also Equiangular. 
20. An Isosceles Triangle has two equal sides. 

81 . A Bight Angled Triangle has one jright angle. 

82. An Obtuse Angled Triangle has one obtuse angle. 

23. An Acute Angled Triangle has all its three angles acute. 

24. A Quadrilateral figtire has four sides and four angles. 

25. A Parallelogram is a quadrilat^td which has its opposite 
sides parallel, and it may tak^ the name of reckmgU^ muare, rhan^ 
Md, or rhom^, accordbg to the relation of its sides and angles. 

26. A Beetangle is a paraUelogram, having 
its angles right angles. 
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27, A fl^uare has all its sides equal, and all its 
angles right angles. 



28. A Bhomboid is an oblique angled 
parallelogram. 



29. A Ehombus is an equilateral rhomboid. 




SO. A Trapezium is any utegalar quadrilateral. 



31. A Trapezoid is a quadrilateral whieh has two opposite 
sides parallel. 

32. A figure of fiye sides is called a Pentagon ; of six, a 
Hexagon ; of eight, an Octagon, &c. ; but all these figures are m 
general called Polygons, 

33. Diagonals are lines joining any tWo angles of a polygon not 
adjacent. 

34. Polygons may be similar without being 
equal ; that is, the angles and the number of 
sides equal, and' the length of the sides and 
the siae of the figures unequal. 

36. A Perimeter of any figure is the sum of all its sides. • 

36. The Altitude of iany figure is ^<^ perpendieidaT ditUmce bom 
any side, or any angle, to the opposite side or angle. 

37. A Circle is a figure bounded by one 
uniform curved line, and a certain pdnt 
within it, from which all straight lines 
drawn to the curve are equal, and this 
pomt is called the center. 





DEFINITIONS. IB 

EXPLANATION OF TEBM&. 

1. A Postulate is a position taken ; a &ct that most be admitted. 

2. An Axiom is a self-evident truth ; not ovlji too simple i^ 
require, bui too simple to admU, cf denumsbratiUm. 

3. A Proposition is gomething which is either proposed to be 
done^ or to be demonstrated, and is dther a problem or a theorem. 

4. A Problem is something proposed to be done. 

5. A Theorem is something proposed to be demonstrated. 

6. A Lemma is something which is premised, or demonstrated, 
in order to render what follows more easy. 

7. A Corollary is a consequent truth gained immediately from 
some preceding truth or demonstration. 

8. A Scholium is a remark or observation made upon something 
going before it. 

POSTULATES. 

1. Let it be granted that a strwght line can be drawn from any 
one point to any other point. 

2. That a straight line can be produced to any distance, or ter- 
minated at any point. 

3. That a circle can be drawn from any center, at any dis- 
tance from that center. 

AXIOMS. 

1. Things which are equal to the same thing are equal to each other, 

2. When equals are added to equals the wholes are equal, 

3. When equals are taken from equals the remainders are equal, 

4. When equals are added to uneqttals the wholes are unequal, 

6. When equals are taken from unequals the remainders are unequal, 

6. Things which are double of the same thing, or equal things, are 
equal to each other. 

7. Things which are halves of the same thing are equal, s 

8. Every whole is equal to aU its parts taken together, 

9. Things which eoindde, or fUl the same, space, are -Heniical, or 
mtUuallg equal in aU their parts, 

10. AU right angles are equal to one another. 

11. Two straight lines cannot*inclose ft tpace. 

12. A straight line is the shortest distance between twopwnts. 

13. The whole is greater than its part. 
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ABBREVIATIONS. 

The oommon algebraieal signs tril! be used in this work, and 
dtmonstratioms-wiU sQmetimes be made througli the medimn of 
equations ; and it is so necessary that the student in Geometry 
should understand some of the more simple operations of Algebra, 
that we suppose he is acquainted with the use of the signs. As 
the words cirde, angle, triangle, hypothesis, axiom, are constantly 
occurring in a course of G^metry, we shall abbreviate them as 
follows : 

Addition is expressed by +• ' 

Subtraction « « _. 

Multiplication " " X. 

Equality « « •••.=. 

Greater than " " >. 

Less than « « <;. 

Thus: JS is greater than ^ is written . . . By A. 
£ is less than ^, «« « . . B<:^A. 

Let a circle be expressed by o. 

An angle by " ** .... J . 

A triangle by " ** . . • . * . A. 

The word hypothesis " . • . . (hy.) 

A^om is expressed " . . ' • . (ax.) 

Theorem *' " . . . . (th.) 

CoroUary " " . . . . (Cor.) 

Perpendicular" " .... 1. 

When the difiference of two quantities is expressed, with- 
out knowing which is the greater^ we use the fol- 
lowing symbol^ . • . . « • ^ . 
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B K I. 

THEOREM 1. 

When one line fneda another, the sum of the two amglee which U 
makes on the same side of the other line, is equal to two right angles. 

Let AB meet CD; then toe are to ds' ^ 

monstrate that the two angles ABD+ABCa | ^ 

two right angles. 

If AB does not incline on either side 
of GD and the angle ABD^ABG, then 
these angles are right angles by definition 9. ^ 

But if these angles are unequal, conceive the dotted line, BE, 
drawn from the pomt JS, so as not to mcline on either side ; then 
by the definition, the angles CBE and EBD are right angles ; 
but the angles CBA-^-ABD make the same sum, or fill the 
same angular space, as the two angles CBE and EBD; there- 
fore, CBA-^-ABD^two right angles. Q. E. 2>. * 

Cor. 1. Hence, all the angles which can be made at any point 
S, by any number of lines on the same side of the right line CD, 
are, when taken all together, equal to two right angles. 

Cor. 2. And, as all the angles that can be made on the other 
side of the line CD are also equal to two right angles, therefore 
til the angles that can be made quite round a point B, by any 
immber of lines, are equal to four right angles. 

Cor. 3. Hence, also, the whole circumference 
of a circle, being the sum of the measures of all 
the angles that can be made about the center 
F, (def. 8), is the measure of four right angles ; 
consequently, a semicircle, or 180 degr^s, is 
the measure o( two right angles ; and a quadrant, or 90 degrees, 
the measure of one right angle. 




Tho initialfl of a Latin phnuM, meaning « uhiek was to be demmHraUd.** 
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THEOREM i. 

j^^ (me iirttiffhi line meeU two (MMer iirttSffhi U$k0t a^ 
fcvwwng tmo angles, whkh togeUner make hoo right angtee, the two 
etraigJU linee are one and the eame line. 

If AjB meeU the two lines JDB 
and BC at the common point B, 
and the two angles DBA+ABO 
Bstwo right angles, then we are to 
denumstrate that BB and BG/orm 
one and the eame straight line. 

If DB and BG are not in the 
same line, produce DB to E, making a continaed line DJSi then 
by (th. 1) the angles 

ABD-^-ABiS^^B (SlZiiidiciitMtwo 

Butby(hy.) ABD-^-ABC^StR right angle..) 

By subtraction ABE—ABC^O 

That is, the angle CBE is xero ; and BBC is a contmued line ; 
or^CfiBllson^i^. Q.E.B. 

THEOREM S. 

If two Hraight Knee intersect each other, the oppoeite vertieal atiglee 
are equal. 

If AB and CD intersect each other 
at E, we are to demonstrate that the angle 
AEC equals its opposite angle DEB, and 
AED=CEB. 

As AEB is a right line, EA is ex- 
actly in the opposite direction from EB; and for the same reason 
EC IS opposite in direction from ED; therefore, the difference in 
directum between EA and EC is equal to the difference in direction 
between EB and EB; or by (def. 7), the angle AEC^DEB. In 
the same manner we can show that the angle AED= CEB. Q. E. D. 

Otherwise : Let AEC^^z, AED^y, and BEB^x; then we are 
to show that x=z. As AB is a right line, and BE (aXla upon it» 
we have, by (th. 1), x+y=2B 

Also, . . . . g+y=2ig 

By subtraction, . . x — «=0 

By transposition, . • d^^^s Q. E. D. 
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THEOREM 4. 

If a straiffhi line falls across two parallel straighi lines, the sum of 
ike two interior angles on the same si3e of the crossing line is efual to 
two right angles. 

Let AB and CD be two paral- 
lel lines, and EF running across 
them ; then we are to demonstrate 
that the angle BGH+GHD=2R- 
Because (7^ and ED are parallel, 
they are equally inclined to the line 
EF, or have the same difference of 
direction from that Ime : Therefore J FOB^J OHD. To each 
of these equals add the J BQH. 

Then FaB'\'B&£r= aHD+BGH. 

But by (th. 1) the first member of this equation is equal to two 
right angles : that is, the two mterior angles GHD and B&H are 
together equal to two right angles. Q. E. D. 

THEOREM 5. 

If a straight line falls across two parallel straight lines, the interior 
alternate angles are equal; and also the opposite exterior angles, "' 

On the supposition that AB and CD are parallel, (see last 
figure), and EF falls across them, we are to demonstrate 
1st. That the J AaH^ihe alternate J GJffD. 
2d. That A GF^EED ; or FQB^ CEE, 
By the definition of parallel lines we have 
FOB^OED 
But FaB=AGE(th. 3) 
Hence AGE=OED (ax. I) Q. E, D. 
•2d. The J FGB=GED. But GED^CEE (th. 3); there- 
fore, FGB^ CEE, In the same manner we prove that A GF is 
equal to EED. Q, E. D. 

THEOREM 6. 

J^ a straight line falls across ttoo parallel straight lines, the exterior 
angles are equal to the interior opposite angles on the same side of the 
crossing line, 
2 
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n AB and CD are paraUel, (see last figure), and EF crosses 
tlUm, then we are to prove that the exterior J FGB^OHD 

And ... . AGF^CSa 
• For . . . . AGH^FQB{ih.^) 

Also . . . . AOH=GHD (i\i. 6) 
Hence FGB=GEJ) (sjl. I) 

In the same manner we prove that A GF= CHG. Q. E* i>. 

THEOREM 7. 

If a straight line falls across two oiher siraighi lines, and makes the 
sum of the two interior angles on the sams side equal to two right 
angles, the two straight lines must be parallel. 

LeiEFhe the Ime falling across 
the lines AB and OD, making the 
two angles BGff+GB J)— to two 
right angles ; then toe are to demon- 
strate that A6 and CD must he 
parallel. 

As ^^is a right Ime, and BA 
meets it, the two angles (th. 1) 

FGB+BGIf^^E 

By (hy.) . GffD+BG£r=2E 

By subtraction, FOB—GHD=0. That is, there is no differ- 
ence in the direction of GB and HD from the same line EF; but 
when there is no difference in the direction of lines (def. 13) the 
lines are parallel ; therefore, AB and CD are parallel. Q, E, D, 

THEOREM 8. 

Parallel lines can never meet, however far they may he produced. 

If the lines AB and CD (see last figure) should meet at any 
distance on either side of EF, they would there form an angle ; 
and if they formed an angle they would, not run in the same direc- 
tion ; and not running in the same direction, they would not be 
parallel ; but by (hy.) they are parallel ; therefore they cannot 
meet. Q. E. D, 
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THEOREM 9. 



J^ ^100 Hraiffhi lines are parallel to a thirds they are parallel to 
each other. 

If AB is parallel to JEF, and 
CD also parallel to FF, then vfe 
are to show that AB is parallel to 
CD. 

Because AB and FFsxe parallel, 
tliey make equal angles with the 
line RG (def. 13, 2) ; and because 
CD and FF are parallel, those two lines make equal angles with 
the line BTG. 

Hence AB and CD, making equal angles with another line that 
falls across them, they are therefore parallel (def. 7). Q. F. D. 




THEOREM 19. 



Jf two angles have their sides parallel, the two angles mU he equal. 

' Let the two angles be A and 
DBF; AC parallel to DB^ and 
^^parallel to BF. 

On thai hypothesis toe are to 
prove that the angle A^=iDBF. 

Produce DB, if necessary, to 
meet AHm O, 

Then . J DBF^J PGH 

Also . . jA—^DGff 

Therefore DBF^A (ax. 1) Q. F. D. 

Scholium. When ^ZT extends in the opposite direction, it is still 
parallel to BF ; but the angle th^n is the suppl^m^ptal angle to 
DBF; that is, equal to FBG. 
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THEOREM 11. 

J^imf side pf a irianffle he produced, the exterior angU is equal to 
the sum (/ the two interior opposite angUe; and the sum of the three 
etngUs is equal to two right ati^. 

Let ABC he any triangle. Pro- 
duce AB to D. Then we are to 
show that the angle CBJ)=sJ A 
+the angle C; also, that the soi' 
g]es A+C+CBA^2B. 

From B conceive BJS drawn 
parallel to ^(7/ 

Then EBD^J A (th. 6) 

By(ih. 6) CBE^^ (alternate angles). 

By addition j CBD=^A-\-0 Q.E.D. 

To each of these equals add the angle CBA, and we hare 

C!5i>+ CBA^A-\- (7+ CBA 
But . . CBD+CBA^ZB (ih. 1) 

Therefore A+C+CBA=^ZB (ax. 1) 

That is, the three angles of the triangle are, together, equal fo 
two right angles ; and this triangle represents any triangle ; there- 
fore, the sum of the three angles of any triangle is equal to two 
right angles. Q. E. D. 

Cor. 1. As the exterior angle of any triangle is equal to the sum 
of the two interior and opposite angles, therefore it is greater than 
either one of them. 

Cor, 2. If two angles in one triangle be equal to two angles in 
another triangle, the third angles will also be equal, (ax. 3), and 
the two triangles equiangular. 

Cor, 3. If one angle in one triangle be equal to one angle in 
another, the sums of the remaining angles will also be equal (ax. 3). 

Cor. 4. If one angle of a triangle be right, the sum of the other 
two will also be equal to a right angle, and each of them singly 
will be acute, or less than a right angle. 

Cor. 5. The two least angles of every triangle are acute, or each 
less than a right angle. 
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THEOREM 12. 

In any quadrangle the sum of d&ihe four inu>ard angles is eg[ual 
to/our right angles. 

Let ABCD be a quadrangle ; then the sum 
of the four mward angles -4+JB+ C-\-D is equal 
to four right angles. 

Let the diagonal AC he drawn, dividing the 
quadrangle into two triangles, ABG^ ADO; 
then, because the sum of the three angles of each of these tri- 
angles is equal to two right angles (th. 11), it follows that the 
sum of all the angles of both triangles which make up the four 
angles of the quadrangle, must be equal to four right angles (ax. 2). 
Q. E.D. 

Cw. 1. Hence if three of the angles be right angles, the fourth 
will also be a right angle. 

Cor, 2. And if the sum of two of the four angles be equal to 
two right angles, the sum of the remaining two wi]l also be equal 
to two right angles. 

SCHOLIUM. 



^^ c 



IJ^ — ^ — >^ 



In any figure hounded hy right lines and angles, the sum (fall the 
interior angles is equal to ttoice as many right angles as the figure has 
sides, less four right angles. 

Let ABODE be any figure; thai 
the sum of all its inward angles, -4+ 
B-^-O+D+E, is equal to twice as 
many right angles, wanting four, as 
the figure has sides. 

For, from any point P, within it, 
draw lines PA, PB, PO, ka,, to all the angles, divi<]Ung the poly- 
gon into as many triangles as it has sides. Now the sum of the 
three angles of each of these triangles, is equal to two right angles 
(th. 11) ; therefore the sum of the angles of all the triangles is 
equal to twice as many right angles as the figure has sides, 3ut 
the sum of these angles contains the sum of four right angles about 
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die point P : take diese away, and the sum of the interior angles 
of the figure is equal to twice as many right angles as the figure 
has ddes less four right angles. Q, E. D. 

From this principle we can deduce the followmg rule to find the 
sum of the interior angles of any right-lined figure : 

RiTLB. SubHT€uA 2 from the number of sides, a$id muUiply the 
remainder by 2, and the product will be the number of right angles. 

Thus, if the sides be represented by s, then the rule gives 
(2« — 4) ; nor is the rule varied in case of a re- 
entrant angle, as represented at iin the figure abed 
e f. Draw the dotted lines from the angle d to the 
several opposite angles, making as many triangles 
as the figure has sides, less two, and each triangle 
has two right angles : hence the rule. 




THEOREM 13. 

Two triangles which have two sides, and the included angle in the 
one, equal to the two sides and included angle in the oilier, are identical, 
or equal in all respects. 

In two As, ABC and DEF, on 
the supposition that AB=DE, and 
AC=DF, and the j -4= J D, we 
are to prove that BC must=EF, the 
J B= JE, and the J C= J F. 

Conceive the A ABC cut out of the 
the paper, taken up, and placed on 
tiie A DEF in such a manner that the point A shall fall cm 
the point D, and the line AB on the line DE; then the point 
B will fall on the point E, because the lines are equal. Now, 
as the J -4= J D, Ihe line ^(7 must take the same direction as 
J)F, and fell on DF; and as the line AC=J)F, the point (7 will 
fell on J^. B being on E and Con F,BC must be exactly on EF, 
(otherwise, two straight lines would enclose a space ax. 12), and 
BC=EF, and the two magnitudes exactly fill the same space ; 
therefore, the two As are identical, (ax. 9), and the angle B^sE, 
and C^F. Q, E. D. 
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THEOREM 14. 

When two triangles have a side and two adjacent angles in ike one, 
equal to a side and two adjacent angles in the other, the two triangles 
are equal in all respects. 

In two As, 9S ABC and DEF, 
on the supposition that BC^^EF, 
the angle B=F, and C^F, we are 
ioj}rove that AB=:DE, AC=DF, and 
the angle A=D. 

Conceive the A ABO taken up. 
and placed on the A DFF so that 
the side BO shall exactly coincide with its equal side FF; 
then because the angle B is equal to the angle F, the line BA will 
take the direction of FD, and fall exactly upon it ; and because 
the angle is equal to the angle F, the line OA will take the 
direction of FD, and exactly fall upon it ; and the two lines BA 
and OA exactly coinciding with the two lines FD and FD, the 
point A will fall on D, and the two magnitudes exactly fill the 
same space ; therefore, by (ax. 9) they are identical, and AB=^ 
FD, AO^^DF, and the J A=^D. Q. F. D. 




THEOREM 15. 

JftuH) sides of a triangle are equal, the angles opposite to these sides 
will be equal. ^ 

Let ABC be the triangle ; and on the suppo- 
sition that A 0= CB, we are to prove that the 
angle -4= J?. 

Conceive the angle divided into two equal 
angles by the line OD; then we have two As, 
ADC and CBD, which have the two sides, AC 
and OD of the one, equal to the two sides, CB 
and CD of the other; and the included angle ACD, of the one, . 
equal to BCD of the pther: therefore (th. 13), AD=BD, and 
the angle A, opposite to CD of the one triangle, is equal to the 
angle B, opposite to CD of the other" triangle : that is, j A 
= JB. Q.FD. 
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Cor. 1. As the two triangles ^ Ci> and BOD are in all respects 
equal, the line which bisects the vertical angle of an isosceles A 
also bisects the base, and falls perpendicular on the base. 

Scholium, Any other point as well as may be taken in the 
perpendicular DCf, and lines drawn to the extremities A and B; 
' such lines will be equal, as we can prove by theorem 13 ; hence, 
we may announce this truth : Thai if a perpendicular he drawm 
from the middle of a line, any point in the perpendicular ii ai equal 
dietance from tlie tvoo extremities. 

THEOREM 16. 

The greater side of every triangle has the greater angle opposUe to iU 

Let ABC be the A; and on the supposition 
that ^C7 is greater than AB, toe are to prove that 
the angle ABC va greater than the J C, From 
the greater of the two sides A C, take AD^ equal 
to ^^ the less, and join BD; thus making two 
triangles of the origmal triangle. As AB=AI>, 
the J ADB=z the J ABD (th. 15). 

But the J ADB is the exterior angle of the A BDC, and there- 
fore greater than C : that is, the J ABD is greater than the angle 
C. Much more, then, is the angle ud^C greater than (7. Q, E. D. 

THEOREM 17. 
If two triangles have two sides of the one equal to two sides of the 
other, each to each, and an angle opposite one of the equal sides in each 
triangle equal, then will the ttoo triangles be equal. 

Let ABC he one triangle and ^i>C7 the other in which AD=^AB, 
BC^DC, and the angles opposite BC and DC equal, then will the 
OMgle ABC=:ADC, and AC he a converse side. 

Place the two A's so that the given angles 
will come together at A, and lie on the oppo- 
site sides of the line A C 

Then because AB^AD, ABD is an isos- 
celes A> and the line A C which bisects the 
angle A is perpendicular to BD and bisects 
BD (th. 16, cor. 1). Now BC and DC must 
terminate in the same point C, because BC=^ 
DC (th. 16, scholium), therefore, AC \a 
common to the two A's ABC, ADC; and 
the A's are identical. Q, E. D. 

Scholium. There are, in fact, two cases in this theorem, because 
BC^BE, and DC^DE, giving ttoo pair of A's. 
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THEOREM 18. 

The difference of any two sides of a irian^ is less than the third 
side. 

Let ABC be the A, and let AC he greater 
tlian AB; then we are to prove that AC-^AB 
is less than BC, 

As a straight line is the shortest distance be- 
tween two points. 

Therefore, . AB-^-BC"^ AC. 

From these unequals subtract the equals 
AB=^AB, and we have jB(7> AC—AB. (ax. 6). Q. JE. D. 




THEOREM 19. 

When two triangles have aU three of the sides in (me triangle equal 
to all three in the other, each to each, the two triangles will he identical, 
and have equal angles opposite equal sides. 

In two triangles, ss ABC and 
ABD, on the supposition that the 
side AB of the one=^-B of the 
other, AC=AJ), and BC=BD, 
we are to demonstrate that the angle 
ACB=the angle ADB, BAC=: 
BAD, and ABO=ABD. 

Conceive the two tfiangles to be joined together bjiheir longest 
equal sides, and draw the line CD. 

Then, in the triangle A CD, because the side ^ C7 is equal to 
AD by (hy.),the angle ACD is equal to the angle ADC (th. 16). 
In like manner, in the triangle BCD, the angle BCD is equal to 
the angle BDC, because the side BC is equal to BD. Hence, 
then, the angle ACD being equal to the angle ADC, and the 
angle BCD to the angle BDC, by equal additions the sum of 
the two angles ACD, BCD, is equal to the sum of the two ADC, 
BDC(2iX. 2) ; that is, the whole angle ACBis equal to the whole 
uighBDA. 
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Since tlien the two sides, AO, CB, are equal to the two sides 
AD, DB, each to each, by (hj.), and their contained angles ^(7^, 
ADB, also equal, the two triangles ABG, ABD, are identical 
(th. 13), and have their other angles equal, the angle BAC to the 
angle BAD, and the angle ABC to the angle ABD, Q. K D. 

THEOREM A. 

Jf there he two triemgles which Kane the two sides of the one equoi to 
the two aides'ofihe other, each to each, and the included angles unsqual, 
the third sides will be unequal, and the greater side will belong to the 
triangle which has the greater included angle. 

Let ABC he one A, and A CD 
the other A* Let AB and AC of 
the one A he equal to AD and 
AC of the other A« But the 
angle BA C greater than the angle 
DA C ; then we are to prove that 
the hasG BO is greater than the 
base CD. 

Conceive the two As joined together so that the shorter sides 
will be common to them. As AB==AD, ABD is an isosceles A» 
from the vertex A draw a line bisecting the angle BAD. This 
line must meet BC, and will not meet CD, because the J BAC i& 
greater than the J DAC, and be perpendicular to BD (th. 16). 
From j^, where the perpendicular meets BC, draw J^Z). 

Now . . . . BJS—ED (th. 15, schoUum). 

Add to each EC, then BC=ED+EC 

But DE+EC is greater than DC; 

Therefore . . BC^ DC. Q. E. D. 

THEOREM 20. 

A perpendicular is the shortest line that can be dratm/rom any point 
to a straigfit line; and if other lines be drawn from the same point to 
the same straight line, the greater will be at a . greater distance from 
the perpendicvlar ; and lines at equal distances from the perpendicular, 
on opjosite sides, are equal. 
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Let A be any point without the 
line JDB; and let AB be the perpen* 
dicular ; AC, AJD, and AE obliqae 
lines : then, if BC is less than BJ), 
and BC=BE, we are to show, 

1st That AB 18 kss than AC. 
2d- AC less than AD. 3d. AC=AE. 

In the triangle ABO, as AB is perpendicular by (hy.), the angle 
ABG is a right angle ; then, as it requires the otlier two angles of 
the triangle (th. 11) to make another right angle, the angle ACB, 
is less than a right angle ; and as the greater side is always oppo- 
site the greater angle, AB is less than A C; and as ^ (7 is any line 
difiermg from AB, therefore AB is the least of any line drawn 
from A. 

2d. As the two angles ACB and ACJD (th. 1 ) make two right 
angles, and A CB less than a right angle, therefore A CD is greater 
than a right angle ; consequently, the J 2) is less than a right 
angle ; and, therefore, in the A -^ CJD, AJD is greater than A C, or 
-4 C7 is less than AD, 

3d. In the As ABC and ABE, AB is common, and CB=BJS, 
and the angles at B, right angles ; theriefore, by (th. 16) AC=AJS, 

Q. E. D, 

THEOREM 21. 

The opposite sides, and the opposite angles of any parallelogram, 
are eqtial to each other. 

Let ABDC be a parallelogram. Then toe 
are to show that AB=CD, AC=BD, the an- 
gle A=D, and the angle ACD=ABD. 

Draw a diagonal, as CB ; then, because 
AB and CD are parallel, the alternate an- 
gles ABC and BCD (th. 6) are equal. For the same reason, as 
AC and BD are parallel, the angles ACB and CBD are equal. 
Now, in the two triangles ABCaadBCD, the side CB is common, 
and 

The J ACB=^J CBD . . (1) 
and J BCD^JABG ^ (^) 
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Therefore, the tiurd angle A^ the third ai^k 2> (th. 11), and by 
(th. 13) the two As are equal in all respects; that is, the sides 
opposite the equal angles are equal ; or, AB^ OJ), and AC^BD, 
By addmg equations ( 1 ) and (2), (ax. 2), we hare the angle A CD 
es die angle ABD ; therefore, the opposite sides, 4?c. ^. S. D, 

Cor. 1. As the sum of all the angles of the quadrilateral is 
equal to four right angles, and the angle A is always « to the 
opposite angle D; if, therefore, wd is a right angle, D is also a right 
angle, and all the angles are right angles. 

Cor, 2. As the angle ABD, added to the angle A, giVes the 
same sum as the angles of the A ACB; therefore, the two ad- 
jacent angles of a parallelogram make two right angles ; and this 
corresponds with the 4th point of theorem 12, 



THEOREM 22. 

^ the opposite sides qf a guadrUalend are equal, they are aha 
narallel, arid ike figure is a parallelogram. 

Let ABDC represent any quadrilateral, 
and on the supposition that A C=^BD, and 
AB=^CD,we are to prove thai KG isparaUd 
to BD, and AB parallel to CD. 

Draw the diagonal GB ; then we have two 
triangles ABC, and CDjB, which have the common side CB; and 
^ (7 of the one=-Bi> of the other, and AB of the one= CD of the 
other ; therefore by (th. 19) the two As are equal, and the angles 
equal, to which the equal sides are opposite ; that is, the angled CB 
= the angle CBD, and these are alternate angles ; and, therefore, 
by (th. 6), -4(7 is paraUel to BD; and because the angle ABC^ 
BCD, AB is parallel to CD, and the figure is a parallelogram, 
e. K D. 

Cor. In this, and also m (th. 21), we proved that the two As 
which make up the parallelogram are equal ; and the same would 
be true if we drew tjie diagonal from A to D; and in general we may 
say, thai the diagonal <^ aii;g parcdleiogram bisects ike parallelogram. 
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The lines vfhichjcin the corresponding extremities of two equal and 
parallel straigM lines, are themselves equal and pardUd; and thi 
figure thus formed is a parallelogram. 

On the supposition that AB is equal and parallel to CD (see 
last figure), we are to show that AC wHl be equal and parallel to BD ; 
and that will make the figure a parallelogram. 

Join CB; then because AB and CD are parallel, and CB joins 
them, the alternate angles ABC and BCD are equal, and l^e side 
AB=CD, and CB common to the two As ABC and CDB ; 
therefore by (th. 13) l^e two triangles are equal; that is, AC=s 
BD, the angle A=D, and A CB=i CBD; hence, ^ C? is also parallel 
to BD; and the figure is a parallelogram. Q, E, D. 

THEOREM 24. 

Parallelograms on the savM base, and between the same parallds, 
are equal Jn surface. 

Let ABE C And ABFD be two par- 

• allelograms on the same base AB, and 

between the same parallel lines AB and 

CD; then we are to show that these two 

parallelograms are equal. 

Now CE and FD are equal, because 
they are each equal to AB (th. 21 ); and 
if from the whole line CD we take, in succession, (7Jgr and i^2>, there 
will remain (ax. 3) ED—CF; \s\3X EB^CA, and AF—BD 
(th. 21) ; hence we have two As, CAF and EBD, which have 
the three sides of the one equal to the three corresponding sides of 
the other, each to each ; and therefore by (th. 19) the two As 
CAF and EBD are equal. If from the whole figure we take away 
the A CAF, the parallelogram ^^jDi?' remains ; and if from the 
whole figure the other triangle EBD be taken away, the pwraliel- 
ogram ABEC will remain; that is, from the same quantity, if 
equals are taken (az. 3), equals will be left ; or the parallelogram 
ABDF^ABEC. Q. E. D. 
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THEOREM tS. 

(m reaped to area or turfaee). 

Let the two As ABB and ABF 
bare the qame base AB^ and 'between 
t]^e same parallels .^L& and 0J>; then 
toe are to show that they are egmL in 
eurfacen 

From B draw a dotted Ime, BD, 
parallel to AF; and from A draw a dotted line AC^ parallel to 
BE; and produce EF both ways, if necessary, to C and D; then 
the parallelogram ABFD^ihe parallelogram ABCE (th. 24). 
But the A ABE is half the parallelogram ABCE, and the A 
ABFiA half the parallelogram ABLF; but halves of equals are 
equal (az. 7) ; therefore the A ulSJF«ihe A ABF. Q. E. JD. 

THEOREM 26. 

Parallelcfframi on equal haeee, and between the same paraUde, are 
equal in area. 

JjAiAB CDy and EF9H, be two par- 
allelograms on equal bases, AB and 
EFf and between the same parallels ; 
then we are to show that thejf are equal 
bi area. 

iA.s AB=EF=RO; but lines which job equal and parallel 
lines, are themselyes equal and parallel (th. 23) ; therefore, if AB 
and BGhe joined, the figure ABOJUb a parallelogram = to ABCD 
(th. 24) ; and if we turn the whole figure over, the two parallel- 
ograms HEFO and EQ-BA, will stand on the same base, HQ', and 
between the same parallels ; therefore, HGEF=^HOBA ; and 
consequently (ax. 1) ABCD=^EF9H. Q. E. D. 

Cor. Triangles on equal bases, and between the same paraUels, 
are equal ; for, join BJ) and EG, the A ABD is half of the par- 
ullelogram A C; and the A EF€f is half of the equal parallelogram 
FE; therefore, the A ABD^^Uhe A EF& (ax. ?)• 
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THEOREM 27. 

If a tnangU andapwraUelogram be upon the same or equal bases, and 
beitoeen the same parallels, the triangle wUl be half the parallelogram. 

luAtABChe a A, and ABDE a parallel- 
ogram, on the same base AB, and between 
the same parallels ; then we are to show thai 
ihe A ABC is half of ABDE. 

Draw the diagonal EB to the parallelo- 
gram ; then, because the two As ABG and ABE are on the same 
base, and between the same parallels, they are equal (th. 26) ; but 
llie A ABEv^ half the parallelogram ABDE (cor. to the 22) ; 
therefore the A ABC is half of the same parallelogram (ax. 7). 
Q. E. D. 




THEOREM 28. 

The complementary parallelogru ms of any parallelogram which are 
about its diagonal, are eqwd to each other. 

Let ud Cbe a parallelogram, and BD 
its diagonal ; take any point, as E, in 
the diagonal, and from it draw lines 
parallel to its sides ; thus forming four 
parallelograms. 

We are now to sJiow that tlie comple- 
mentary paraUdograms A^ and EC, are equal. 

By corollary to theorem 22 we learn that the A -4i>jB=A 
DBC, Also by the same (cor.) a=i, and e=d; therefore by 
addition .. . . aH-c=5+c?. 

Now from the whole AADB take the sum of the two As 
(a-^-c), and from the whole A DBC take the equal sum (b-^-d), 
and the remainders AE and EC are equal (ax. 3). Q, E. D, 




THEOREM 29. 

The sides of a parallelogram wiU inclose ^the greatest space when 
(he angles are right angles. 
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Let ABDC be a right angled 
parallelogram, and ABba an ob* 
lique angled parallelogram of equal 
sides to the other ; then toe are to 
shxno that the right angled pandlelogratn ABDC is greater than the 
other, ABba. 

We take Aa=sA 0, Then Aa is kss than AE, because the per- 
pendicular A 0, or its equal Aa, is less than any oblique line AJB 
(th. 20) ; therefore the line ab is between the two parallels A£ and 
CF. The parallelogram ABDC==^ABFE; because they are on 
the same base AB, and between the same parallels (th. 24) ; but 
the parallelogram ABba is but part of the parallelogram ABFE; 
therefore, ABFE, or its equal ABDC, is greater than AMa ; but 
the parallelogram ABha has the same length of sides, respectively, 
as the parallelogram ABDC ; therefore the side, he. Q, E. 2>. 

Cor. It is eyident, then, that the area of the parallel<^rnm 
ABba will become less and less as its angles become more and 
more oblique ; and greater and greater as its angles become nearer 
and nearer to right angles. 

Schdium, All parallelograms (indeed all figures) are referred 
to e^are unite for their measurement, and the unit may be taken at 
pleasure ; it may be an inch, a foot, a yard, a rod, a mile, kc, 
according as convenience and propriety may dictate. For example, 
the parallelogram ABDC is measured by the number of linear 
units in (7i>, multiplied into the number of linear unita in AC; the 
product will be the square uniie in ABDC; for conceive CD com- 
posed of any number of equal parts — say five — and each part some 
unit of linear measure, and A composed of three sudi units, 
and from each point of division on CD draw 
lines parallel to AC; and from each point of 
division on AC draw Imes parallel to CD or 
AB ; then it is as obvious as an axiom that the 
parallelogram will contain 6X3=16 square 
units ; and in general the areae of right angled parallelograms are 
found by multiplying the base by the altitude. 

Bight angled parallelograms are called rectangles (def. 26), and 
the altitude of any parallelogram, whether right angled or not, is 
^e perpendicular distance between its opposite sides. 
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The areaofanyplcm/B triangle is measured by the product of its hose 
into half its aliUtide; or half the base into the altitude. 

Let ABC represent any triangle, AJB its 
base, and AD at right angles to AB its alti- 
tude ; then toe are to show that the area of ABC 
is equal to the product of AB into one half of 
AB ; or the half of AB into AD. 

On AB construct the rectangle ABED; and the area of this 
rectangle is measured by AB into AD* (scholium to th. 29) ; but 
the area of the A ABQ is one half this rectangle (th. 27) ; 
therefore, &c. Q. E. D. 

THEOREM 81. 

The area of a trapezwd is measured hy the half sum (fits parallel 
sides ^ rmdtiplied into the perpendicular distance between them. 

Let ^^i> C7 represent any trapezdd, 
and draw the diagonal BG^ which di- 
vides it into two triangles, ABG and 
BCD: CD is the base of one tri- 
angle, and AB may be considered as 
the base of the other ; and J^J^is the common altitude of the two 
triangles. 

Now by the last theorem the area of the triangle GDB is=^ 
CDXEF; and the area of the A ABG^^ABXEF; therefore, 
by addition, the area of the two As, or of the trapezoid, is equal 
to iiAB+ CD) X EF. Q. E. D. 
# 

THEOREM 82. 

jy there be two lines, one of which is divided into any number of 
parts f the rectangle contained by the two lines is equal to the several 
rectangles contained by the undivided Une, and the several parts of 
the divided line. 
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Let AB be one fine, and .^ID the other; 
and suppose AB divided into any number 
of parts at the points B, F, G, <fec. ; then 
the whole rectangle of the two lines is AH, 
which is measured hjAB into AD; and 
the rectangle AL is measured by AE into 
AD; and the rectangle JSITis measured by J^J^into I!Z, which is 
equal to JSF into AD; and so of all the other partial rectangles ; 
and the truth of the proposition is as obvious as that a whole is 
equal to the sum of all its palrts ; and requires no other demon- 
stration than an explanation of exactly what is meant by the words 
of the text. 

THEOREM 88. 

Jf a straight line be divided into any two parte, ike square of the 
tphoie line is egual to the sum of the squares of the two parts, and 
tvnce the rectangle contained by the parts^ 

Let AB be any line divided into any two 
parts at the point G ; then,^ we are to show 
that the square on AB is equal to the eum of 
ike squares on AC and CB, and twice the rec- 
tangle of AC into CB. 

On AB describe the square (or con- 
ceive it described) AD. Through the 
point C/ conceive CM drawn parallel to 
BD; and take BH^BC; and through H draw iTJEV parallel to 
AB, and CH is the square on CB, by direct construction. 

As AB=^BD, and CB=^BH, therefore, by subtraction, AB — 
CB^BD—BH; or AC^HD. But NK—AQ, being opposite 
sides of a parallelogram ; and for the same reason KM^=^HD; 
therefore (ax. 1), NK=^KM; and the figure NM is a square on 
iV^ equal to a square ouAC. But the whole square on AB is com- 
posed of the two squares QH, NM, and the two complements or rec- 
tangles ^^and KD; and each of these is ^(7 in length, and BQ 
in width ; and each has for its measure ^(7 into CB; therefore the 
whole square on u4i? is equal \o AG^^BC^-\-%AaYs OB. Q.KD. 

This may be proved algebraically, thus : 
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Let w reprei^t any irhxAe right line ctivided into aiiT two parts 
a and b; then we shall have the equation 
w=a +5 
By squaring w'=a'+i^+2aJ. Q. J^. D. 

Scholium, If a=bf then v^=4a\ which shows that the square 
of any whole line is four times the square of half of it. 
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The square on the difference of two lines is equal to the swni of the 
squares of the tufo lines, dirrdrmhed by twice the rectangles contained by 
the lines. 

Let A£ represent the greater line, BGsl, 
lesser line» and AC their difference. 

W(i are now to show that the squc^re on AC 
is equal to the sum of the squares on AB and 
BC, diminished by tunce the rectangle contained 
by AB into BC. 

On AB conceive the square AF to be de- 
scribed ; and on CB conceiye the square 
BL described ; and on J[C7 describe the square AOGM; and pro- 
duce MG to jffl 

As aC=^A (7, and C7Z= CB; therefore, by addition, ( GC-\- CL), 
or OL, is equal (AC-^CB), or AB, Therefore the rectangle 
GE is AB in length, and CB in width ; and is measured by AB 
mioBC. 

Also AH=AB, and AM^A C; therefore by subtraction MH 
=a CB; and as MK^=ABl the rectangle HK is AB in length, and 
CB in width, and it is measured by AB into CB; and the two 
rectangles GE and EK, are together equal to 2ABXBC. 

Now the squares on AB and BC make the whole figure 
AHFELC; and from this whole figure, or these two squares, take 
away the two rectangles HK and GE, and the square ovl AC 
only will remain ; that is, 

A C^^AB^'^BC^—^ABXBO. Q, E. D. 

This may be proved algebraically^ thus: 
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Let a refHraseBt one line, h aaodier and lener lme» and d their 
difference ; then we must have this equation : 

By squaring . <P=a'+V — iab, 

THEOREM 85. 

The d^irence of the squares ef any two Nnse ii equal 1o the ree- 
tangle contained by the sum and deference of the Imee. 

Let AB be one line, and AC the other, and 
on them describe the squares AD, AM; then 
the difference of the squares on AB and on AC 
is the two rectangles HF and FC. We are now 
to show that the measure of these rectangles mag 
he expressed by (AB+AC) into (AB— AC). 

The rectangle iS'J' has ED, or its equal AB, 
for its length ; the other has MC, or its equal AC, for its length ; 
therefore, the two together (if we conceive them put between the 
same parallel lines) will have {AB-k-AC) f<Mr the length; and 
the common width is CB, which is equal to {AB — A C); there- 
fore, AB'—AC^=r{^B+AC)X{AB—ACy Q. E. D. 

This is proved algebraically thus : 

Put a to represent one line, and b another ; 

Then a-^b is their sum, and a — b their difference ; ' 

and . . (a+6)x(a— 5)=a»-^. Q. E. D. 

THEOREM 86. 

The square described on the hypotenuse of any right angled triangle 
is equal to the sum of the squares on the other two sides. 

Let ABC represent any right angled tri- 
angle, the right angle at B. 

We are to show that the square on AC is 
equal to the sum of two squares; one on AB, the 
other on BC. 

Conceive the three squares, AD, AT, and 
BMt described on the three sides. Through, 
the point B, draw BNE perpendicular \o AC, 
and produce it to meet the line Olm K, 

Produce AF to meet GlhiH. II ML he 
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produced, it wQl meet the point K, and IBLK will be a right 
angled parallelogram ; for its opposite sides are parallel, and all its 
angles right angles. 

The angle BAO\& a right, angle, and the angle NAH is also a 
right angle ; and from these equsds if we subtract the common 
angle BAH^ the remaining angle, BAC^ must be equal to the re- 
maining angle QAH, The angle 6^ is a right angle, equal to the 
angle ABO; and AB^AG; therefore, the two As ABC and 
AGE are equal, and AH^AO. But AC^AF; therefore AH 
=^AF, Now the two parallelograms, AE And AJSTaie equal, be- 
cause they are upon equal bases, and between the same parallels, 
FH and ^Jr(th. 26). 

But the square AI, and the parallelogram ^jf are equal, because 
they are on the same base, AB, and between the same parallels, 
AB and G^"; therefore the square AI, and the parallelogram 
AF, being both equal to the same parallelogram AF, are equal 
to each other (ax. 1 ). In the same manner we may prove the' 
square BM equal to the rectangle iV2)/ therefore, by addition,, 
the two squares Alajid BM, are equal to the two parallelograms 
AF and iV7>, or to the square AD, Q. F. D. 

Scholium, The two sides AB and BO may vary, while AO 
remains constant. ^jB may be equal to BO ; then the point W 
would be in the middle of AO, When AB is very near the length 
of AC, and BCyerj small, then the point iV falls very near to C 

Now, as the parallelograms AF and ^D (while A C remains 
unchanged) depend for their relative magnitudes on the position of 
the point iV, on the line AC, the area AF must be to the area J^D 
as the line ANio NO; that is, ifiQ square on AB, must he tq the 
square onBG, as the line AN^to the line NO* 

ANOTHER DEMONSTRATION OF THEOREM 36. 

Let ABC be a right angled triangle, 
right anglegl at ^. Call AB, a, A O, b, and 
BC, h : then we are to show that a^'{-b^^=h\ 

Produce AB to J), making BD^AC ; 
and produce AG to F, making CF=AB : 
then AD=AF; and each of these lines is (a 
+b), and the whole square AJffis the square 
of (a+b), and by (th.33) is a^+b^+2ab. 
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• 

Fnmi J9 draw B& at ri^t angles to CB; and from (7 draw CJ' 
at right angles, the same Ime CB; then BO and Ci^ most be 
parallel, and join FO. We must now prove that the four triangies 
in the square AH are all equal, and that OGBF is the square on 
CB. As the two angles CBA and CSB make two right angles, 
(th. 11), and CB&iba right angle by construction, therefore the 
two. angles CBA and GBJ) make one right angle. But CBA and 
ACB (cor. 4, th. 11) are also equal to a right angle ; and from these 
equals take the angle CBA^ and the angle 6(A2>» the angle^C!i9. 
But the angle A^ the angle J>; both right angles, and BJ) was 
made equal to AC; therefore, the two triangles, ABC and GBD^ 
having a side and two angles equal, are in all respects equal, and 
CB^Bff, In the same manner we prove BQ=GF; and there- 
fore CQ is a square on CB^ and the four triangles are each equal 
to ABC, and each triangle has for its measure iab. The measure 
of two of these is oft, and the four is 2a6. 



Now . 
Also . 


. A IP' 
. AD*' 






By subtraction 
By transposition 


. = 
. h* = 






Oor. From this 


equation we maj have 

A»— <^=6»;or, (h+a) (*-«)= 


=P. 



THEOREM 87. 

In any oUuse angled triangle the square of the side cppo^ 
the obttise angle is greater than the sum of squares on the other two 
sides t by twice the redamgle of the base, and the distance of the per- 
pendictdar from the obtuse angle. 

Let ABC be any obtuse angled A, obtuse 
angled at B. Bepresent the side opposite B 
by b; opposite Ahy a; and opposite C by c 
(and let \liis be a general form of notation) : 
also represent the perpendicular by p, and 
J)B by X, Now we are to *show thai i's=:a*+ 
c^+2ax. 

By(th. 36) • . . p^+(a+sf)^^V 

Also . . . p/*-^ s?^(? 




i 
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By expanding equation (1), and subtracting (jS), we hg,re 

By transposition 5'=a'+c^+2aaf. Q, K D. 

Stadium, This equation is true, whatever be the value of x, 
and X may be of any value* less than CD. When x is very small, 
B is very near D, and the line c is very near in position and value 
to^. When a;=0, c becomes p^ and the angle ABC becomes a 
right angle, and the equation becomes 5^=a^+c', corresponding 
to (th. 36). 




THEOREM 38. 

In any triangle, the square of a side opposite an acute angle is less 
than the square of the base, and the other side, hy ttoice the rectangle of 
the base, and the distance of the perpendicular from the acute angle. 

Let^^C, eith- 
er figure, represent 
any triangle; C 
the acute angle, 
CB the base, and 
AD the perpen- 
dicular, which falls 
either without or on the base. Then we are to prove thstAB^ 
=^0B'+AC^—2CBX CD. 

As in (th. 37), put AB=c, AC=b, CB==a, BD=x, AD=p; 
and when the perpendicular falls without the base, as in the first 
figure, CD=^a'\'X; when it falls on the base, CD=a — x. 

Considering the first figure, dnd by the aid of (th. 36), we have 
the*following equations : 

p^+(a+xy^b' (1) 

p^+x'^^c' (2) 

By expanding (1), and subtracting (2), we have 
a^+2ax=b^—(^ 

By adding a^ to both members) and transposing c', we have 
c^+(2a^+2ax)=b^+a^ 

By transposing the vinculum, and resolving it into factors, 

^ have 

c':=a^+b'^2a(a+x). Q, E. D. 
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Ck>nn4firmg tlie other figure, we have 
By subtraction 



(0 

(2) 



By adding a' to both members, and transposing c^ we have 
c3=52^a»— 2a(a-^). q. E. D. 
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jff in any triangle a Une be drawn from any angle to the middle <^ 
the opposite side, twice the square cf thu Htie, together with twice the 
square of half the side bisected, wiU be equal to the sum of the squares 
of the other tvoo sides. 

Let ABO be a triangle, its base 
bisected in M, Then we are to prove 
that 2AM'+2CM'=AC2+AB^ 

Draw AD perpendicular to the 
base, and call it p. Put AC=b, 
AJB=zc, OB=:Za; then CM=^a, and 
MB=a. Make MD—x; then CD 
ssa+ic, and DB^=^a — a?. Put AM=^m, 

Now by (th. 36) we have the two following equations : 
^^+(a-<r)»=c» (1) 

l>'+(«+a^)'=y (2) 

By addition . 2;?»+2«^+2a»=ft'+c'. But^'+^^^m' 
Therefore gm'+ga'^i'+c*. C- E, D. 

THEOREM 40. 

The two diagonals of any parallelogram bisect each other; and 
the sum of their squares is equal to the sum of the squares of all the 
four sides of the parallelogram. 

Let ABCD be any parallelogram, and 
draw its diagonals A and BD. 

We are now to show, 1st. Thai AE 
s=EC, DE=EB. 2d. That AC»+BD» 
=AB'+BC»+DO»+AD». 
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1. The two triangles ABJE ami DJBG are eqiml, because AB 
wirtDOf the angle ABE = the alternate angle EDG^ and the vertical 
angles at E are equal ; therefore, AE, the side opposite the angle 
ABEy is equal to EG^ the side opposite the equal angle EDG : 
also EBy the remaining side of the one A is equal to ED^ the 
remaining side of the other triangle. 

2. As ADG is a triangle whose base AG )& bisected in E^ we 
have, by (ih. 39), 

%AE'+%EP^^AJy'>tl>G' (1) 
As ABGia a triangle whose base, AG,ia bisected in E, we have 

' tAE^+2EB'=:AB'+BC^ (2) 
By adding equations (1) and (2), and observing that 
4 EB^=EIP, we have 

4AE'+4ED^^AD'+J)G'+AB'+BC' 
But four times the square of the half of a line is equal to the 
square of the whole (scholium to th. 33) ; therefore 4AE^=AG*, 
and AEjy=iDB^; and by making the substitutions we have 

AC+DB'^AD^+DG'+AB'+BG'. Q.E. D. 
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PEOPORTION. 

The word Proportion has dififerent shades of meanixig, accord* 
ing to the subject to which it is applied : thus, when we say that a 
person, a building, or a vessel is well 2>r(^H>riumed, we mean nothing 
more than that the dififerent parts of the person or thing bear that 
general relation to each other which corresponds to our taste and 
ideas of beauty or utility, but in a more conose and geometrical 
sense, 

Proportion is the numerical rdation which one quanUfy hears to 
another of the same kind, ^ 

DEFINITIONS AND EXPLANATIONS. 

In Geometry, the quantitities between which proportion can 
exist, are of three kinds, only. 1st. A line to a line. 2d. A sur- 
face to a surface, 3d. A solid to a solid. 

To find the numerical rdation which one quantity bears' to 
another, we must refer them both to the same standard of measure. 

If a quantity, as A, be contamed exactly A 
a certain number of .times in another quan- ''^' 
tity, £, the quantity A is said to measure i — i — i — i 

the quantity B; and if the same quantity, ^ ^ ^ ^ 

A, be contained exactly a certain number 

of times in another quantity, 0, A is also i i 

said to be a measure of the quantity 0, and J^ 
it IS called a common measure of the quan- jf 

titles jS and C; and the quantities B and » • ' • '^ 

will, evidently, bear the same relation to each other that the 
numbers do which represent the multiple that each quantity is of 
the common measure A. 

Thus, if B contain A three times, and contain \^ also three 
times, B and C being equimultiples of the quantity A, will be 
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equal to each piiher ; and if £ oo&tam A ibtee tiaaea, and con- 
tain A four times, the proportion between £ and will be the 
same as the proportion between the numbers 3 and 4. 

Again, if a quantitjr, A be contained as often in another quan« 
tity, J> as ^ is contained in B^ and as often in another quantity, 
F, BB A is contained in 0, the rado ci JS iaFt or the prop<xrdon 
between them, will be the same as the proportion between £ and 
O; and in that case, the quantities £, (7, B^ and F, are said to be 
proportional quantities ; a relation which is commonly expressed 
thus, B: 0::F:F. 

To find the numerical relation that any quantity, as A, has to 
any other quantity of the same kind as B^ we simply divide B by 
A, and the quotient may appear in the fonn of a fraction; thus : 

~. Now this fraction, or the ralue of this quotient, is always a 
A 

numeral, whatever quantities may be expressed by ^ and B, 
To find the numerical reliation between i> and F, we simply 

divide F by D, or write ■- , which denotes thedivision ; and if we 
F 

find the same quotient as when we divided B by A, then we may 
write 

-=- (1) - 

A F ^ ' 

If B contains A three times, and D contains F three tames, as 
we have just supposed, equation (1) is nothing more than saying 
that ' 

3=3 

When we divide one quantity by another to find theur mmmcai 
relation, the quotient thus obtamed is called the ratio* 

When the ratio between two guantities is the same as the ratio between 
two other qtiantities, the four gtiantitiee constitute aprc^ortion. 

N, B. On this -single definition rests the whole subject of geo- 
metrical proportion. 

On this definition, if we suppose that B is any numbex of times 
A, and 2) the same number of times,jS> then 
^ist^^asJFistoD; 
Or more concisely : 

AiB^FiD. The eigne : ^ ; memnsf egufd ratio. 
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Nov it is nuMu&flfty ihat liXm greater than A, D will be greater 
than 3. If A:saJS, then £ssj), Ac.» Ac. ; and whatever relation 
or naio A is of i^, the salne nUio £ will be ctf i>/ and whatever 
relation ^ is of ul, the same relati<m i> will be of JB. This showv 
that the means may be changed, or made to change places. 

Or, ... AiB^ssB :J), which is the former pro- 

portion with the middle terms or mtant ckemgei. 

Thejirst and third of four magnitudes are called the antecedents; 
ike second and fourth, the consequentB. 

A simple relation or raHo exists between any two magnitudes of 
the same kind ; but a proportioil, in the full sense of the term, 
must consist of four quantities. 

When the two middle quantities are equal, a^, 

AiB^BiC 

then the three quantities, A, B, and 0, are said to be continued 
proportionals ; and B is said to be the mean proportional between 
A and 0; and C is said to be the third proportional to A and B, 

In the proportion ^:^«: (7 :i>, the last J) is said to be the 
fourth proportional to A, B, and C. 

By the same rule of expression, A may be called the first pro- 
portional, B the second, and the third ; for dther one can be 
found when the other three are given, as we shall subsequently 
explain. 

When quantities have the same constant ratio from one to the 
other, they are said to be in continued proportion. 

Thus : the numbers 1, 2, 4, 8, 16, d;c., are m continued pro- 
portion ; the constant ratio from term to term bdng 2. 

THEOREM 1. 

^ there be two maffnUudea which have a common fneasure, x, so 
tikat thefint magmtude may be expreeeedbyxax, the second by nx ; amd 
two other magmtudee vihkh ham a common measure, y, so thai the 
first may be ea^pressed by my, Me second by ny ; that is, the two com- 
mon measures x and y having the same equimidtiples, m and n, to 
make up the mayniiudes; then ^/ourmaynUudes will be in yeome* 
trieal jprqpoftion. 

Or . « meezfmssmyifiy 



BOOK XI. « 

For the roHo between mx and nx is ^=— , and the ratio between 

mx m 

my and ny is ^s—, the same ratio; therefore, by the definition 
my m 

of proportion, these magnitades are proporticmal. Q. JE, i>. 

Scholium. If we change the means, t^e magnitades are still 
proportional ; but the ratio between the terms of comparison is 
different. 

Thus: . . mx:my=fucniy. 

The ratio between the 1st and 2d, is, ^ss^; the ratio between 

mx X 

the 3d and 4th is ^s=r^, the same ratio as between the othertwv 
nx X 

magnitades ; but as in this latter case we compare different mag- 
nitades, the numeral value of the ratio is different. 

But we cannot change the means, imless we then consider the 
magnitudes existing only in their numeral relations. To whatever 
&e magnitudes majr refer, whether to lines, surfaces, or solids, the 
ratio is always a mere numeral ; therefore, when two ratios stand 
equal, we may increase or decrease them at pleasure, as will be 
shown hereafter. 

N. B. The first tw<i terms of a proportion are called the Jbti 
couplet, and the last two are called the eecond couplet. 

THEOREM 2. 

When four magnitudes are in geometrical proportim, theprodudqf 
the extremes is equal to ^ product of ^ means. 

Let the four magnitades be represented by A, B, (7, and D. 

Then . . . A:B^C:J). 

^me niuneral relation, or ratio, must exist between A and B. 
Let that ratio be represented by r; that is, B must equal rA. 

But, by the definition of proportion, the same relation must exist 
between (7 and D as between A and B; or D^ssrC* 

Then by substitution we have 

AirA^O'.rG. 

The product of the extremes k rOA^ and that of the means is 
ArO; obviously the same. Q.S.D. 
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THEOREM 8. 

If three maffnitmd$9 he continued propartionaU, tke product cf the 
extremee iejequal to the equare of the meane. 

Let A, B, and C7 represent the three magnitades : 

Then • » A: £=£ : 0, by the definition of proportion. 

But by theorem 2 (book ft), the product of the extremes b equal 
to the product of the means ; that b, AX C=:ff. Q, E. D. 

THEOIE^EM 4. 

JEquknuUiplee cf amy two magniiudee hme tke eame ratio as the 
magnUiudis themedvee; and the magnMudee and their equmuU^^lee 
may therefore fon^ a proportion. 

Let A and B represent the magnitudes, and f^A and mB thdr 
equimultiples. 
Then . . • A.B^v^A\mB 

For the ratio ofj[toj?is:^andoffliilto«ftj?is —z=:^, the 
A mA A 

same ratio ; therefore, <fec. Q. £. D, 

THEOREM 5. 

Jff four quaniiHee be proportional, they mil he proportional uhen 
taken inveredy. 

If A :B=mA :mB, then BiA^mBimA; 
. For in either case, the product of the extremes and means are 
manifestly equal ; or the ratio between the couplets is the same ; 
therefore, &c, Q. E. D. 

THEOREM 6. 

• Magmtiidee uMch aire proportional to the eame proporticnale, are 
proportional to each other » 

If . -4:jB==P:C? Then we are to proye that 
and . a:bs=iP:QS A:B^a:b. 

B Q 

By the law of proportion. --2=5^ 

Also . . . • -=*-5- 

u JP 



Let 


. . A:B=C:D' 


And 


. . Q:D=E:F 


And . 


. E-.F^a-.H 




&c.=&c. 
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J? h 
Therefore, by (ax. 1) "T^"* ^' "^ * ^"^^ * ^ Q. JB. D. 

Oor. TW principle may be extended through any number of 
proportionals. , 

THEORBM 7. 

J^ m^ nwmher of guanHHes be prcporHonal, then omig cne of iU 
aniecedenia will be toils consequent as the sum (f all the anieeedenis is 
to the stim of dJUihs consequents. 



(t) 



Then toe are to show that 

A : B= 0+E+ G &c. : i)+i^+ JST, &c. 
If ul : ^ as C : i>, then some factor, whole or fractional, midti- 
plied by A, will produce C; and the same factor multiplied by B, 
will produce D; that is, the proportions (1) becrane 
A\ B^mA : mB 
= nA : nB 
^pA :pB 
<fec., dec. 
But, A : B=mA+nA+pA, &c imB+nB-^B, Ac. 

For the ratio . . -7=^ — ; — T^; > 
A (m+n'\-p)A 

Now as . . . mA=C, nA^E, pA=€^, &c. 

Therefore, . A:B=^C+JS+0: D+F+K Q.E.D. 



THEOREM 8. 

If four magnitudes constitute a proportion, the first wUl be to the 
sum of the first and second, as the third is to the sum of the third and 
fourth. 

By hypothesis, A:B:: C:D; iheii we are to prove that 

A:A+B::0:0+J). 

BiD 
By the ^ven proportion, -1=*. *yf^ 
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Add unity to both meml>en, and reduoing them, to the form of 
a fraction, we have — -j — « 'J^ . Throwing this equation into 
its equivalent proportional fonn, we have 

N. B. In place of adding unity^ aubtraot it» and we shall find 
that 

A\A~Bx\C',C—D 
Or . . A\B—A\iC\I>—C., 

THEOREM 9. 

If ftuwt magniiudea 1$ proporHanal^ the Han qf thefini mtd teeond 
is to their d^feretiee, as the sttm ijf the third and fourth is to their 
difference. 

Admitting that . ^ : ^ : : (7 : 2>, we are to prove that 
J+J? : A—B : : (7+2> 'O—D 

From the same hypothesis, th. 3 gives 

And . AiA—B::C:C—D 

Changing the means (which will not affect the product of thi 

extremes and means, and of course will not destroy proportionality), 

and we have 

AiOiiA+BiO+D 

A\Q\\A—B\C—B 

Kow, by (1h. 2), A'\'B : C+D : : A—B': G^J> 

Changing the means, A+B : A—B : : O+JD : C— i> 

THEOREM 10. 

Jf four magnkudes he prcportianal, like powers or roots of the 
same wiU be proportional. 
Admitting . ^ : j9 : : (7 : i), we are to show that 

L L L L 
A*:B^::0:I>», and^'iJ?":: cTiI)' 

A 

By the hypothesis, ^=»^- . Raising both members of this 

equation to the nth power, and 

A^ O 
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Changing this to the proportion A* :B^:: C*^:J>* 

A' C 
Resuming again the equation •d==*^» and taking th6 nth root 

L L 

M n 

A C 

of each njiember, we have — j— =: — p-. Converting this equa- 

B D 

tion into its equivalent proportion, we have 
11 II 

Now by the first part of this theorem, we liave 

mm 1* S 

A \B :: : D m representing any 
power whatever, and n representing any root. 

THEOREM 11. 

Ijf four magniiudes be proportional, also four others, their cam^ 
pound, or product of term by term, wUlform aprcportian. 

Admitting that . A: B:: \D 

And . . . X; F: : M . F 

We are to show that AX: BY: : MC : ND 

A C 
From the first proportion, o~=="k 

B Jj ' 

From the second, — =— 

Multiply these equations, member by member, and 

AX^MG 

BT^ND 
Or . . AX: BY: : MO : KD 
The same would be true in any number of proporticms. 

THEOREM 12. 
Taking the same hypothesis as in (th.ll), we propose to show, thai 
a proportion may be formed by dividing me prcporHon by the other, 
term by term. 

By hypothesis, . A : B : : : D 

And . . , X: Y::If:y 

5 



% 
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Multiply extremfs and means, AD'^ BO (1) 

And NX^MT (8) 

Divide (1) by (2). and . ^x^=^x|. 

Conyert these four'tenns, wliicli make two equal products, into 
a proportion, and we shall have 

By comparing this with the given proportions, we find it com- 
posed of the quotients of the several terms of the first proportion, 
divided hy the corresponding term of the second. 

THEOREM IS. 

IffourmagnUudes be proportional, we maymulliply ike ^-*/ cmi iei 
or the second couplet, the aniecedenU or the contequenU^ or divide tiiem 
by the same /odor, and the restUts will be proportional in every case. 

Suppose . . . . A : B : : C: D 

Multiply extremes and means, and AD^BC ( 1 ) 
Multiply this equation by J/, and MADz=iMBC 
Now, in this last equation, MA may he considered as a single 
term or factor, or MJD may be so considered. So, in the second 
member, we may take MB as one £Eu;tor, or MO, Hence, we may 
convert this equation into a proportion in four different ways. 
Thus, as . . MA : MB :: C : 2> 
Or as . . A :B iiMOiMD 
Or as . . MAiB ::MC:D 
Or as . . A :MB:: C : MB 
If we resume the original equation (1), and divide it by any 
number, M, in place of multiplying it, we can have» by the i 
course of reasoning, 

4:^::£:i> 






^:'4::C:^ 
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THEOREM 14. 



If thre^ magnUudes are in eonHnued proporiian, the ftni ii to the 
tkird, as the square of the first is to the square of the second. 

Let -4, B, and G, represent three proportionals. 

Then we are to show that A : C=A* : 5* 

By (th. 3) AO^B' 

Multiply this equation by the numeral value of A, then we haye 

A^C^^AB' 
This equation gives the following proportion : 

A: O^^A^iB'. Q.JS.J). 



THEOREM 15. 

If any one of the four magnitudes which form a proportion^ he 
effojced w unknown, it can be restored hy means of the other three. 

Let A : B^ : J) represent a proportion, and suppose 2) un- 
known ; then represent it by x 

That is . . A:B^O:» 

The ratio between A and B is the same as between C and x. 
Represent the ratio between A and Bhj r; and as r is always 
a numeral, whatever quantitities are represented by A and B, 

therefore, jy=r; or x=^rC; which shows that x or D must be of 

the same name as C. 

When A and B are not commensurable, the ratio is expressed 

B CB 

by -J and ^=—7-/ or, in numbers, the product of the second and 

third terms divided by the first, will give the fourth, which is the 
rule of three in arithmetic. 
Li short, as 

.^ «^ . BC « AD ^ AD , ^ OB 
AD^BO, A^~, ^=-^' ^""^' andi>=z^. 
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THEOREM 16. 

FaraUelofframs, and also tricmffUs, having the iome or equal aid- 
tudee, are to one another as their bases. 

Let a represent the number of unite, 
and part of a unit in BC, and b the num- 
ber of units and part of a unit in BJ). 

Also let^ represent the units and parte 
of a unit in the perpendicular, AB. Kow by (scholium to th. 29 
book 1), the parallelogram ABO£l=pa, and the parallelogram 
ABJ)F=:pb; and as magnitudes must be proportional to 

themselves, 

ABOB : ABDF^pa : pb 

But . . a:b=pa:pb (th. 4 book 2) 

Therefore (th. 6 book 2), we have 

ABCE:ABJ)F=a:b. Q. K J). 

Cor 1. As triangles on the same base and altitude as parallel- 
ograms are halves of parallelograms ; and as the halves of quan- 
tities are in the same proportion as their wholes ; therefore 

The . . A BPO : A BQD=a : b. 

Cor. 2. When parallelograms and triangles have the same or 
equal basis, they will be to each other as their altitudes ; for the 
proportion ABCE:ABI>F=pa:pb, as above, is always true; 
and when a becomes equal to b and p, and p different, 

Then . . ABCU: ABJ)F=Pa:pa 

Or . . ABOU : ABJ)F=P :p, that is, as their 

perpendicular altitudes. 

THEOREM 17. 

Lines drawn parallel to the base of a triangle, cut the sides of the 
triangle proportionally. 

Let ABC be any triangle, and 
draw i>^ parallel to the base BC ; 
then toe are to show that 

AD : DB=AB : FC. 

Join DC and BF. The triangle 
DFB = the A DFC, because they 
are on the same base, DF, and be- 
tween the same parallels, DF and BC (th. 25 book 1). 
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Bepresent the triangle ADE by T, DEB by x, DEC by y; 
then x=y, Kow, as the triangles T and x may be considered as 
havrng AD and DB for bases, and the perpendicular distance iA 
ihe point E from AB for altitudes, therefore, by (th. 16, book 2). 
AD:DB=^T:x 
By reasoning in the same manner in reference to lihe triangles 
T and y, they having their common vertex in D, we have the 
proportion 

AE : EC=T : y. But «=y 

AE : EC=i T : x) Therefore, (th. 6, book 2) 



Therefore 
But 



AD'.DB^ 



7=:Tix) 

3=T:xi AE: EC=^AD : DB 
Or AD:DB=:AE:Ea 
Q. E. D. 
Car. Considering AEB as one triangle, and AED another, 
having their common vertex 'mE; and in the same manner, ADC 



as one, and ADE another, whose vertex is D, then we may have 

AB:AD=:^AC:AE 
For, by taking the proportion 

AD : DB=:AE : EC 

And by composition, (ill. 8 book 2), we have 

AB :AD:=zAC:AE. 



THEOREM 18. 

Similar triangles have thmr sides, about the equal angles, 
proportional. 

Let ABC and DEF he 
two similar triangles, 
having the angle A=D, 
B=^E, and C=^F; and 
for the sake of perspi- 
cuity, we wiU suppose 

AB greater than ED. 

Now we are to show thai AB : AC^DE : DF ; ^ that 
AB.DE^AC.DF. 

Conceive the triangle Dj^^ taken up and placed on the triangle 
ABC, in such a manner that the point D shall fall on -4, and the 



-X 
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line DE on AB, t&e point E foiling on H. "Ncfw, as the angle 
E=B, the line EF, or its representative, BI, will take the direc- 
tion of BO, and be parallel to BO (de£ of parallel fines). 

Kow the two triangles DEF and AHf are identical; for 
AH^DE, and A=D, and AHI^E; then AIH^F ; therefore 
AI^^DFy and HI^EF. But as J9J is parallel to J?(7, by the 
last theorem we have 

AB\A0^AH\A1 

That is, . . AB.AO^DE'.DF Q.ED. 

Scholium, If perpendiculars be let fall from like angles in the 
triangles, to the opposite sides, as OL and FM, such perpendiculars 
will divide the two triangles into similar partial triangles, and 

As . . . AB: J)E=:AO : DF 

And . . . OLiMF^AOiDF 

Therefore (th. 6 b. 2) AB : DE=: OL : MF 

' THEOREM rer 

If my triangle have its sides respectively prcportianal to the like 
sides of another triangle, each to each, then the two triangles wU he 




Let the triangle dbc have its sides proportional 
to the triangle ABO; that is, oc to AO, as c6 to 
OB, and oc to AO, bs ab to AB ; then we are 
prove that the A a^ is equian- 
gular to the A ABO. 

On the other side of the base, 
AB, and from A, conceive the 
ao^^^AD to be drawn = to the 
angle a; and from the point B, 
concave the angle ABJ) drawn 
= to the J h. Then the third J 
= to t^e third angle (th. 11, cor. 2, b. 1) ; and the A ABD 
will be equiangular to the A a^ by construction. 

Therefore, . . ac : ab=AI> : AB 

By hypothesis, . ac : ab^AO : AB 

Hence, . .. AD x AB^AO . AB (th. 6, b. 2). 

In this last proportion the consequents are equal ; tlierefore, the 
antecedents are equal : that is, AD=AO 

In the same manner we prove that jBi)= OB 
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But AB is common to the two triangles ; tIlerefore> all three of 
the sides of the A ABD are respectively equal to all three of the 
sides of the A ABC (ih, 19, b. 1). 

But the A ABJ> is equiangular to the A obc by construction ; 
therefore, the A ABC is also equiangular to the A o^- Q- JE- i^« 

THEOREM 20. 

J^ two triangles home one angle in the one equal to one angle in the 
other, and the sides about these 'equal angles, directly, or reciprocally 
proportional, the two triangles will be equiangular. 

Let ABO and c^ be two As, and the angle 
A=:a, and AC of the one to oc of the other, as 
AB to ab. Then we are to show thai the angle 
B=b, and the angle c=C. 

If we take the A obc, turn it over and place 
the point a on A, ac on AC, and ab on AB, 
and join c6, then cb will be parallel to CB; 
for if cb be not parallel to CB, draw en par- 
allel to CB. 

Then AC : AB : : An : Ac (th. 17, b. 2) 

Also AC : AB : : Ab : Ac (hy.) 

Now as three terms in each of these 
proportions are the same, the other terms ^ I 
must be equal: that is, Ab=An, and cb 
and en is the same line. But en was drawn parallel to CB' 
that is, cb is parallel to CB; therefore, the angle C=^ by the defi- 
nition of parallel lines. Therefore, <fee. Q, JE. D, 

" k 

THEOREM 21. 

Wh£n four ^raight lines are in proportion, the product of the 
extremes is equal to the product of the means.''' 

Let A, B, C, P, represent the four lines A \- 1 

B . , 

Then we are to show,^eonutricaUy, thai G i 1 

A^D^C^B. D « -^ 




• This propoalinon has had a symhoHcal proof, in theorem 2 hook 2, hut W6 
dsem it important to n^ive this ireometrical demonstiation. 
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Place A and £ at right angles with each 
other, and draw the hypotenuse. Also place 
and D at right angles to each other, and draw 
its hypotenuse. Then bring the two triangles 
together, so that C shall be at right angle9 with 
£, as represented in the figure. 

Uow, these two As have each a right j, and 
the sides about the equal, angles, proportional ; 
that is, A : jB=(7 : D; therefore, (th. 20, b. 2), 
the two As are equiangular, and the acute angles 
which meet at the extremities of B and C, are=to a right angle, 
and the lines B and C make another right angle, by construction ; 
therefore, the extremities of A, B, C, and D, are in one right 
line (th. 2 b. 1), and that line is the diagonal of the parallelogram 
c5. Hence, the complementary parallelograms about this parallel- 
ogram are equal (th. 28, b. I) ; but one of these is B long, and 
and C wide, and the other D Ipng, and A wide ; therefore, 
BXC=:AXI). Q.KD. 

Cor, When i?=(7 then A*D=B^, and B is the mean propor- 
tional between A and D. 



THEOREM J J. 

ShnUar triangles are to one another as the squares of their like 

sides. 

Let ABC, and DBF, 

be two similar or equisLn- 

gular triangles. Then we 

are to prove that 

ABC',DEF^AB^',DE^ 
By the similarity of 

the triangles, we have, 

AB \DE^LC .MF \ 

But, . . AB ',DE^AB:DE 
Hence, . . A^Ti)E''^AB*IjC\BE-MF 
But, by (th. 16, b. 2), AB-LC is double the area of the A ABC, 

DE*MF is double of the A DEF. 
Therefore, A ABC : A I^EF : : AB*LC : DE'MF 
(Th. 6, b. 2), «< « = AB^ : DE\ Q. E, D. 
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THEOREM J J. 

The perimeters of simUar figures are to one another as their like 
sides ; and their areas are to one' another as the squares of their like . 
sides. 

Let ABCBB, and abode, 
be two similar figures ; then 
toe are to show thai EA is to 
ea as the sum of all the sides 
EA+ AB, <ic., is to ea+ab, 
d:c,, and that the area of one 
is to thai of the other, as EA* to ea', or AB' to ab». 

As the figures are exactly similar by hypothesis, whatever rela- 
tion AB is to JSA, the same relation ah will be to ea; and if we 
take 

AB=mEA^ 

CdZIfaI Then we must take 
I>E=:gEAj 

Now, by (th. 7, b. 2), 

AJS : ea^siUA-^-mJSiA, d:c, : : ea-^-m^a, d:c. 
That is, 

UA : ea=F : p, P andj? representing the perimeters of 
the figures. 

As the two figures are exactly similar, whatever part the triangle 
EAB is of one whole, the same part the triangle eah is of the 
other whole ; therefore, 

EAB \eab=^EABCDE : eabcde. 
But by (th. 22, b. 2> EAB : eab=AB^ : ab^ 

Therefore, by (th. 6, b. 2), 

EABCDE : eabcde=AB^ : ab\ Q. E, D. 



' ah=m{ea) 
be = n{e€L\ 
cd=^p\^ea\ 
de= qlea) 



THEOREM 24. 

Two triangles which have an angle in the one, equal to an angle tn 
the other, are to each other as the rectangle of the sides about the equal 
angles. \ 



M GBOMETRT. 

Iiet.^l8(7be one triangle, and CD^ fl^^^UHHI 
the other, and so placed that BO and W^^^^^^K^^^^^k 
CD shall be one and the same Ime. VHHHIHIIHBl 
Then if the mg\e BCA^EOD, 4(7 and (7^ will be in the same 
line (conyerse of th. 3, b. 1). Draw the dotted line, AD, and 
call the triangle ACD^T. 
We have new to show thai the 

A ABC : A CDE^BC^GA : CE^CD 
By (th. 16, b. 2), A ABC : r=J?(7 : CD 
Also, T : A CDE^AC : CE 

By multiplying term by term, and neglecting t]^e common factor 
in the first couplet, we have, 

A ABC : A CDE^AC*BC : CE- CD. Q. E. D. 
Scholium. When the sides about the equal angles are propor- 
tional, the two As will be similar, and this theorem becomes essen- 
tially that of 22 ; for in that case we shall have, 
BC: CA=CD: CE. 
Multiply the first couplet by CA, the last couplet by CE, and 
changing the means, 

BC^CA : CE^CD=CA^ : CE^ 
Comparing this pfoportion with the concluding one, we have, 

A ABC : A CDEz=CA^ : CE^ 
Which is theorem 22 Of this book. 

THEOREM 25. 

J^ the vertical angle of a triangle he bisected, the bisecting line toiU 
cut the base into segments, proportional to the adjacent sides of the 
triangle. 

Let ABC be any triangle, and 
bisect the vertical angle, C, by the 
straight line CD. Then toe are to 
show that 

AD\DB^AC\ CB. 

Produce AC Xo E, making 
CE^ CB, and jom EB. The exterior angle A CB, of the A CEB, 
is equal to the two angles E, and CBE {\ih. 15, b. 1); but the 
angle E^CBE, because CB^CE; therefore the angle ^(7i>, the 
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^alf of the angle AOB, equals the angle E; hence, DO and BE 
are parallel (th. 12, b. 1). 

Kow, as ABE is a triangle, and CD is parallel to BO, therefore, 
by (th. 17, b. 2), AD : DB^AO : OE or OB. Q. E. D. 

THEOREM 26. 

If from (he right angle of a right angled triangle, a perpendicular 
he drawn, to the hypotenuse, 

1 . The perpendicular divides the triangle into two svmHar triangles, 
and each is similar to the whole triangle. 

2. I%e perpendicular is a mean prcporti<mal between the segments 
of the hypoteimse. 

3. The segments of the hypotenuse will he in proportion to the 
squares of the adjacent sides of the triangle. 

4. The sum of the squares of the two sides, is equal to the square 
of the hypotenuse. 

Let BAC be a right angled triangle, 
right angled at A, and draw AD perpen- 
dicular to BO. Put AB^c, AO^h, and 
BC^^a. Put, also, BD=^m, DG^^n; then 
fw+«=a. 

1. The two As, ABO, and ABD, have the common angle, B, 
and the right angle BAO^BDA; therefore, the third angle 
0=BAD, and the two As are equiangular, and therefore similar. 
In the same manner we prove the A ADO similar to the A ABO, 
and the two triangles, ABD, ADO, being similar to the same A» 
are similar to each other. 

2. As similar triangles have the sides about the equal angles 
proportional (th. 18, b./2), therefore, 

m : AD=^AD : n; or, f»*«=^2>» 

3. Comparing the triangles ABD, and ABO, the sides about the 
common angle, B, gives 

m:c=:e:a (1) 
Comparing ADO -mill ABO, we have, 

n : h^h : a (2) 

From proportion (1) we have, am=z<^ (3) 

From " (2) " an^^P (4) 
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Divide equation Q^ by (4), and ^=b» "^^^^h shows that tho 

roiio between n and m is the same as the faJAo between h^ and c^ ; or, 

n : m=&» : c» 
Or, . . ; . m : n=c* : ft* 
4. Add equations (3) and (4), and we have, 

c»+ft'=a(« +«»)=«*. C. ^. i>. 
This last equation is theorem 36, book 1. 

Scholium, If we take the last equation, c'-|-ft'=a^ and trans- 
pose ft^ and then separate the second member into factors, we 
shall have, 

=(a+ft)(a_ft) 
From this we learn that in any right angled triangle, the hy- 
potenuse, increased by one side, multiplied by the hypotenuse 
diminished by the same side, is equal to the square of the other 
side. 
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BOOK III. 



ON THE INVESTIGATION OF THE OIRCLB, THE MEASURE 07 ANGLES, 

AND OTHER THEOREMS IN WHIOH THE GIRCIB IS 

AN IMPORTANT ELEMENT. 



DEFINITIONS. 

1. A Curve Line is one that is continually changing its direction. 

2. A Circle is a figure bounded by one uniform curved line, and 
all straight lines drawn from a certain point within it to the curve, , 
are equal ; and this point is called the center. 

3. The entire curve is called the circumference of the circle : 
any portion of it is called an arch, or arc of the circle. 

4. Any single straight line from the center to the circumference, 
is called the radius of the circle. 

5. A straight line drawn between any two points on the circum- 
ference, is called a chord. 

6. The space on either side of a chord, 
inclosed by the chord and arc, is called a 
segment of a circle. 

7. Any chord which passes through the 
center, is called a diameter, and such a chord 
divides the circle into two equal segments, 
called semicircles. 

8. A straight line touching the circum- 
ference of a circle, at any one point, is called a tanffeni to the cirde. 

9. The arc, and area between two radii, is called the sector of 
a circle. 

Thus : the marginal figure represents a circle ; C is the center, 
CB, or CD, or CA, or any line from (7 to the circumference, is a 
radius. UGF is an arc ; BF la a chord ; the areas on each side of 
JSF are called segments. AB is a diameter ; CBD is a sector; and 
BD is a tangent. 
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THEOREM 1. 

The radku pefpendicular to a chordibUeeU the chard, and aUo th$ 
are </ the chord. 

Let AB be a chord, C the center of the 
circle, and CD perpendidilar to AB; then 
toe are to prove (hat AD=:BD, eaud 
AE^EB. 

As C7 is the center of the circle, 
AC=CB, and 0J> is common to the two 
As ACD and BCD, and the angles at JD 
being right angles, therefore the two As 
ADO and BDO are identical, and AD^^DB, which proves the 
first part of the theorem. 

Now as AD=DB, and DE common to the two spaces, ADE 
and DEB, and the angles at D, right angles, if we conceive the 
sector OBE turned over and placed on CAE, CE retaining its posi- 
tion, the point B will fall .on the point A, because AD=DB; then 
the arc BE will fall on the arc AE; otherwise, there would be pomts 
in one or the other arc unequally distant from the center, which 
is impossible ; therefore, the arc AE = the arc EB. Q, E. D. 




THEOREM 2. 

Equal angles, at the center are subtended hy equal chords. 

(See figure to last theorem). 
Let the angle ACE=ECB, then the two isosceles triangles, 
A CE, and ECB, are equal in all respects, and AE==EB. 

Q. E. D. 
THEOREM 3. 

In the same circle, or in equal drdes, equal chords are equally 
distant from the center. 

Let AB and EF be equal chords, 
and C the center of the circle. From 
(7, draw CO and Cff perpendicular to 
the respective chords. Tliese perpen- 
diculars will bisect the chords (th. 1, 
b. 3), and we shall have AQ^EH. 
We are now to show that C0= CH. 



^ \ li ^ 



BOOK HI. 63 

In the two As, A GO and ECH, we have BO^ CA, A O^EH, 
and the angle J?s= the angle G^ both bdng right angles ; there- 
fore, the two triangles AQQ^ and EGH^ are identical, and 
Ca^CH. Q.E.D., 

We may dem/omtraie tkia theorem arudylicaUiff and more peneraUyt 
ttefoilaws : 

Let ^JET represent the half of any chord, and put it equal to 0. 
if^Mt ffC^P, and OE=M; B representing the radius of the 
circle. Then, by (1^. 36, b- 1), we have 

(P+P^^jR" (1) 

Also let AG represent the half of any other chord, and put it 
•qual to c; and put its distance from the center equal top; then, 
c'+p^=:S' (2) 

By equating the first members of (1) and (2), we have this 
• general equation : (P+J^=e^+p^ (3) 

Kow, if C=c, that is, the chords equal, then P^^p\ or P^p, 
the perpendiculars will be equal ; and if P=|?, then (7a=c/ that 
is, chords equally distant from the center, are equal. 

Equation (3) is true, under all circumstances, and if we suppose 
greater than c, then P will be less than^y that is, the greater 
the chord, the nearer it will be to the center. 

For if is greater than c, let d be their difference ; 

Then, . . C=c+d, and (P=c^+2cd+d^ 

And substitute this value of (Pin equation (3), and we have, 
d'+^cd+d'+P^^^i^+p^ 

By canceling c*, we have, 2cd-\'d'+P^=^p^ 

That is P' is less than/^^ because it requires <2oi+<^ to make 
equality. ; and if i^ is less than p^, P is less than p; that ie, the 
greater chord is aia less dutaneejfrom the center. 

Oor. If the chord runs through the center, then P, in equa- 
tion (3), equals 0, and C^srrc'+j)*. But B^^i^+p^ by equation 
(2), or 0^=IP, or C=E, or the semichord becomes the radius, 
as it manifestly should, in that case. 

THEOREM 4. 

^ any line be dravm tangent to a circle, and from the point of con- 
tact a line he drawn to the center of the cirde, the tangent and this 
raditis vnllform a right angle, 

A tangent line can meet the circle only at one point, for if tha 
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line meets the circles in two points, and is still a tangent, it follows 
that the portion of the circumference between the two pomts, is a 
right Ime ; but no part of a drcumferenoe is a right line, but a 
continued curve line ; and whenever a right line meets a circle in 
two points, it mu^ cul the circle, and therefore cannot be a tangent 

Now let ABC be a tangent line, touching 
the circle at the pomt B, and draw the radius, 
EB, and the line EOy and JBA, 

Now we are to show that EB is perpendicular 
to ABC. Because B is the only point in the 
line ABC which touches the circle, any other 
line, as EC, or EA, must be greater than EB; 
therefore,- j&'jB is the shortest line that can be drawn from the point 
jE^ to the line AC; therefore, EB is the perpendicular to AC 
(th. 20, b. 1). Q.ED. 

THEOREM 5. 

In the same cirde, or in eqiud circles, equal chords suhtend or stand 
on eqtcal portions of the circumference. 

Conceive two equal circles, and two equal chords drawn within 

them. Then conceive one circle taken up and placed upon the 

other, in such a position that the two equal chords will fall on, and 

exactly coincide with each other; and then the circles must coincide, 

because they are equal ; and the two segments of the two circles 

on each side of the equal chords, must also coincide, or the circles 

could not coincide ; and magnitudes which coincide, or exactly fill 

the same space, are in all respects equal (ax. 9). Therefore 

Q. E. J). 
THEOREM 6. 

Through three given points, not in the same straight line, one cir- 
cumference can be made to pass, and but one. 

Join AB and BC. If a circle is 
made to pass through the two points 
A and B, the line AB wiU be a chord 
to such a - circle ; and if a chord is 
bisected by a line at rigbt angles, the 
bisecting line will pass through the 
center of the circle (th. I, b. 3) ; 
therefore, if we bisect the line AB, 
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and draw DF at right angles from the pomt of bisection, anx^ circle 
tkat can pass ihrmtgh tJie poirUs A and B, must have its center some- 
where in the line DF, And, by reasoning in the same way (after 
we draw FG at right angles from the middle point of £C), any 
circle that can pass through the points B and C, must have its 
center somewhere in the line FO. K'ow, if the two lines, DF, 
and FG, meet in a common point, that point will be a center, from 
whence a circle can be drawn to pass through the three points, 
A, By and C, and DF and FG will always meet, unless they are 
parallel, ?ind if they are parallel, it follows that AB and BC must 
be parallel (scholium to th. 15, b* I), or be in one and the same 
straight line ; but this can never be the case while the three 
given points. A, B, and C, are not in the same straight line ; 
therefore, the two lines will meet, and from the point B, at which 
they meet, a circle, and only one circle, can be drawn, passing 
through the three given points. Q. F. J). 



THEOREM 7. 

Jf two circles touch each other internally, or externally , the two 
centers and point of co7itact shall be in one righi line. 

Let two circles touch each other 
internally, as represented at A, and 
through the point -4, conceive AB 
to be a tangent, at. the common 
point. Now, if a line, perpendic- 
ular to AB, be drawn from the 
point A, it must pass through the 
center of either circle (th. 4, b. 3); and as there can be but one 
perpendicular from the same point, (th. 20, b. 1), therefore. A, C, 
and D, the point of contact, and tlie two centers, must be in one 
and the same line. Q, F, D. ^ ' 

' Next, let the circles touch each other externally, and from the 
point of contact conceive the common tangent, AB, to be drawn. 

Then a line, A C, perpendicular to AB, will pass through the 
center of the external circle, (th. 4, b. 3), and a perpendicular, 
AD, from the same point. A, will pass through the center of the 
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other circle; bence, BAC and BAD are together equal to two 
right angles; therefore 0^ A, D, is one continued line (th. 2, 
b. 1). Q.KD. 

Cor. When two circles touch each other internally, the distance 
between their centers is equal to the difference of their radii ; and 
when they touch each other externally, the distances of their 
centers are equal to the sum of their radii. 

THEOREM 8. 

An angle at the drcumferenee of any circle is measured hy Judf the 
arc on which it stands. 

In this work it is taken as an axiom that any angle standing at 
the center of a circle is measured by the arc on which it stands ; 
and we now proceed to show that the angle at the circumference, is 
half the angle at the center. 

Let A CB be an angle at the center, and 
D an angle* at the circumference, and at 
first suppose i> in a line with AC, We are 
now to show that the angle ACB is double the 
angle D. 

Join J)B, and the A DCB is an isosceles 
triangle ; for CD= CB; and as its exte- 
rior angle, A CB, is equal to the two inte- 
rior angles, D, and CBD, (th. 11, b. 1), and these two angles 
equal to each other; therefore, ACB la double the angle at D; 
but A CB is measured by the arc AB; therefore the angle J) is 
measured by half the arc AB, 

Now let D be not in a line with A C, 
but at any point on the circumference (ex- 
cept on AB), and join DO, and produce it 
to^. 

Now by the first part of this theorem. 

The angle . ECB=ZEDB 

Also, . . ECA=^2EDA 

By subtraction, ACB^^ADB 

But ACB is measured by the arc AB ; therefore ADB, or i>, 
is measured by one half of the same arc. Q, E, D. 
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THEOREM 9. 

An angle in a semicircle, is a right angle; an angle in a segment , 
greater than a semicircle, is less than a right angle ; and an angle in 
a segment, less than a semicircle, is greater than a right angle. 

If the angle A CB is in a semicircle, the 
opposite segment, ADB, on whicb it stands, 
is also a semicircle, and the angle ACB is 
measured by half the arc ADB (th. 8, b. 2); 
that is, half of 180 degrees, or 90 degrees, 
i^hich is the measure of a right angle. 

If the angle A CB is in a segment greater 
than a semicircle, thenthe opposite segment is less than a semi- 
circle, and the measure of the angle is less than half of 1 80 de- 
grees, or less than a right angle. If the angle ACB is in a 
segment less than a semicircle, then the opposite segment, ADB, 
on which/the angle stands, is greater than a semich-cle, and its 
half, greater than 90 degrees; and, consequently, the angle greater 
than a right angle. Q. JS, D, 

Scholium, Angles at the circumference, 
which stand on the same arc of a circle, 
are equal to one another ; for all angles, as 
CAD, CED, are measui-ed by half the 
same arc, CD; and having the same mea- 
sure, they must be equal. 

Also, equal angles at the circumference 
must stand on equal arcs ; for the arc, as 
BG, and CD, being measures of the angles BAC, and CAD, 
therefore, if the angles are equal, the magnitudes, which measure 
them, must be equal also. 

THEOREM 10. 

The sum of two opposite angles of any quadrilateral inscribed in a 
cirde, i$ egtial to two right angles. 

(See figure to the last theorem.) 
Let ACBD represent any quadrilateral inscribed in a circle, 
The angle ACB has for its measure, half of thp arc ADB, an4 
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the angle ADB has for ito measure, half of the arc ji OB; therefinre, 
by addition, the sum of Hie two opposite angles at C and J), are 
together measured by half of the whole circumference, or by 180 
degrees, or by two right angles. Q. E, D, 



THEOREM 11. 

An angle formed hy a iangenU aimi a chord, i$ measured hy <me 
hcdf of ike intercepted are. 

Let AB be a tangent, and AD a chord, 
and A the point of contact ; then we are to 
show that the angle BAD if meatured by hdf 
the arc AED. 

From A, draw the radius AO; and from 
the center, C, draw CE perpendicular to 
AD. 
The angle BAD+DAC^W (th. 4, b.3) 

Also, (7+i).4C7=90^ (cor. 4, th. 11. b. 1) 

Therefore, by subtraction] BAD — (7=0 
By transposition, the angle BAD=^ 0, 

But the angle 0, at the center of the circle, is measured by the 
arc AEy the half of AED; therefore, the equal angle, BAD, is 
also measured by the arc AE, the half of AED. Q. E. D. 




THEOREM 12. 

An angle formed hy a tangent and a chord, is equal to an angle in 
the opposite segment of the circle. 

Let AB be a tangent, and AD a chord, 
and from the point of contact. A, draw 
any angles, as A CD, and AED, in the seg- 
ments. Then we are to show that the angle 
BAD^ACD, and GAD=^AED. 

By the last theorem, the angle BAD is 
measured by half the arc AED; and as the 
angle ACD (th. 8, b. 3) is measured by 
half of the same arc, therefore the angle BAD=sAOD, 
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Again, as AEDG is a quadrilateral, inscribed in a circle, the 

sum of the opposite angles, 

A CD+ABD=:2 right angles, (th. 10, b. 3) 
Also, the angles BAD+DA&=2 right angles, (th. 1, b. 1) 
By subtraction (and observing that BAD has just been proved 
equal to A CD), we have, 

AJSD—DAO^O 
Or, • . , AJS!D=sJ)A C^, by transposition. 

^ / Q.JS.D. 



THEOREM 13. 

Parallel chords, or a tangent and a parallel chord, intercept equal 
arcs on the circumference, 

. Let AB and CD be two parallel chords, 

and draw the diagonal, AD; and because 

AB and CD are parallel, the angle DAB 

= the wngle ADC (th. 6, b. 1); but 

the angle DAB has for its measure, half 

of the arc BD; and the angle ADC has 

for its measure, half of the arc AC (th. 8, b. 3); and because 

the angles are equal, the arcs are equal ; that is, the arc BD= the 

9xcAC Q.KD. 

Next, let JSF be a tangent, parallel to a chord, CD, and from 
the point of contact, &, draw GD. 

By reason of the parallels, the angle CDG = the angle DGF, 
But the angle ODG has for its measure, half of the arc CG (th. 
9, b. 3); and the angle DGF has for its measure, half of the 
arc GD (th. 11, b. 3); 4Jierefore, these equal measures of equals 
must be equal ; that is, the arc CG = the arc GD, §. E, D, 



THEOREM 14. 

When two chords intersect each other withih a circle, the angle thus 
formed is measured by half the sum of the two intercepted arcs. 



A\^ j^ 
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Let AB and OD mieneot eaeh odier 

within the circle fonning the two anglefl^ 
JS, and £^, with their opposite yertical 
and equal angles. 

Then we are to show, thai the angle E %$ 
measured ly the hdff eum of the arcs 
AC+BD; and the angle W ie meaeured 
hy the ha^f sum of the arce AD+CB. 

First, draw AF parallel to CD; then, 
by reason of the parallels, the angle BAF^E, But the angle 
BAF is measured by half of the arc FDB; that is, half of the 
arc BD, plus half of the arc AC; because FD^AC {ih. 13,b. 3). 

Now, as the sum of the angles, E-^-E^, make two right angles, 
that sum is measured by half the whole circumference. 

But the angle E, alone, as we haye just determin0d, is mea- 
sured by half the sum of the arcs BD-^-AC; therefore, the other 
angle, jS^, is measured by half of the other parts of the circum- 
ference, AD+ CB. Q. E. D. 



THEOREM 15. 

When two chxyrde intersect^ or meet eaeh other without a drde, the 
angle thus formed is measured hy half the difference of the intercepted 
arcs. 

Draw AF parallel to CD; then, by 
reason of the parallels, the angle E^ made 
by the intersection of the two chords, is 
equal to the angle BAF. But the angle 
BAF is measured by half the arc BF; 
that is, by half the diiOference between 
the arcs BD and A G. Q. E. D. 

N. H. Prolonged chords, to meet 
without the circle, as ED, and EB, are 
called secants. They aA geometrical, 
and not trigonometrical secants. 
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THEOREM 16. 

The €mgle formed ly a secant and a tangent, is measured ly half the 
d^erence of the*ifUercepted arcs. 

Let OB be a secant, and CD a tangent. 
We are now to show thai the angle formed at 
C, is measured by half of the d^etence of 
the arcs BD anfid DA. 

From A, draw AE parallel to CD; then 
the angle -B^j^=C. But the angle BAE 
is measured by half of the arc BE (th. 8, 
b. 3); that is, by half of the diflference be- 
tween the arcs BD and AD; for the arc 
AD=^DE, and BD—DE^BE; therefore the equal angle, C7, is 
measured by half the arc BE, Q. E, D. 




THEOREM 17. 

WTien ttoo chords intersect each other in a cirde, the rectangle of the 
segments of the one, vMl he equal to the rectangle of the segments of the 
other. 

Let AB and CD be two chords intersect- 
ing each other in E, Then we are to show 
that the rectangle AEXEB^CEXED. 

Join AD and (7jB, forming the two tri- 
angles AED and CEB^ which are equi- 
angular, and therefore similar; for the 
angles B and i> are equal, because they are 
boLh measured by half the arc A 0, Also the angles A and C are 
equal, because each is measured by half the same arc, DB; and 
the angle ^lA'i)=(7jE'A because they are vertical angles; hence, 
the tiian^rles, AED and CEB are equiangular. But equiangular 
triangles have their sides, about the equal angles, proportional 
(th, 18, b. %); therefore, AE and JKZ>, about the angle E^ are pro- 
portional to CE and ED^ about the same angle. 

That is, . . AE\ED\\CE\ EB 

Or (th. 21, b. 2), AEXEB= EDXEC. Q, E. D. 
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Scholium. When one chord is a diatneier, and the other ai right 
angUe to it, the rectangle of the eegmenie qfike diameter ie equal to Uie 
square of half the other chord; or half of the bisected chord is a mean 
proportional between the segments of the diameter, ^ 

For ADXDB^FDXDE. But if AB 

passes through the center, 0, at right an- 
gles to FE, then FD^DE (th. 1, b. 3), 
and in the place of FD, write its equal, DE^ 
in the last equation, and we have* 

Or, . ADxDEwLE.LB 
Put, DE^x, CD^y, and CE^R, the radius of the circle 
.Then u4i>=R—y, and i>jBs=i2+y. 'VTith this notation, 
ADXDB, 

Becomes, . . (JB— y)(i2+y)==a?» 
Or, ... . E'^^^^.i^ 
Or, B^^x'+y' 

Thai is, the square of the hypotenuse of the right angled triangle^ 
DOE, is equal to the sum of the squares ^ the other two sides. 



THEOREM 18. 

If from any point without a circle, any number of secants be drawn, 
the rectangle formed by any one secant and its extenud segment, wiU 
be equal to the rectangle of any other secant, and its external figment. 

Let AB, A G, AD, &c., be secants, and 
AEf AFf AGf <&c., their external seg- 
ments. Then we are to show that 
ABXAE=^AGXAF 

And, ABX AE^AD XAG, Ac. 

Join BF and EC; then the two As, 
AFBdjid AEC are equiang^ular ; for the 
angle ^=: C7, as each of them is measured 
by half the same arc, EF; and the angle 
BAC is common to the two triangles; 
therefore, the third angles are equal (th. 11, cor. 1, b. l). 
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Therefore (th. IB, b. 2), AB \ AF \ \ AQ \ AE 
Hence, . . . ABXAE—AOXAF 
In the same manner we may prove that 

ABXAE^AGXAD 
And, . . . . ACXAF^AGXAD 

Q. E. D. 

Scholium 1. If we conceive AD to revolve outward, on ^, as a 
fixed point, Q and D will come nearer together, and will be 
exactly together in the tangent AH. 

But however far or near Q may be to i>, we always have, 

ABXAE=^ADXAa 
And, when both AD and A Q- become AH^ we shall have, 

ABXAE=:AS^ 

Scholium 2. If AB" and AP be tangents to the same circle, 
from the same point on each side of A, they will be equal to each 
other ; 

For, . BAXAE:^AP^ 

Also, . BAXAE=:AJBP 

Hence (ax. 1), (AP^)=(AH'), or AP^AH. 

This property will enable us to compute the diameter of the earth, wheu- 
ever we know the visible distance of its regular surface, as seen from any 
known hight above the surface. 

For example, suppose FC to be the diameter of the earth, AF, the hight ' 
of a mountain, and AH the distance on sea to the visible horizon. If AF 
and AH were both known, FC could be computed therefrom. For, let FC 
=ar, AF^h, and AH^d, 

Then, . . . (*+«)A=ssrf2, ora?=:^--A 

On this principle, rough estimates of the diameter of the earth have been 
made ; and on this principle the <<^ of tAe Aomon has been computed. 



THEOREM 19. 

J^ a circle he described about a triangle^ the redUxngU of two side§ 
is equal to the rectangle of the perpendicular let fall on to th4 third side^ 
0id the diameter of the circumscribing circle. 
7 
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Let ABC be the triangle, ^(7 and CB, 
the sides, CD the perpendicular on the base, 
and CE the diameter of the circle. Then we 
are to show thai 

AOxOB^CjEXCD. 

The two As, A CD and CEB, are equian- 
gular, because A=E, both measured by the 
half of the arc CB. Also, ADC is a right angle, equal to CBE^ 
an angle in a semicircle, and therefore a right angle ; hence, the 
third angle, ACD^^BCE (th. 11, cor. 1, b. 1). Therefore 
(th. 18, b. 2), 

AC: CD: I EC: CB 

Hence, . . ACXCB^CEXCD. Q.ED. 

Scholium. The continued product of three sides of a triangle, is 
equal to the double area of the triangle inlo the diameter of its circum- 
scribing circle* 

Multiply both members of the last equation by ^^, and we have, 

A CX CBXAB^ CEX (ABx CD) 
But CE is the diameter of the circle, and (^^X CD) = twice 
the area of the triangle ; . 

Therefore, ACX CBXAB^ diameter X 2 As. 

THEOREM 20.. 

The square of a line UseeUng any angle <f a triangle, together with 
the rectangle of the segments it makes with the opposite side, are equal 
to the rectangle of the two sides, including the bisected angle. 

Let ABC be the triangle, CD the line bi- 
secting the angle C. Then we are to show that 
CD'+ADxDB^ACX CB. 
The two As, ACE and CDB, are equi- 
angular, because the angles E and B are 
equal, both being in the same segment, and 
the J ACE^BCD, by hypothesis. There- 
fore, (th. 18, b. 2), 

AC : CE\: CD: CB 
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But it i9 obYioQB that OJS^OD+DE, and by subatitating 
this value of OS, in the proportion, we have, 

AC:(OD+DJS)::CD:OB 
By multiplying extremes and means, 

CD^+DJSX CJ):=zACX GB 
But DEX CD^ADXDB, by (th. 17, b. 3), which, bemg sub- 
stituted, we have, 

CD^^ADXDB^^AOX OB. Q. E.D. 



THEOREM 21. 

Thertctangle ofihetwo dia^/onaU (^any quadrilateral inscribedin a 
circle, is equal to the sum of the two rectangles of the opposite sides. 

Let ABGD be a quadrilateral in a circle ; 
then we are to show that 

A OX BD=ABXD0+ADXB0. 
From (7, let CE be drawn so that the 
angle DOE shall be equal to angle AOB; 
and as the angle BAO is equal to the 
angle ODE, both being m the same seg* 
ment, therefore, the two triangles; DEO and ABO are equiangular^ 
and we have (th. 18, b. 2), 

AB:AO::DE:DO (1) 
The two A^t'ADO and BEO are equiangular; for the angle 
DAO=EBO, both being in the same segment, are measured by 
half the same arc, DO; and the angle DOA^EOB; for DOE 
:=BOA; and to each of these add the angle EOA, and DO A 
^EOB; therefore (th. 18, b. 2), 

AD\AO\\BE\BO (2) 
By multiplying the extremes and means in these two proportions, 
and adding the equations together, we have, 

{ABxDO)-\-{ADXB0)^{DE-\'BE)XA0 
But, . , . i>j&+J5J^=jBi); therefore, 

{ABXD0)^'{ADXB0)^BDXA0. Q. E. D. 
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Scholium. When two of the adjacent aides of the qnadrOateral 
are equal, as AB=zBO, then the restilting equation is, 
(ABXD0)+(ABXAD)=^£DXAC 
Or, . . ABX(DC+AD)^BDXAa 
Or, . . . AB : AC : : BD : (CD+AJ>) 
Thai if, as one of the equai ndfs of the quadrilateral, ie to the 
adjoining diagonal, eoie the traneveree diagonal to the eum of the ho^ 
unequal eides, 

THEOREM 22. 

J^tioo chords intersect eachotherin a eirde, at right angles, the sum 
of the squares of the four segments thus formed, is equal to the square 
of the diameter of the cirde. 

Let AB and CD be two chords, intersect- 
ing each other at right angles. Draw BF 
parallel to HD, and jom DF and AF. Now 
we are to show that 

AIP+FB'+FC'+FD^^zAF^. 

As BF is parallel to FD, ABF is a right 
angle, and therefore AF is a diameter 
(th. 9, b. 3). Also, because BF is parallel to CJD, CB^DF 
(ih. 13, i). 3). 

Because CEB is a right angle, . CE^+FB^=CB'^DF' 

Because ^^2> is a right angle, . AF^+FD^^AIP 

Adding these two equations, we hare, 

CF'+FB'+AF^+FD^:=DF^+AJ)^ 

But, as AF is a diameter, and ^i>i^ a right angle (th. 9, b. 3), 

Therefore . DF^+AD^=:zAF' 

Hence, . . CIP+FB^+AF»+FIP^AF'. Q. E. D. 

Scholium. If two chords mtersect €ach other at right angles, 
in a circle, and their opposite extremities be joined, the two chords 
thus formed may make two sides of a right angled triangle, of 
which the diameter of the circle is the hypotenuse. 

For AD is one of these chords, and CB is the other ; and we 
have shown that CB^DF; and AD and DF are two sides of a 
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right angled triangle, of wUcli AF is the hypotenuse ; therefore, 
AJD and C£ may be considered the two sides of a right anglot 
and AF its hypotenuse. 

THEOREM 2S. 

^ hoo secants intersect ectch other at right angles, the sum of their 
squares, increased by the sum of the squares of the two parts without 
the circle, wHl he equal to the square of the diameter of the circle. 

Let AE and JED be two secants intersect- 
ing at right angles at the point F, From £, 
draw BF parallel to CJ), and join AF and 
AD. Norm we are to show that 

F4^+FD^+FJP+F(P—AF^ 

Because BF is parallel to CD, ABF is a 
right angle, and consequently AF is a 
diameter, and BO^=DF; and because AF is a diameter, ADFIb 
a right angle. As AFD is a right angle, 
AFH-FD^^AD^ 

Also, . • FB'+E(P:=^BCP^DF^ 

Byadditimi, AE^+EIP'\'E]E^'\'EC^^AJD^+DF^^AF*. 

Q.E.D. 
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FBOBLSHS. 

In this section, we sbaU, in moti instanees, merely show Hie 
constraction of tbe problem, and refer to the theorem or theorems 
that the student may nse, to prove that the object is attained b j the 
construction. 

In obscure and difficult problems, howerer, we shall go through 
the demonstration as though it were a theorem. 



PROBLEM 1 . 
To ^i^ed a gwtnfiniU Mraight {mm. 

Let AB be the giyen line, and from its 
extremities, A and B, with any radius 
greater than the half of AB (Post 3), de- 
scribe arcs, cutting each other in n and m. 
Join n and m; and C7, where it cuts AB^ 
will be the middle of the line required. 

Proof, (th. 15, b, 1, cor. 1 )• 



PEOBLEM 2. 

To Used a given angle. 

Let ABO be the giren angle. With any 
radius, from the center B, describe the arc 
AO, From A and C, as centers, with a 
radius greater* than the half of AO, de- 
scribe arcs, intersecting in n; and join Bh, 
it will bisect the given angle. 

Proof, (th. 19, b. 1). 
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PROBLEM 8. 

From a given poiyU, in a given line, to draw a perpendicular to thai 
line. 

Let AB be the given line, and C 
the given point. Take n and m equal 
distances on opposite sides of C; and 
from the points m and n, as centers, ' 
with any radius greater than nC or 
or mC, describe arcs cutting each other 
in S. Join SC, and it will be the per- 
pendicular required. Proof, (th. 15, b. 

The following is another method, which 
is preferable, when the given point, 0, is at 
or near the end of the line. 

Take any point, 0, which is manifestly 
one side of the perpendicular, and join 00; 
and with 0(7, as a radius, describe an arc, 
cuttmg AB in m and O, Join m 0, and produce it to meet the 
arc, again, in n; mn is then a diameter to the circle. Join On, and 
it will be the perpendicular required. Proof, (th. 9, b. 3). 




PROBLEM 4. 

From a given point toitkout a line, to draw a perpendictdar to thai 



Let AB be the ^ven line, and O the 
given pomt. From 0, draw any oblique 
line, as On, Find the middle point of 
On by (problem 1), and from that point, 
as a center, describe a semicircle, having 
C^ as a diameter. From the point m, 
where this semicircle cuts AB, draw Om, 
and it will be the perpendicular required. Proof, (th. 9, b, 3). 
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PROBLEM S. 

At a given point in a line, to make an angle egwd to another gkfen 
angle. 

Let A be the giyen point in the line AB, 
and DOB the given angle. 

From (7 as a center, with any radiniy 
CH, draw the arc JSD. 

From ^, as a center, with the radios 
AF=OJS!, describe an indefinite arc; and 
from F, as a center, with F& as a radius, 
equal to FD, describe an arc, cutting the other arc in &, and join 
AG; GAF will be the angle requfared. Proof, (th. 6, b. 3). 

PROBLEM «. 

From a given point, to draw a lineparalM to a given line. 

Let A be the given point7 and CB the 
^ven line. Draw AB, maMng an angle, 
ABC; and from the given point, A, in the 
line AB, draw the angle BAD=ABC, by 
the last problem. 

AD and CB make the same angle with AB; they are, therefore, 
parallel. (Definition of parallel lines). 




PROBLEM 7. 
To divide a given line into any member of equal parte. 
Let AB represent the given line, and 
let it be required to divide it into any 
number of equal parts, say five. From 
one end of the line A, draw AD, inde- 
finite in both length and position. Take 
any convenient distance in the dividers, 
as Aa, and set it off on the line AD; 
thus making the parts Aa, ah, he, <fec., equal. Through the last 
point, e, draw FB, and through the points a, b, c, and d, draw 
parallels to eB (problem 6.); these parallels will divide the line as 
required Proof (th. 17, b. 2). 




BOOK IV. 



81 



PROBLEM 8. 
To find a third prqportumai to two given lines. 

Let AB and A be any two lines. Place 
Uiem at any angle, and join CB. On the 
greater line, AB, take AD=AC, and through 
D, draw JDU parallel to BC; AE is the third 
proportional required. 

Proofc (th. 17, b. 2). 




PROBLEM ». 

To find a four^ proportional to three given linee. 

Let AB, AC, AD, represent the A 

Uiree given lines. Place the first two 
together, at a point forming any angle, 
as BAC, and join BC, On AB place 
AD, and from the point D, draw 
(problem 6) DE parallel to BC; AH 
will be the fourth proportional required. 

Proof, (th. 17, b. 2). 



B 




PROBLEM 10. 

To find the middle, or mean proporUonal, between two given linee. 

Place AB and BC m one right line, 
and, on AC, 9& a diameter, describe a. 
semicircle (postulate 3), and from the 
point B, draw BD at right angles \jo AC 
(problem 3); BD is the mean propor- 
tional required. 

Proof, (scholium to th. 17, b. 3). 
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PROBLEM 11. 
To find the center qf a ffwen cM/e. 

Draw any two chords in the given circle, 
as AS and CD; and from the middle pomt» 
ft» of AB, draw a perpendicular to AB; 
and from the middle point, m, draw a per- 
pendicular to CD; and where these twp 
perpendiculars intersect will be the center 
. of the circle. Proof, (th. 1, b. 3). 




PROBLEM 11. • 

To draw a tangent to a gveen eirde, /ram a given point, either tn 
or foithoui the circumference of the cirde. 

When the given point is in the curcum- 
ference, as A, draw AC the radius, and 
from the point A, draw AB perpendicular 
to A C; AB is the tangent required. 

Proofr(th. 4, b. 3). 



When^is without the circle, draw 
AC to the center of the circle ; and on 
AC, Bs & diameter, describe a semi- 
circle ; and fi'om the point B, wh^e 
this semicircle intersects the given 
circle, draw AB, and it will be tangent 
to the circle. 

Proof, (th. 9, b. 3), and (th. 4, b. 3). 




J PROBLEM 18. 

On a given line, to describe a segment of a circle, that ehaU contain 
an angle equal to a given angle. 



# 
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Let AB be the pven line, and O 
the given angle. At the ends of the 
given line, make angles DAB, DBA, 
eaoh equal to the given angle, O. 
Then draw AE, BE, perpendicularsto 
AD, BD; and with the center, E, and 
radius, EA or EB, describe a circle ; 
then AFB will be the segment required, as any angle F, made in 
it, will be equal to the given angle, (7. 

Proof, (th 11. b. 3), and (th. 8, b. 3). 




PROBLEM 14. 



TociAa BefffMfdfrom any ffivm drde, thai fhaU contain a gwen 



Let Q be the g^ven angle. Take 
any pomt, as A, in the circumference, 
and from that point draw the tangent 
AB; and from the point A, in the line 
AB, make the angle BAD=0 (pro- 
blem 5), and AED is the segment 
required. 

Proof, (th. 11, b. 3), and (th. 8, b. 3). 




PROBLEM 15* 

. To eomiruet an eguUaUful iriangU c^ 

Let AB be the given line, and from one 
extremity, ^, as a center, with a radius 
equal to AB, describe an arc. At the otl^er 
extremity, B, with the same radius, describe 
another arc. From 0, where these two 
arcs intersect, draw OA and CB; ul^C7 will 
be the triangle required^ 

The contirueiUm ia a st^fideni demonstration. Or, (ax. 1). 
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PROBLEM 16. 

To eomtrud a triangle, hammg ii$ thru Mm eqwd io tkrH pbnm 
lines, any two of tohieh shall he grsfdisr than the third. 

Let AB, CD, and EF represent the three S F 

lines. Take any one of them, as AB, to be one 
side of the tnangle. From ^, as a center, with 
a radios equal to CD, describe an arc; and 
from B,sA9k center, with a radios equal to EF, 
describe another arc, cutting the fonner in n. 
Join An and Bn, and AnB will be the A 
required. Proof, (ax. 1). 




PROBLEM 17. 
To describe a square cm a gieen line* 

Let AB be the given line, and from the extre- 
mities, A and B, dra.w AO and BD perpendicular 
to AB. (Problem 3.) 

From ^, as a center, with AB as radius, strike 
an arc across the perpendicular at C; and from (7, 
draw CD parallel to AB; A CDB is the square 
required. Proof, (th. 21, b. 1.) 



Jl 



PROBLEM 18. 

To construct a rectangle, or a parallelogram, whose adjaeent sides 
are egual to two given lines. 

Let AB and ^(7 be the two g^ren lines. A O 

From the extremities of one line, draw per- A B 

pendiculars to that line, as in the last problem ; and from these 
perpendiculars, cue ofif portions equal to the other Ime ; and by a 
parallel, complete the figure. 

When the figure is to be a parallelogram, with oblique angles, 
describe the angles by problem 5. Proo^ (th. 21, b. 1). 
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A 


B 


E 



PROBLEM 1». 

To describe a recUmgle thai shall he egwd to a given square^ and 
have a side equal to a given Une, 

Let AB be a side of the giyen isquare, and 
CD one side of the required rectangle. 

Find the third proportional, EF, to CD E F 

and AB (problem 8). Then we shall have, 
CD\AB\\AB\EF 

Construct a rectangle with the two giyen lines, CD and EF 
(problem 1 8), and it will be equal to the given square, (th. 13, b. 2). 

PROBLEM 20. 

To constrtict a square thai shall he equal to the d^erence of two 
given squares. 

Let A represent a side of the greater of two given squares, and 
B a side of the lesser square. 

On ^, as a diameter, describe a semi- 
circle, and from one extremity, m, as a cen- 
ter, with a radius equal to B^ describe an 
arc, n, and, from the point where it cuts the 
circumference, draw mn and np; np is the 
side of a square, which, when constructed, 
(problem 17), will be equal to the diflference 
of the two given squares. Proof, (th. 9, b. 3, and 36, b. 1.) 

PROBLEM 21. 

To construct a square^ that shall he to a given square, as a Une, M, 
to a line, N. 

Place M and iT in a line, and on the sum describe a semicircle. 
From the point where they join, draw a perpendicular to meet the 
circumference in A, Join Am and 
An, and produce them indefinitely. 
On Am or An, produced, take ^ J5= 
to the side of the given square ; and 
from B, draw BC parallel to mn; 
AC IS 2k side of the required square. 
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For, Ata^ : An^ : : AB^ : A(P (th. 17, b. «.) 

Ako, Am'iAn^iiM : JV (schoUumtotLSe.b. 1.) 
Therefore, AB'iACPiiM : IT (th. 6, b. ft.) Q. E. D. 



PROBLEM 22. 

To cut a line iiUo e^ireme and mean ratio; that ia, to Hud tks wkol$ 
shcdl be to the greater part, ob thai greater is to the Uee. 

Let AB be the line, and from one extre- 
mity, B, draw BG tX right angles, and equal 
to half AB. 

From CT, as a center, and radios CB, de- 
scribe a circle. Join AC and produce it to 
F. From ^, as a center, and AD radios, 
describe the arc DE; this arc will diride the 
line ABf as required. 

We are now to shoto that 

AB:AE::AE:EB 

By (scholium to th. 18, b. 3), we have, 

AFXAD^^AB' 
Or, . . AF:AB::AB:AD 
Then, by (th. 8, b. 2), we may have, 

(AF—AB) :AB:: {AB—AD) : AD 
As . . OB=iAB=iDF; therefore, AB^DF 

Hence, . . . AF—AB^AF^DF^AD^AE 
Therefore, . . AE \ AB \ \ EB \ AE 
By taking the extremes for the means, we have, 

ABiAE.iAE.EB Q. E. D. 



PROBLEM 2i. 

To describe an isosceles triangle, kaving its two equal angles double 
of the third angle^ and the equal sides qf any given length. 
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Let AB be one of the equal sides of the 
required triangle; and from the point A, 
with AB radius, strike an arc, BD. 

Divide the line AB into extreme and 
mean ratio by the last problem, and suppose 
G the point of division, and. ^(7 th^ greater 
segment. 

From the point By with AC, the greater segment, as radius, 
strike another arc, cutting' the arc BD in 2>. Join BD, DQ^ and 
DA, The triangle ABD is the triangle required. 



DXMONSTBATION. 

As AO=^BDf by construction ; and as AB is to AC, as AC \b 
,to BCf by the division of AB; therefore, 

AB \BD..BB\ BC 

Now, as the terms of this proportion are the sides of the two 
triangles about the common angle, B, it follows* from (th. 20, b. 2), 
that the two trian^es, ^j?i) and i?D (7, are equiangular; but the 
, triangle ABB is isosceles ; therefore, BDC is isosceles also, and 
BD^DG; but BD=AC: hence, i>C7=-4(7(ax. 1), and the tri- 
angle ACD is isosceles, which gives the angle CJ)A==A. But 
the exterior angle, BCB^^^CBA+A, (th. 16, b. 1). Therefore, 
BCD, or its equal B=CI)A+A; or the angle B=2A. Hence, 
the triangle ABJD has each of its angles, at the base, double of 
the third angle. Q. E. J). 

Scholium. As the two angles, at the base of the triangle ABB, are 
equal, and each double of the angle A^ it follows that the sum of 
the three angles is Jive times the angle A. But as^e .three angles 
of every triangle always make two right angles, or 180 degrees, 
therefore, the angle A must be one-fifth of two right angles, or 36 
degrees ; and BB is a chord of 36 degrees, when AB is a radius 
to the circle ; and ten such chords would extend exactly round the 
circle. 

PROBLEM 24. 

Within a given circle to inscribe a triangle^ equiangular to a given 
triangle. 



OBOMBTRT. 



Let ABC be tbe circle, and €Ae 
the given triangle. From any pdnt^ 
as Af draw the tangent EAD to 
the given circle (problem 12). 

From the point A, in the line 
ADf make the angle DAC^=^ the 
angle h, (problem 5), and the angle 
EAB= the angle e, and join BC. 

The triangle ABC is inscribed in the drcle ; it is eqmangular 
to the triangle abe, and is the triangle required. 

Proof, (th. 12, b. 3). 




PROBLEM 25. 

To describe an equilateral and equian^^tdar pentagon in a given 
circle, 

1st. Describe an isosceles tri- 
angle, abc, having each of the equal 
angles, h and c, doable of the third 
angle, a, by problem 23. 

2d. Inscribe the triangle ABC, in 
the given circle, equiangular to the 
triangle abc, by problem 24; then 
each of the angles, B and C, is double of the angle A. 

3d. Bisect the angles B and C by the lines BD and CJff, 
(problem 3), and join AH, EB, CD, DA, and the figure AEBCD 
is the pentagon required. 




DEMONSTRATION. 



By construction, the angles BAC, ABD, DBC, BCE, ECA, 
are all equal ; therefore, by scholium to th. 9, b. 3, the arc j6C7, 
AD, DC, AE,K[A EB, are all equal ; and if the arcs are equal 
the chords AE, EB, <kc., are equal. ©. E. D. 



PROBLEM 26. 

To describe an equiangular and equilateral polggon, of six sides, in 
a circle. 
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Draw any diameter of the circle, as AB, 
and from one extremity, B, draw £D equal 
to £C, the radius of the circle. The arc, 
BD will be one-sixth part of the whole cir- 
cumference, and the chord BD will be a 
side of the regular polygon of six sides. 

In the A OBD, as CB^^CD, and BD 
= 0B, by construction the A is equilateral, and of course 
equiangular. 

But the sum of the three angles of every A, is equal to two 
right angles, or to 1 80 degrees ; and when the three angles are 
equal to each other, each one of them must be 60 degrees ; but 
60 degrees is a sixth parth of 360 degrees, the whole number of 
degrees in a circle ; therefore, the arc whose chord is equal to the 
radius, is a sixth part of the circumference ; and a polygon of six 
equal sides may be inscribed in a circle, with each side equal to the 
radius. 

Cor, Hence, as BD, is the chord of 60 degrees, and equal to BC 
or CD, we say generally, ^^ the chord of 60 is egiud to raditis. 



PROBLEM 27. 

To find the side of a regvlar polygon of fifteen sides, which may 
he inscribed in any given circle. 

Let CB be the radius of the given circle, 
and divide it into extreme and mean ratio 
(problem 22), and make BD equal to CE, 
the greater part; then BD will be a side 
of a regular polygon of ten sides (scholium 
to problem 23). Draw j5-4= to GB, and 
it will be a side of a polygon of six sides. 
Join DA, and that line must be the side of a polygon, which cor- 
responds to the arc of the circle expressed by |, less y'^, of the 
whole circumference ; or | — Jy=y^=^; that is, one-fifteenth of 
the whole circumference ; or, DA is a side of a regular polygon 
of 15 sides. 
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OH THB PBOtOBnOVAUCTB AHD MXABITBIiaDnr OF TOViWmB 
AMD dBOUBB. 

THEOREM 1. 

Tke area of m^ eirde is equal to tJU proAid ef He ratBue itUo 
half of Us dreunferenee. 

Let CA be the radios of the circle, mi 
AB a very small portion of its cureiimference, 
and CAB will be a sector; and we may 
conceive the whole circle made up of a great 
number of such sectors ; and each sector 
may be as small as we please ; and when 
very small, AB, BD, d^c, each one taken 
separately, may be considered a right line ; and the sectors CAB, 
CBD, &c., will be triangles. The triangle CAB, is measured by 
the base, CA, multiplied into half the altitude, (th. 30, b. I) AB; 
and the triangle CBD is measured by CB, or its equal, CA, into 
half BD: then the area, or measure of the two triangles, or sectors, 
is CA, multiplied by the half of AB, plus the half of BD, and 
so on for all the sectors that compose the^ circle ; therefore, the 
area of the circle is measured i^ the product of the radius into half 
the circunference, Q. S. D. 

THEOREMS. 

dreumferenees qf circles are to one atiother as thHr radii, and their 
areas are to one another as the squares cf thHr radU. 

Let CA be the radius of a circle (see last figure), and Ca the 
radius of another circle. Conceive them to be placed upon each 
other so as to have the same center. 
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Let AB be a certain definite pertion of the circumference of the 
larger circle, so that m times A£ will represent that circumference. 

But whatever part A£ is of the greater circumference^ the same 
part ab is of the smaller; for the two circles have the same number 
of degrees, and of course susceptible of division into the same 
number of sectors. But by proportional triangles we have, 
OA : C4» : : AB : ab 

Multiply the last couplet by m (th. 4, b. 2), and we have, 
OA: Ca:: mAB : mob 

That is, as the radius of one cirde is to the radius of the other^ so 
is the circumference of the one to the circumference of the other, 

Q. E. J). 

To prove the second part of the the<»'em, represent the larger 
circle by 0, and the smaller by e; and whatever part the sector 
CAB is of the circle C, the sector Cab is the same part of the 
circle c. 



That is, 


C: ci: CAB : Cab 


But, . 


.CAB:Oab::(CAy:(Cay 


Therefore, 


. C:e ::(CAy:(Cay 



(th. 22, b. 2) 
(th. 6, b. 2) 

Scholium. 1. Circles are to one another as the squares of their 
diameters ; for if squares be described about any two circles, such 
squares will be squares on the diameters of the circles. But each 
circle is the same proportional part of its circumscribed square ; 
and as like parts of thmgs have the same proportion to each other 
as the wholes (th. 4, b. 2); therefore, circles are to one another as 
the squares of their diameters. 

Scholium 2. As the circumference of every circle, great or 
small, is assumed to contain 360 degrees, if we conceive the cir- 
cumference to be divided into 360 equal parts, and one such part 
represented by AB, on one circle, or ab on the other, AB and ab 
will be very near straight lines, and the length of such a line as 
AB will be greater or less according to the radius of the circle ; 
but its absolute length cannot be determined until we know the 
ahsoLuU relation between the diameter of a drcle and its 
circumference. 
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To measure the circumference of a circle, or, to disooyer exactly 
how many times, and part of a time, it is greater than its diameter, 
b a problem of some difficulty, and requires patience and care ; 
and it can only be done approximately; for at £Etr as inyestagations 
have extended, the drcum&rence of a circle b tneommemuraibU 
irith its diameter. 

To acquire a rery clear and dis- 
tinct idea of the ratio between the 
diameter and circumference of a 
circle, the pupil must commence 
with first approximations, and pro- 
ceed with great deliberation. 

Concdve a circle described on the 
radius OA, and in it describe a regular polygon of six sides 
(problem 26), and each side will be equal to the radius OA; hence 
the whole perinuier of this polygon must be six times the radius, 
or three times the diameter. Let CA bisect hd in a. Produce tb 
and cd, and through the pomt A, draw DB parallel to db; DB 
will then be a side of a regular polygon of six sides, described 
about the circle, and we can compute the length of this line, DB^ 
as follows : The two triangles, Cbd, and CBD^ are equiangular, 
by construction ; therefore, 

Ca'.db::CA: DB. 

Now, let us assume CLi, or cd^ or the radius of the circle, equal 
unity; then cf6=l, and the preceding proportion becomes 
Ga :1 ::1:DB 

In the right angle triangle Cad, we have, 

Ca'+ad^^Cd^ (th. 36, b. 1) 

That is, . . Cb'-f^sl, because Od^l, and ad=^i 

By reduction, . • Oa=s^j3, which value of Ca, put in 

the proportion, we have, 

_ 2 

iV3 : 1 : : 1 : DB, or DB^-j^ 

But the whole perimeter of the circumscribing polygon is six 

2 12 _ 

times DB; that is, six times -^, or, -==4 ^3=6,9282032. 
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Thus we Iiave shown, that when the radius of a circle is 1, the 

perimeter of an inscribed polygon of six sides, is . 6.000000 

And of a similar circumscribed polygon, is . . 6.9282032 

But, if we call the diameter 1, the perimeter 

of the inscribed polygon of six equal sides 

will be, 3.0000000 

And of the circumscribed, will be * . . . 3.4641016 
As we would avoid all metaphysical verbiage in scie&ce, and 
come to the point at once, we lay U down as an axiom, that 
when the radius of a circle is 1, and of course the diameter 2, the 
circumference is greater than 6, and less than 6.9282032 ; and if 
the diameter is 1, the circumference must be greater than 3, and 
less than 3.4641016 ; and this we may call the first approsdmation 
to the ratio between the diameter and circumference of a circle. 

Scholium 2. As- the area of a circle is numerically equal to the 
radius multiplied by half the circumference (th. 2, b. 5), therefore, 
if we represent the radius by JB, and half the circumference by Tt, 
and the area of the circle by a, then we shall have this equation : 

Brt=a 

If we now make J?=l, this equation gives tt^sa; that is, when 
the radius of a circle is l, the half circumference is numerically equal 
to the area. We will, therefore, seek the area of a circle whose 
radius is unity; and that area, if found, will be numerically the 
half circumference, and by inspecting the last figure, we perceive 
that it is perfectly axiomatic (the whole is greater than a part), 
that the area of the sector CbAd^ is greater than the triangle 
Cbd, and less than the triangle QBD; and the area of the whole 
circle is greater than one polygon, and less than the other. Find- 
ing the AREA cf a circle, or finding a square which shall be equal to a 
circle of given diameter, is known as the celebrated problem of squaring 
the cirde, 

THEOREM 8. 

CKven, the area of a regular inscribed polygon, and the area of a 
similar eireumscr&)ed polygon, to find the areas of a regular inscribed 
and drcumseribed polygon of double the numiber of sides. 
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Let C be the center of the eirde ; AB a 
aide of the giyen inscribed polygon; HF 
parallel to AB, a side of the drcumscribed 
polygon. 

If ^ijr be joined, and AS 9nd BQ he 
drawn as tangents, at A and B, AJfwUl be 
a side of an inscribed polygon of double the 
number of sides; and ARssBM (scholinm 2, Uu 18, b. 3), 
BQ=^QM, and AB+IUf^BQ^ the side of the circumscribed 
polygon of double the number of ddes. 

The As ABC and BMC, are equal, for AC^CJi. CB is 
common to both triangles, and AB^BM, tangents from the same 
pomt, B; therefore, CB bisects the angle ECM. , 

Now, as the same construction, and the same reasoning would 
take place at every one of the equal sectors of the circle, it is suf- 
ficient to consider one of them, and whatever is tme of that arc, 
would be true of every one, and true for the whole circle, and its 
polygons. 

To avoid confusion, let p represent the area of the given 
inscribed polygon, and P the area of the similar circumscribed 
polygon. Also let p' represent the area of an inscribed polygon 
of double the number of sides, and P* the circumscribed polygon 
of double the number of sides. 

As the As ACB and ACM have the common vertex A, they 
are to each other as their bases, CD to CM; they are also to each 
other as the polygons of which they form a part. 

Hence, . . p:p' :: CD: CM (1) 

As AD and BM are parallel, we have, 

CA: CEi: CD x CM (2) 

But, because of the common vertex, M, the two As, CAM and 
CEM, are to each other as (7^ to CE. But the As are like parts 
of the polygons p* and P; we have. 

Therefore, . p' \P\\CA\CE (3) 

That is, • • p' .PwCDxCM {\) (th. 17, b. 2) 

By comparing (1) and (4), we have, 

p' iPxip \p\ otp'^JPXp 
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That is, the area otp' is a mean propoi|ioiial behreen P 9xuip. 
The two As, BMQ and ERC, having the same vertex, (7, are 
to eUch other as their bases, MB to/(2^£. . 
But, because CE bisects the angle ECM, (th. 23, b. 2) 



BE 



CM: CE 

CD : CA or CM 

CD : CM 



MB: 
But, . . CM: CE 
That is, . BMC.EBC 

Or, . BMCiEBC 

By composition, (th. 8, b. 2), 

t(BMC) : (BMC+EBC) : : S5p ip+p^ 
But 2 times BMC is P', and (-BJTC+JKftC) is P 
Therefore, • • P' : P : : 2p : ^+j>' 

2pP 



Or, 



P'sr: 



1>+P' 



Now, jP is Isnown, because 2pP is known; and |>+y is also 
known, as p' has been previously determined. Hence, by means 
of P asxip, we can determine jP and^'. Q. E, D, 

Scholium. By inspecting the figure in. the scholium to theorem 2, 
we perceive, that if we double the number of sides of the inscribed 
polygon, we shall more nearly 411 v^ the c»cle ; and if we double the 
number of sides of the circumscribed polygons, we shall more nearly 
pare them down to the surface of the circle. 

Henc'e, by continually increasing the sides of the polygons, as indi- 
cated by the last theorem, we can find two polygons which shall differ 
from each other by the smallest conceivable quantity; but the surface 
of the circle is always between the two polygons ; and thus the sur 
face of the circle can be determined to any assignable degree of 
exactness. 

By taking the figure in the scholium to theorem 2, b. 6, we perceive 
that the area of an inscribed polygon of six sides, to radius unity 
must be . . CaX<^X6 



Which' is 
And, 
Or, 
Hence, • 



WT, because dassz^ 
iV3XiX6=|V3==p> which corresponds 



witb|>i in the last theorem. 
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The area of the eircnmacrihing polygon is measared hj 

CA X 1>A X 6— 6I>A=3D JB. 
Bat . . • Caidb: : CA: DB. (th. 17, b. 2.) 

That if, . . iji : 1 r : 1 : DB, or 2W>=:-= 

6 ^ ^' 

Therefore, . . ZDBsss~7^=^»j3, which corresponds with the 

last theorem. 

Having, now, the area of an inscribed and circumscribed polygon 
of six sides, by applying the last theorem we can readily determine the 
area of an inscribed and a circumscribed polygon of 13 sides. 

Thus, . . p'^jJP^Jij'iX^jl^ 

^_ 2pP jXiJzx^jl_ 1S_ 12 ^^ ^^ 

P'+P 3+W3 3+fV3 a+^3 ^^ 

Now let p' and P' be the given polygons, and find others of double 
the number of sides, and thus continue until the inscribed and circum- 
scribed so nearly coincide, as to determine a very approximate area of 
the circle. 

In this manner we formed the following table : 



Number of ridss. 


Inseribod polygons. 


Gbeumscribod polygons. 


6 
12 

24 
48 


1^- 

6 


: 2.69807621 

3.0000000 

: 8.1058286 
3.1326287 


2^/3= 
12 


=3.46410161 

__Q Q 1 ROQA>| 


3+vr 


=«S.2slOoslU4 

3.1596602 
3.1460863 


V^V3 




96 




3.1393554 




8.1427106 


192 




3.1410328 




3.1418712 


384 




3.1414519 




3.1416616 


768 




3.1415568 




3.1416092 


1536 




8.1415829 


• 


3.1415963 


3072 




8.1415895 




3.1415929 


6144 




3.1415912 




3.1415927 



Thus we have found, that when the radius of a circle is 1, the semi- 
circumference must be more than 3.1415912, and less than 3.1415927 ; 
and this is as accurate as can be determined with the small number' of 
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tiecimalB here used* To be more accurste we mvst hem more iledmd 
plaoes, and go through a very teditus mechanical operation ; hut thisia 
not necessary, for the result is well ^lown, and is 3.14169^§535897 
plus other decimal places to the 100th, without termination. This was 
discovered through the aid of an infinite series in the differential and 
integral calculus. 

The number 3.1416 is the one generally used in practice, as it k 
much more convenient than -a greater numlber of : decimals, and it is 
''sufficiently accurate, for all ordinary purposeai. 

In analytical expressions it has become a general custom with 
mathematicians to represent this number by the Greek letter ft, and,* 
therefore, when any diameter of a circle is represented by 2), the cir- 
cumference of the same circle must be jcD* If the radius of a circle 
is represented by R, the circumference must be represented by 2^jR. 

As a farther discipline of mind, and for more practical utility, as 
applicable to trigonometry, we give another method of determining the 
circumference of a circle, when the diameter is given. It is evident 
that when we take a small arc, tne chord and the arc are nearly of the 
same length ; but the arc is greater than the chord, for the chord is a 
straight line, and the arc is curved. But if we take the half of any 
small arc, and draw two chords in place of one, such chords taken 
together, will be much nearer to, and niQre nearly equal in length to 
the arc than the one chord of the undivided arc would be. 

Now, if we can divide the circumference into several thousand equal 
parts, and can find the. length of a chord corresponding to one of these 
parts, the sum of all these equal chords will be infinitdy near the cir- 
cumferenof of the circle ; and the length of such a small chord we can 
find, provided we can first know the chord of any definite arc, and fi-om 
that deduce the chord of any definite portion of that arc ; and this is 
shown in the following theorem. 

THEOREM 4. 

Criven, the chord of any arc, to determine the chord of half that arc. 

Let AB represent a given chord. 
Bisect the arc AB in D, and join AD. 
From C, the center of the circle, draw 
CO perpendicular to AD; and from D, 
draw DF perpendicular to AB, 

From AB we are to determine AD. 
The two As* CAn and AFD, are equi- 
angular ; for the angle FAD, at the circumfereiice» m metaured bj 
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t 
half the are BD; and fiCA» at the center, is meaeured by half of an 
equal are, AD. The right angle, F^ the right angle (MA; therefore. 

As . DA : AP i : CA : Cfn, 

In the triangle CnA, let cn^^y, nA^x, and CA=1. 

Then AD=:2x; and put AB^C; then AF^\C. 

By this notation the preceding proportion becomes 

C 

2« : ^C ; : 1 : y. Hence, y==^ 

But in the right angled triangle OnA, we have 

ya+x»=l 
By taking the value of y^ from the proportion, and reducing, we have 
the quadratic 

By adding 4 to both members (see Alg. Art. 99), and extracting 

square root, we have 

4««— a=d:74— C 



Therefore, ... Qxsssj2 — 74 q2 

As 2x is the value of AD, the expression (3 — ^4 — C^)' is the 
value of the chord of the half of any arc, when C represents the 
value of the chord of the whole are. We most take the minus sign to 
the part represented by ^^4 — C^, as the plos sign would give increas- 
ing, and not decreasing values. 

If we represent the chord of a given arc by C, and the chord of half 
that arc by Cj , and the chord of half that arc by C„ and the chord of 
half that arc again by C„ &c., &c.,we shall have the following series 
of equations : f 

Cs the first chord 

&C.s=&C. 

To apply these equations, we observe that in any circle the chord of 
60^ is equal to the radius (cor. to prob. 26), and if the radius is assumed 
as unity, we have, 

C = chord of GO*' =1.000000000 aid. 

ins. pol. of 6 sides. 

(2— ^IHC* )*= C, = chord of 80® s .6176880902 sid. 

ins. pol. of 12 sides. 
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= e,=:cfiordofl60 
24 sides. 

= C,= chord of 70 SO' 
48 sides. 

= 0^= chord of 39 45 
96 sides. . ; 

=C,= chord of 1© 62' I 
192 sides. 



C2-^V4~Cj)*: 
ins. pol. of 

(2-^4=:eJ)*: 

ins. pol. of 
ins. pol. of 
ins. pol. of 
ins. pol. of 
ins. pol. of 
ins. pol. of 

insi pol. of 

Hence, .0020463068X3072=6.2831814896, is the perimeter of an 
inscribed polygon of 3072 sides when the radius is 1, or diameter 2. 
When the diameter is 1, the perimeter is 3.1415907498, which is a 
a little, and but a little, less than the circumference, as determined by 
more extended computations. 

Although not necessary for practical application, the ' following 
beautiful theorem for the analytical tri-section of an arc will not be 
unacceptable. 



=C,= chord of 
384 sides. 

=C,= chord of 
768 sides. 

=:Cj= chord of 
1536 sideis. 

=C^= chord of 
3072 sides. 



56' 15" . = 
28' 7" 30'"s 
14' 3" 45 '"= 

r &c. 
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.2610523842 sid. 

.1308062583 (iSd. 
.0654381655 sid. 
.0327234632 sid. 
.0163622792 sid. 
.0081812080 sid. 
.0040906112 Bid. 
.0020453068 qid. 



THEOREM 5. 

Given, the chord of any arc, to determine the chord of one third ofsvch arc. 

Let AE be the given chord, and conceive its 
arc divided into three equal parts, as represented 
by AB, BD, and DE. 

Through the center draw BCG, and join AB* 
The two As J CAB and ABF, are equiangular; 
for the angle FAB, being at the circumference, 
is measured by half the* arc BE, which is equal 
to AB, and the angle BCA, at the center, is 
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meuured by the are AB; therefore, the ei|f le FABssBCA; hot the 
angle CBA or FBA, i» oommon to both triuglee; therefore, the^hird 
angle, CAB, of the one triangle, b equal to die Uiird angle, AFB, 
ofntM other (th. II9 b. 1, cor. 9), and the two triangles |re equiangular 
and similar, « 

But the A CBA is isosceles; therefore, the A AFB is also 
Isosceles, and AB^AF, and we hare the following proportions : 
CAiAB::AB:BP 

Now lei AM:^=c» ABsax, CAal. Then AAeCt ud £Fao-a^ 
and the proportion becomes, 

!:«::«: Bf. Hence BFssac* 

Also, . . .^Gf=:a— «^ 

As AE and OB are two chords that intersect each other at the 

point F, we have, 

GFxFB:=zAF>cFE (th. 17, b. 3) 

That is, . . (a— <:^=aB(o-^) 

Or, .... k* — 3g — c 

If we suppose the arc A F to be 60 degrees, then e=l, and the 
equation becomes x' — 3xsa— l; a cubic equation, easily resolved by 
Homer's method ( Robinson's Algebra, University Edition, Art. 193), 
giving a:=:.347296-|-, the chord of 30^. This again may be taken for 
the value of c, and a second solution will give the chord of 6^ 40^ and 
80 on, trisecting as many times as we please. 

If the pupil has carefully studied the foregoing principles, he has 
the foundation of all geometrical knowledge; but to acquire indepen- 
dence and confidence, it is necessary to receive such discipline of 
mind as the foUowing exercises furnish. 

Some of the examples are mere problems, some are theorems, and 
some a combination of both. Care has been taken in their selection, 
that they should be appropriate ; not veiy severe, not midk as to try 
the powers of a professed geometrician, nor such as would be too 
trifling to engage serious attention. 

EXERCISES IN GEOMETRICAL INVESTIGATION. 

1. From two given points, to draw two equal straight lines, which 
shall meet in the same point, in a line given in»po8ition. 

2. From two given points on the same side of a line, given in 
position to draw two lines which shall meet in that line, and make 
equal angles with it. 

S. If from a point withont a circle, two straight lines be drawn to 
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^eeonc&ve part of the dreimfereisee, makhig equal aisles with the 
line joining the same point and the center, the parts of these lines 
which are intercepted within the circle, are equal. * 

4. If a circle be Scribed on the radius of anodier «uxle, ahy 
straight line dra^n from the point where they meet, to the outer cir- 
cumference, is bisected by the interior one. 

5. From two given points on the same side of a line given in posi- 
tion, to draw two straight lines which shall contain a given angle, and 
be terminated in that line. 

6. lif, from any point without a circle, lines be drawn touching it, 
the angle contained by the tangents is double the angle contained by 
the line joimng the points of contact and the diameter drawn through 
one of them. 

7. If, from any two pdnts in the circumference of a circle, there be 
drawn two strai^^t lines to a point, in a tangent, to that circle, they 

, will make the greatest angle when drawn to the point of contact 

8. From a given point within a given circle, to draw a straight line 
which shall make, with the circumference, an angle, less than any 
angle made by any other line drawn from that point. 

9. If two circles cut each other, the greatest line that can be drawn 
through the point of intersection, is that which is parallel to the line 
joining their centers. 

10. If, from any point within an equilateral triangle, perpendiculars 
be drawn to the sides, they are, together, equal to a perpendicular 

' drawn from any of the angles to the opposite side. 

11. If the points of bisection of the sides of a given triangle be 
joined, the triangle, so formed, will be one-fourth of the given triangle. 

12. The difference of the angles at the base of any triangle, is double 
the angle contained by a line drawn from the vertex perpendicular to 
the base, and another bisecting the angle at the vertex. 

13. If, from the three angles of a triangle, lines be drawn to the 
points of bisection of the opposite sides, these lines intersect? each 
other in the same point. 

14. The three straight lines which bisect the three angles of a tri- 
angle, meet in the same point. 

15. The two triangles, formed by drawing straight lines from Bxiy 
point within a parallelogram to the extremities of two opposite sides, 
are, together, half the parallelogram. 

16. The figure formed by joining the points of bisection of the sides 
of a trapezium, is a parallelogram. 

17. If squares be described on three sides of a right angled triangle* 
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and tlie extremitiM of tiie idiaeMik rite be Joined, the triaii|^ to 
formed, are equal to the given triangle, and to each other. 

18. If sqaares be deseribed on the h)rpotennae and aidee of a right 
angled triangle, and the extremitiea of the aidee of the former, and the 
adjacent aidea of the otheta, be Joined, the aom of die eqoares of the 
linea joining them, will be equal to five timea tiie aqnare of the 
hypotenuae. 

19. Hie vertical angle of an oblique-angled triangle, inecribed in a 
circle, is greater or leaa than a ri^t angle, by the angle contained 
between the bai#, and the diameter drawn from the extremity of 
the base. 

30. If the baae of any triangle be biieeted by the diaiQeter of ita 
circumacribing circle, and, from the extremity of that diameter, a per- 
pendicular be let fall upon the longer side, it will divide that side into 
segn^fBnts, one of which will be equal to half the sum, and the other 
to half the difibrence of the aides. 

21. A straight line drawn from the vertex of an equilateral triangle, 
inscribed in a circle, to any point in the opposite circumference, is 
'equal to the two lines together, which are drawn from the extremities 
of the base to the same point. 

22. The straight line bisecting any angle of a triangle inscribed in 
a given circle, cuts the circumference in a point, which is equidistant 
from the extremities of the sides opposite to the bisected angle, and 
from the center of a circle inscribed in the triangle. 

23. If, from the center of a circle, a line be drawn to any point in 
the chord of an arc, the square of that, line, together with the rectangle 
contained by the segments of the chord, will be equal to the square 
described on the radius. 

24. If two points be taken in the diameter of a circle, equidistant 
from the center, the sum of the squares of the two lines drawn from 
these points to any point in the circumference, will be always the same. 

25. If, on the diameter of a semicircle, two equsj circles be described, 
and in the space included by (he three circumferences, a circle be in- 
scribed, its diameter will be } the diameter of either of the equal 
circles. 

26. If a perpendicular be drawn from the vertical angle of any 
triangle to the base, the difference of the squares of the sides is equal 
to the difference of the squares of the segments of the base. 

27. The square described on the side of an equilateral triangle, is 
equal to three times the square of the radius of the circumscribing 
circle. 
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38. The sum of the Bides of an iBOsceleci triangle, is less than the 
sum of any other triangle on the same hase and hetwe^ the same 
parallels. 

29. In any triangle, given one angle, a side adjacent to the given 
angle, and the difference of the other two sides, to cofistruct the 
triangle. 

30. In any triangle, given the hase, the sum of the other two sides, 
and the angle opposite the hase, to construct the triangle. 

31. In any triangle, given the hae^, the angle opposite to the hase, 
and the difference of the other two sides, to construct the triangle. 

PROBLEMS REQUIRING THE AID OF ALGEBRA 
FOR THEIR SOLUTION, 

No definite rules can he given for the solution or construction of 
the following problems ; and the pupil can have no other resources 
than his own natural tact,4^id the application of his analytical and 
geometrical knowledge thus far obtained ; and if that knowledge is 
sound and practical, the pupil will have but little difficulty; but if his 
geometrical acquirements are superficial and fragmentary, the difficul- 
ties may be insurmountable : hence, the ease or the difficulty which 
we experience in resolving such problems, is the test of an efficient or 
inefficient knowledge of theoretical geometry. 

When a problem is proposed requiring the aid of Algebra, draw the 
figure representing the several parts, both known and unknown. Rep- 
resent the known parts by the first letters of the alphabet, and the 
unknown and required parts by the final letters, &c.; and use whatever 
truths or conditions are available to obtain a sufficient number of 
equations, and the solution of such equations will give the unknown 
and required parts the same as in common Algebra. 

But as we are unable to teach by more general precept, we give the 
solutions of a few examples, as a guide to the student. 

The first two are specimens of the most simple and easy; the last 
two or three are specimens of the most difficult and complex, or such 
as might not be readily resolved, in case solutions were not given. 

It might be proper to observe that different persons might draw 
different figures to the more complex problems, and mitke different 
equations and give different solutions; but the best solutions are 
always the most simple. 

PROBLEM 1. 

Giverif (he hypotenuse, and (he sum of ike other two sides of a righi 
angled triangle^ to determine the triangle. 
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LetilSCbethe A- Put Clhsy,A£s»» ACU^ 
and CB-^ABsss, Then, by « given ooaditiott we 

we have, 

And, •. . ««-(-y»=5A* (th. 8e,b. 1) 
From these two equations a solution is easily ob- . 
tained, giving, 

If h=5, and «=7, a^=4 or 3, and y=3 or 4. 

N. B. In place of putting x to represent one side, and y the other, 

we might put (o^+y) to represent the greater side, and (a^— y) the lesser 

side; then, . ar^-fyras— » and 3xss, dlic. 

PROBLEM 2. 

Gtwen, ttc hose and perpendicular of a tHangle^ to Jlnd the tide cfitM 
inscribed square. 

Let ABC be the A- AB=&, the 
base, CD=p, the perpendicular. 

Draw EF parallel to AB, and suppose 
It equal to £G, a side of the required 
square; and put EF=x. 

Then, by proportional As we have, 

CI:EF::CD:AB 

That is, p — X : x : : p : h 

That is, the side of the inscribed square is equal to the product of (he base 
and dllitude, divided by their sum, 

PROBLEM 8. 

- In a triangle, having given the sides about the vertical angle, and the 
ine bisecting that angle and terminating in the base, to find the base. 

Let ABC be the A) ^nd let a circle be cir- 
cumscribedjabout it. Divide the arc AEB into 
two equal parts at the point E, and join EC, 
This line bisects the vertical angle (th. 9, b. 3, 
scholium). Join BE. 

Put AD=x, DB=y, A C=a, CB=b, CIh=e, 
and DE=w. The two A«i ADC and EBC, 
are equiangular; from which we have, 

to+c : 6 : : a : c; or, cw-\-e*zsuib (1) 




Hence, 



bp—-boe=px; or, 
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But, 88 EC and AJ9 are two chords tliat intersect each other in a 

circle, we have, .... cwss:xy (th. 17, b. 3) 

Therefore, . . . . • 9!y+c^=zab . (2) 

But, as CD bisects the vertical angle, we have, 

a :h : :x :y (th. 23, b. 2) 

ay 
Or, . . . a=y (3) 



a I c^b 

Hence,. ^«-f-c'=a6; ory=5j&*--^ 

a I c«6 
And x==^^b*-^— 

Now, as X and y are determined, the base is determined; 
N. B. Observe that equation (2) is theorem 20, book 3. 



PROBLEM 4. 

To determine a triangle, from th^ base, the line bisecting the vertical 
angle, and the diameter of the circumscribing circle. 

Describe the circle on the given diameter, 
AB, and divide it in two parts, in the point D, 
80 that ADxDB shall be equal to the square 
of one half the given base. 

Through D draw EDG at right angles to 
AB, and EG will be the given base of the 
triangle. 
. Put . AIh=n, DB=m, AB=d, DG=^. 

Then, n-]-m=d, and n«i=J'; and these two equations will deter- 
mine n and m; and therefore, n and m we shall consider as known. 

Now, suppose EHG to be the required A> and join HIB and HA, 
The two As, AHB, DBI, are equiangular, and therefore, we have, 
AB :HB::IB: DB, 

But HI is a given line, that we will represent by c; -and if we put 
IBs=u), we shall have -ffjB^c+ir; then the above proportion becomes, 
d : c-\-w : :w im 

Now, w can be determined by a quadratic equation; and therefore, 
IB is a known line. 

In the right angled A DBI, the hypotenuse IB, and base DB, are 
known; therefore, DI is known (th. 36, b. 1); and if DI is known^ 
EI and IG are known. 
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Ltft^» let JEHs«, HChss^t and pot£Jsy, and I€h=q. 
Then^ by theorem SO9 book 8, iV+c'=^ . 0) 
But, « :y : :ji :9 (th. a6,b. 9; 

Or, xJ^ (2) 

And, from equetionB (1) and (3) we can determine x and y, the sides 
of the A; end thus the determination has been attained, carefully and 
easify, step by step. 

PROBLEM i. 

Tlr«8e9iMl<Me»<oiidkeadbolibera3etenia%,4^ thus indtm one mere 
efgrmmd; whai u ihe diameter in rode of each tf them cMes t 

I>raw three etioal circles to touch each other 
externally, and join the three centers, thus 
formingr « triangle. The lines joining the 
centers will pass through the points of con- 
Uct (tb. 7, b. 8). 

Let R represent the radius of these equal 
circles ; then it is obvious that each side of this 
A i^ equal to 2lt The triangle is therefore 
equilateral, and it incloses the given area, and three equal sectors. 

As each sector is a third of two right angles, the three sectors are, 
together, equal to a semicircle; but the area of a semicircle, whose 

ftR^ 
radius is R, is expressed by — ^ (th. 8, b. 5, and th. 1, b. 6); and the 

hR^ * 

area of the whole triangle must be --^ — hl^O; but the area of the 

A is also equal to R multiplied by the perpendicular altitude, which 

\mRJ^. 

^ ftRi , ^ 
Therefore, . KV^— "F^"^^^ 




Or, . ««(3V3— *<)~3a0 

3^3—8.14161 

Hence, 12=:8 1.484- ^^^ ^^^ ^^ result. 



330 3.20 

JR«=— = «= =992.348 

3^3—8.1416936 0.3226 



PROBLEM 6. 

In a right angled triangle, having given the base and the sum of the 
perpendicular and hypotenuse, to find these two sides. 
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PROBLEM T. 

CHwen, ike hose and aUUude of a triangle^ io divide ii into Aree equal 
parts, by Unuparidldio^baie. • * • 

PROBLEM 8. 

In any equilateral A> ffiven the kngih of Ihe three perpendiculars drawn 
from any point toiihinf to ike three sides, to determine the sides, 

PROBLEM 9. 

In a right angled trian^^, having given the base (3), and the difference 
letvoeen Me hypotenuse and perpendicular (1), to find both these two sides* 

PROBLEM 10. 

In a right angled triangle, haviny given the hypotenuse (S), and the dif- 
ference between the base and perpendicular (1), to determine both these two 
sides, 

PROBLEM 11. 

Having given, the area or measure of the space of a rectangle inscribed 
in a given triangle, to determine the sides of the rectangle, 

^ PROBLEM 11. 

In a tfiangle, having given the ratio of the two sides, together with both 
the segments of the base, made by a perpendicular from the vertical ar^gle, to 
determine the sides of the triangle, 

PROBLEM 18. 

In a triangle, having given the base, the sum of the other two sides, and 
the length of a line drawn from the vertical angle to the middle of the base, 
to find the sides of the triangle, 

PROBLEM 14. 

To determine a right angled triangle; having given the lengths of two 
lines drawn from the acute angles to the middle of the opposite sides, 

PROBLEM 15. 

7b determine a right angled triangle; having given the perimeter, and the 
radius of its inscribed circle, 

PROBLEM 16. 

7b determine a triangle; having given the base, the perpendicular, and 
the ratio of the two sides. 

PROBL/EM 17. 

7b determine a right angled triangle; having given the hypotenuse, and 
the side of the inscribed square. 
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V PROBLEM 18. 

4o MkA each Met, anddUoihe drcumferemse cf Oe ^mm dnk. 

PROBLEM 19. 

tnarigU angled triangh^hMng given ikt jperimder^ nr 9wn cf eiU ike 
tides, and the perpendictdar lei faU from ihe righi angle on (he hffotenuee, 
to determine /&e triangle; Uuit is, its sides. 

PROBLEM »•. 
7b determine a right angled triangle; having given ihe hypotenuse and 
ihe difference of two lines, drawn from ihe two acute angles to ihe center of 
ihe inscribed circle, 

PROBLEM 11. 

7b determine a triangle; having given ihe hose, ihe perpendicular, and 
ihe d^erence of the two other sides, 

PROBLEM 22. 

7b determine a triangle; having given ihe hose, ihe perpendicular, and 
the rectangle, or product of ihe two sides, 

PROBLEM 2S. 

7b determine a triangle; having given ihe lengihs of ihree lines drawn 
from ihe ihree angles to the middle of the opposite sides, 

PROBLEM 24. 

In a triangle, having given da the three sides, to find the radius of ihe 
inscribed circle, 

PROBLEM 24. 

7b determine a right angled triangle; having given the side <^ the in- 
scribed square, and ihe radius of the inscr^ted cirde, 

PROBLEM 26. 
7b determine a triangle, and the radius of ihe inscribed circle; having 
given the lengths of three lines drawn from the three angles to the center of 
ihat circle, 

PROBLEM 27. 

To determine a right angled triangle; having given ihe M/potenuse, and 
ihe radius of the inscribed circle. 
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BOOK VI. 



on THX. INTEBSXOTIOH Or FLAJTSS. 

DEFINITIONS. 

Ths 14t1i definition of book 1, defines a plane. It is a superfices, 
having length and breadth, but no thickness. 

The surface of still water, the side of a sheet of paper, may 
give a person some idea of a plane. 

A curved sur&ce is not a plane ; although we sometimes say, 
" the plane of the earth's surface." 

' 1. Jf (my two poinU Jk taken in a plane, and a etraigM line join 
the poirUs, every paint tn-that Une is in thepkme* 

2. If any point in such a line should be either above or below 
the siii^ace, such a surface would not be a plane. 

3. A straight line is perpendicular to a plane, when it makes 
right angles with every straight line which it meets in that plane. 

4. Two planes are perpendicular to each other when any straight 
line drawn in one of the planes, perpendicular to their commcm 
section, is perpendicular to the other plane. 

5. If two planes cut each other, and, from any point in the line of 
their common section, two straight lines be drawn, at right angles 
to that line, one in the one plane, and the other in the other plane, 
the angle contsdned by these two lines is the angle made by the 



6. A strught line is parallel to a plane when it does not meet the 
plane, though produced ever so far. 

7. Planes are parallel to each other when they do not meet» 
though produced to any extent. 

8. A solid angle is (me which is formed by the meetmg, in one 
point, of more than two plane angles, which are not in the same 
plane with each o(btat. 
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THEOREM 1. 

Jff any ikirm ^troiglU line$ mut om anoiher^ ihty art mime plana. 

For conceive a plane passing through BO 
to reyolye about that line till it pass through 
the point E, Then because the points B 
and (7 are in that plane, the line EC is in 
it ; and for the same reason, the line EB 
is in it ; and BO is in it, by hypothesis. 
Hence the lines AB, OD, and J9 (7 are all in 
one plane. 

Oor, Any two straight lines which meet each other, are in one 
plane ; and any three points whatever, are in one plane. 

THEOREM 2. 

j[^ h9o piane$ ad one anoiker, the lim ftf their common eeetion ie 
a straight line. 

For let B and 2>, any two points in the line 
of their common section, be joined by the 
straight line BD; then because the points 
B and D are both in the plane AE, the whole 
line BD is in that plane ; and for the same 
reason BD is in the plane OF. The strught line BD is thereforo 
common to both planes ; and it is therefore the line of their 
common section. 

PROPOSITION S. THEOREM. 

y a straight line Hand at right anglee to each of two other siraighi 
lines at their point of intersection, it wiU be at right angles to the plane 
<f those lines. 

Let AB stand at right angles to EF and 
CD, at their point of intersection A. Then 
AB will he at rigid angles to emg other line drawn 
through A in the plane, passing through EF, 
OD, and, of course, at light angles to the jdane 
itedf. (Def. 3.) 

Through A, draw any line, ^6^, in the plane 
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SF CD, and from any point (?, draw OH parallel to AD. Take 
HF=^AH, and join FQ and produce it to D, Because HQ is 
parallel to AJ), we bave 

FB:JIA::FG: GB 

But, in this proportion, the first couplet is a ratio of equality ; 
therefore the last couplet is also a ratio of equality, 

That is, FQ^ GD, or the line FD is bisected m G. 

Joia BD,BG, md £F. 

Kow, in the triangle AFD, as the base FD is bisected in (?» 
we have, . AF^+AD'::^iAG'+2GF^ (1) (ih, 39 b. 1.) 

Also, as DF is the base of the A BDF, we have by the same 
theorem, . BF^+BD^=^2BG^+2GF^ (2) 

By subtracting (1) from (2) and observing that BF^ — AF^ 
z:=AB\ because BAF is a right angle ; and BD^—AD^^AB^, 
because BAD is a right angle, and we shall then have, 
AE'-^-AB'^^BG^—^AG'' 

Dividing by 2, and transposing AG'^^ and we have, 
A&^-AG^^BG^ 

This last equation shows that BA (? is a right angle. But A G 
A any line drawn through A, in the plane EF^ CD, therefore AB 
is at right angles to any line in the plane, and, of course, at right 
angles to the plane itself. Q. F, D, 

PROPOSITION 4. PROBLEM AND THEOREM. 

To draw a straight line perpendicular to a plane, from a given point 
aibove iL 

Let J/2rbe the plane, and^ the point 
above it. Take, i>(7, any line on the 
plane, and draw AC st right angles to it 

From the pomt C, draw CB on the 
plane, at right angles to the Ime DO. 

Lastly, from A, draw AB at right an- 
gles to the line BO, and join BD. ABC 
is a right angle by constrttction, and now if we can prove that ABD 
is also a rigid angle, then AB is at right angles to the plane^ iy the 
last proposition. 
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Becaitie ABC in % right angle, we hftTe* 

To both members of this equation^ add DC" and we have, 

AB'+iBC^+D a^)=^A C^+D (7» 
Because BOD is a right angle, BC^+DC^:=zBIPf and because 
A CD is B, right angle, AC^+DC^=Ajy, and taking these latter 
values in the last equation, we have, 

AB'i'BB^^AJP ; which shows that ABD 
is a right angle, and prores our proposition. Q. E. D. 

PRQPOSITION 5. THEOREM. 

Tufo straight lines, having the same indinathn to a pUme, whether 
perpendicular or Mique, areparattel to one another. 

This proposition is axiomatic from our definition of paraUel lines ; 
for a stationary plane can hare but one position, and the same in- 
clination from any fixed position, must, of course, give parallel 
lines ; but, for the sake of perspicuity, we wUl give the following 
as a demonstration. 

LetifiTbe a plane, and AB and CD lines 
liaving the same inclination to it. 

Then AB and CD are parallel. 

If the lines do not meet the plane, produce 
them until they do meet it in B and D. 
Join the points B and D, by the line BD, and produce it to K 

The angle CDE=zABD, otherwise the two lines would not have- 
the same inclination to the plane* But when one line, as BE, cuts 
two others, as AB CD^ making the exterior angle, CBE^ equal to 
the interior and opposite angle on the same side, ABE, then the 
two lines, AB and CD, are paraDel. (Converse of th. 6, b. 1). 

Q. E. D. 

k 
PROPOSITION 6. THEOREM- 

If two strcAghi lines he drawn in any position through paraM 
planes, theymU he cul proportkneMy hy the planes. 
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Oonceiv^e three planes to be parallel, as 
represented in the figure, and take any points, 
A and B, in the first and third planes, and 
join ABj which passes through the second 
plane at E. 

Also, take any other two points, as and 
J9, in the first and third planes, and join 
CD, the line passing through the second 
plane at F, 

Join the two lines by the diagonal AD^ which passes through 
the second plane at Q. Join BD^ EG^ OF^ and AO, We are 
now to show that, AE : EB : : CF : FD 

For the sake of perspicuity, put A G=X, and (?i>= PI 
As the planes are parallel, BD fa parallel EO; then, in the two 
triangles ABJ) and AEO, we have, (th. 17 b. 2). 
AE:EB::X: T 

Also, as the planes are parallel, GFh parallel to ACf and we 
have, . . CFiFDiiX'.r 

By comparing the proportions, and applying theorem 6, book 2» 
we have, . . AE : EB : : OF : FD. Q, E. D. 



PROPOSITION 7. THEOREM. 

Jf a straight line he perpendicular to a plane, all planer passing 
thr&ugh that line will he perpendicular to the first-mentioned plane. 

Let MN'he a plane, and AB perpen- 
dicular to it. Let BO he any other 
plane, passing through AB ; thfa plane 
will be perpendicular to MN. 

Let BD be the common intersection 
of the two planes, and from the point B, 
draw BE at right angles to DB, 

Then, as AB is perpendicular to the plane MN, it fa perpendic- 
ular to every line in that plane, passing through B (def. 1, b. 6); 
therefore, ABE is a right angle. But the angle ABE (def. 5, 
b. 6), measures the inclination of the two planes ; therefore, the 
plane CB is perpendicular to the nlane MX, and thus we can show 
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that any other plane, passing through AS, will be perpendienlair 
to MN; therefore, Ac. Q. E. D. 

PROPOSITION 8. THEOREM. 

Frcm the tame point in a plane, iiU cneperpendiadarcanieerecled 

from the pUcM. 

Let MN be a plane, and B a pomt in it, 
and, if possible, let two perpendiculars, BA 
and BC^ be erected. 

Let BD be drawn on (he plane MN, coin- 
ciding in direction with the plane passing 
through these two perpendiculars. 

Now, as a perpendicular to a plane is at right angles to ererj 
line that can be drawn on the plane, through the foot of .the per- 
pendicular, therefore, ABB is a right angle, also CBD is a right 
angle. 

Hence, ABD=^ CBD; the greater equal to the less, which is 
absurd ; therefore, BO must coincide with BA, and be one and 
the same line ; therefore, from the same point, &c, Q, E. J), 

PROPOSITION », THEOREM. 

Jf tiDo planes are perpendicular to a third plane, the common inter- 
section of the ttoo planes toUl he perpendicular to the third plane. 

Let CB and BD be two planes, both per- 
pendicular to the third plane, MN, and let B 
be the common point to all three of the planes. 
From B, draw BA at right angles to EB ; 
J?^ will be in the plane BB. From B, draw also a perpendicular 
to GB, this will be BA ; or, there may be two perpendiculars 
erected from the same point, which is impossible ; therefore, BA 
is a common section to the two planes BO and OB, and it is at 
right angles to the two lines BE and BO, on the plane' MN. AB 
is therefore perpendicular to that plane. (Prop. 3, b. 6). Q. E. D, 

PROPOSITION 10. THEOREM. 

J^ a solid angle he formed hy three plane angles, the sum of any 
two of them is greater than the third. 
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Let tlie three angles, BAD, DAO, BAO, 

foim the soUd angle A, The sum of any two 

of these is greater than the tiiird. When 

these angles M*e all equal, it is evident that the 

sum of any two is greater than the third, and the proposition 

needs demonstration only when one of them, as BA (7, is greater 

than either of the others ; we are then to prove that it is less than 

their sum. 

On the line AB, take any pobt, B, and draw any line, as BD^ 
From the same point, B, mdce the angle ABO^ABD, and join 
DC, From the point A, and on the plane BAC, draw the angle 
BAE=:BAD. Now the two plane triangles BAD and BAE, 
have a common side, AB, and the angles adjacent equal (th. ]4» 
b. 1); therefore, the two As are, in all respects, equal; and 
AD^AE^ Bsid^=BE. 

In the triangle BD 0, B C<CBD^D G 

But, . . .. BE—BD 

By subtraction, . . EC<CPC 

In the two triangles, DA C and EA C7, DA=^AEy and ^ C7 is 
common, but EC is less than CD; therefore, the angle DA (7, op- 
posite DC, is greater than the angle EAC, opposite EC, (Con- 
verse of th. ^, b. 1). 

That is, . . DACyEAC 

But, . . DAB^BAE 

By addition, DAC-^DAB^BAC. (Ax. 2), Q. E. D. 

PROPOSITION 11. THEOREM. 

The sum of any plane a/ngles formmg any solid angle, is altpc^ 
less than/our right angles. 

Let the planes which form the solid angle 
at ^, be cut by another plane, which we may 
call the plane of the base, BCDE. Take 
any point, a, in this plane, and join aB, aC, 
aD, aE^ <kc., thus making as many triangles 
on the plane of the base, as there are trian- 
gular planes forming the solid angle A. But 
as the sum of the angles of every A is two 
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xj^t anglei, the 8iqn of all the angles of the As which have their 
vertex ia A,ib equal to the sum of all angles of the As which 
have their vertex in a. But the angles BCA+ACJ), are, to- 
gether, greater than the angles JBOa+aCD, or BCD, hy the last 
proposition. That is, the sum of all Aie angles at the bases of 
the As which have their vertex in ^, is greater than the sum of 
all the angles at the bases of the As which have their vertex in a. 
Therefore, the sum of all the angles at a, is greater than the sum 
of all the angles at A, but the sum of all the angles at a, is equal 
to four right angles ; therefore, the sum of all the angles at ud, is 
less than four right angles. Q. JS. D. 

PROPOSITION 11. THEOREM. 

If two solid angles are formed hy three plane angles respedively 
equal to each other, the planes which eontam the eqwd angles will be 
equally inclined to each other. 

Let the angle ASC=iDTF, 
and the angle A8B — DTE; 
also the angle BSO^^ETF ; 
then will the inclination of the 
planes, ASC, ASB, be equal 
to that of the planes DTF^ 
DTE, 

Having taken SB at pleasure, draw BO perpendicular to the 
plane ASC; itom the point 0, at which that perpendicular meets 
the plane, draw OA, 00, perpendicular to SA, SO; jom AB, 
BO; next take TE=zSB; drs-w EP perpendicular to the plane 
DTF; from the point P, draw PJ), PF, perpendicular to TD, 
TF; lastly, join DE, EF. 

The triangle SAB, is right angled at A, and the triangle TBE, 
at D; and since the angle -45jB5=i)7W, we have SBA^zTED. 
Likewise, SB=TE; therefore, the triangle SAB is equal to the 
triangle TBE; hence, SA^TJ), and AB^DE^ In like manner 
it may be shown that, SO^TF, and BO^EF. That granted, 
the quadrilateral SAOO, is equal to the quadrilateral TDPF; 
for, place the angle A SO, upon its equal DTF; because SA^ TD, 
and SO^TF, the pdnt ^ will M on J), and the point on F; 
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and, at the same time, A 0, which is perpendicular to SA, will 
fall on PD, which is perpendicular to TD, and, in like manner, 
OC on PF; wherefore, the point will fall on the point P, and 
^ will be equal to DP. But the triangles A OB, DPE, are 
right angled at and P; the hypotenuse AB=DJS, and the 
side A 0=iDP; hence, those triangles are equal ; hence, the an- 
gle OA£=:PDK The angle OAB b the inclination of the two 
planes ASB, ASC; the angle PDJS, is that of the two planes 
DTB, JDTF; consequently, those Ijwo inclinations are equal to 
each other. Hence, Jf two solid angles are formed, dc. 

Scholium, The angles which form the solid angles at S and T, 
may be of such relative magnitudes, that the perpendiculars, B 
and FP, may not fell within the bases, ASO and DTF; but they 
will always either fall on the bases or on the planes of the bases 
produced, and will have the same relative situation to A, S, and 
O, as P has to i>, T, and F. But, in case that and P fall 
pn the planes of the bases produced, the angles BCO and J^PP, 
would be obtuse angles ; but the demonstration of the problem 
would not be varied in the least. 
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SOLID 6E0METRT. 

Thb object of Solid Geometry is to estimate and compare the 
surfaces and magnitudes of solid bodies ; and, like Plane Qeometry, 
it most rest on definitions and axioms. 

To the definitions already given, we add the following, as bong 
ezclnsiyely applicable to Solid Oeometry. 

Sor&ces are measured by f^wofv umit; so solids are measond 
by cvbe units. 

1 • A Cube is a solid, bounded by six equal square 1 
iaces, forming eight equal solid angles. 

All other solids are referred to a unit of this figure 
for measurement. 

2. A Prism is a solid, whose ends are parallel, equal, and form 
equiangular plane figure ; and its sides, connecting these ends, 
are parallelognuns. 

3. A prism takes particular names according to the figure of its 
base or ends, whether triangular, square, rectangular, pentagonal, 
hexagonal, Ac. 

4. A right or upright prism, is that which has the planes of 
the sides perpendicular to the planes of the ends or base. 

5. A ParaJlelojHpedon is a prism bounded by six 
parallelograms, every opposite two of which are equal, 
alike, and parallel. 

6. A rectangular paralleloppedon, is that whose bounding 
planes are all rectangles^ which are perpendicular to each other. 

A rectangular parallelopipedon becomes a cube when all its planes 
are equal 

7. A Cylmder is a round prism, having circles for its 
ends ; and is conceived to be formed by the rotation of 
a right line about the circumferences of two equal and 
parallel circles, always parallel to the axis. 

8. The axis of a cylinder, is the right fine jmning th^ 
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centers of Hhe two parallel cireles, about which the figure is 
described. 

9. A Pyramid is a solidy whose base is any right lined 
plane figure, and its sides triangles, having all their ver- 
tices meeting together in a point above the base, called 
the vertex of the pyramid. 

10. A pyramid, like the prism, takes particular names 
from the figure of the base. 

11. A Cone is a convex pyramid, having a circular 
base, and is conceived to be generated by the rotation of 
a right line about the circumference of a circle, one end 
of which is fixed at a point above the plane of that 
circle. 

12. The axis of a cone- is the right line joining the vertex, or 
fixed point, and the center oi the circle about which the figure is 
described. " 

13. Similar cones and cylinders, are such as have their allitudes 
and the diameters of their bases proportional. 

14. A Sphere is a solid, having but one surface, which is in 
every part equally convex ; and every point on such a surface is 
equally distant from a certain point within, called the center. 

15. A sphere may be conceived as having been generated by the 
revolution of a semicircle about its axis. 

The diameter of such a semicircle is the diameter of the sphere; 
and the center of the semicircle is the center of the sphere. 

16. The altitude of any solid is the perpendicular distance be- 
tween the parallel planes, one of which is the base of the solid, 
and the other is a plane, parallel with the plane of the base, pass- 
ing through the vertex of the solid. 

17. The area of the surface is measured by the product of its 
lenffth and breadth (as explained by scholium on page 32); and 
these dimensions are always conceived to be exactly at right 
angles with each other. 

18. In a similar manner,'8olids are measured by the product of 
their length, breadth, and hight, when all their dimensions are at 
right angles with each other. 

The product of the length and breadth of a solid, is the measure 
of the surface of its base. 
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Let P, in the annexed figure, 
represent the measuring unit, and 
AF the rectangular solid to be 
measured. 

A side of P, is one unit in 
length, one in breadth, and one 
in hight ; one inch, one foot, one 
yard, or any other unit that may be taken. 

Then, . 1X1X1=:1, the tini^cu^. 

Now, if the base of the solid, AC, is, as here represented, 5 
units in length and 2 in breadth, then it is obvious that (6x2= 10). 
10 units, equal to P, can be placed on the base of AC^ and no 
more ; and as each of them will occupy a unit of altitude, there- 
f(H'e, 2 uniU of altitude will contain 20 solid units, 3 units of alti- 
tude, 30 solid units, and so on ; or, in general terms, the nwnber 
of square units in the base, mtdUplied hy the linear units in perpendic- 
ular altitude, wiU give the solid units in any rectangular solid,* 



THEOREM 1. 

Two paraUdop^edons onjhe same iase, and of the same dUiiude, 
the one rectangular, the other obUque, the opposite sides of which lie 
in the same planes, will be equal in soUdiiy, 

Let AG he the rectangular par- 
allelopipe^on on the base A 0, and 
AL the the oblique paralklopipedon, 
on the same base, AC, and of the 
same altitude, namely, the perpen- 
dicular distance between the par- 
allel planes AO and HL, and the 
side AF, in the same plane with AK, and the side DG, in the same 
plane with DL. Then we are to show, that t)ie oblique paraJlelofup- 
edon ABCDMIKL, is equivalent to the rectangular parallelopip- 
edon, AG, 




* ThiB is one of those simple and primary truths that admit of no demon- 
stration ; for no other trutlis more simple and elementary than itself can be 
brought to bear upon it ; hence we enunciate it as a definition. 

All efforts to proTo a proposition which is perfectly obvious, are very unsat- 
isfactory to the mind, and always tend more to CMifuse than to -elucidate. 
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As the sides of the two solids are in the same plane, EFK is 
one right line ; EF^=zIKy because each is equal to AB. From the 
whole line EK, subtract, successi^elj, EF and IK; thus showing 
tliat EI^FK. But BF^AE, and the angle BFK^ the angle 
AEI; therefore, the A BFk^t^ AEL The parallelogram DE 
«=: CFy and the parallelogram EM=^FL; and all the angles at F 
forming the solid angles at that point, are respectiyely equal to the 
like angles at E, 

Hence, the two prisms, CBFQLKkel^ DAEHMI^q equal/ for 
they are bounded by equal planes equally inclined to each other; 
or, one prism can be conceived to be taken up and placed into the 
same space occupied by the other; and magnitudes that fill the 
same space, are equal. . 

Now, from the whole solid, take the prism OB — K, and the 
upright solid, A Q^ is left ;^nd from the whole solid take tiie prism 
DE — I, and the oblique solid, AL^ is left. Hence, by (ax. 3) the 
rectangular parallelopipedon AO, is equivalent to the oblique 
parallelopipedon AL, on the same ba^e and altitude. Q, E, 2), 

Cor. The measure of the solid ^6^, is the base, ABOP, into the 
^perpendicular, AE (def. 18» solid ge.); consequently, the measure 
^ of the solid, ALf is also the same base, multiplied by the same 
perpendicular. 

Scholium, If EF and IJSC are in the same line ; that is, the 
'Sides AF and AE in the same plane ; but the angles AEff and 
EFG not right angles, then neither parallelopipedon is rectangular; 
but they are proved equal in* exactly the same manner; that is, by 
proving the two prisms equal, and subtracting each in succession 
from the whole solid. 

Eknce, hoo Migue paraUilopipedans, an the same base, and of the 
same aUUude^ whose opposite sides are between the same planes, are 
egual in solidify. 



PROBLEM 2. 

Any ablique paraMopipedm is eqtdvalent to a ftOanguUst pamUd- ^ 
opipedon on the same base and altitude* 
11 
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hetAO be any oblique pandlelopip- 
edon, and AL a rectangular parallelo- 
pipedon, on the same base, JDB, and 
between the same parallel planes* BD 
and BF. Then wear$to Mhaw^ thai thej 
are equivalent. 

Produce EG and IM; an^ because 
they are in the same horizontal plane, and not pandld, they nill 
meet in some point, Q, Also produce FS and KL, and thus form 
the parallelogram NP, Now conceire another parallelopipedon to 
stand on the base DB, and its upper base occupymg the parallel- 
ogram yP=^DB. Now, by scholium to theorem 1, book 7, the 
solid, AG, is equal to this imagiruary solid,. ^P. But (th. 1, b. 7), 
the rectangular solid, AL^ is also equal to this imaginary solid, 
AP, Therefore, the solid ^(7 is =s toithe rectangular solid, AL. 
(Ax). Q.E.D. 

Cor. Hence, every paraUekpipedon, in whatever, directum or degree 
it is inclined, is measured by the product of its base into its perpen- 
dicular altitude, 

THEOREM S. 

ParaUelopipedons on the same, or on equal bases, are to one another 
as their perpendicular altitudes; and parallelopipedons having equal 
altUudes, are to one another as their bases. 

Let P and p represent two parallelopipedons, whose bases are B 
.and b, and altitudes A and a. 

Then, by the last theorem, the measure of P is BA, and the 
measure of p is ba. But, all magnitudes are proportional to their 
numerical measures ; that is, . * . P : p=BA : ba 

Now, in case -4=a, we have (th. 4, b. 2), P : psszB : a 
In case B=b, then we have, . . . P : p^=A : a 

Q.E.D. 

THEOREM 4. 

Similar parallelopipedons are to one another as the cubes of their 
Mke dimensions.* 

* Thiji theorem is tme for all similar solids. 
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Let P and jp represent two paralldopipedons, as in tfieorani 3; 
and let I and n represent the length and breadth of the base oC 
Pf and k its altitade. 

Also, let V and n' represent the length and breadth of p, and h' 
its altitude. 

Hence, by cor. to th. 2, b. 7, P^lnh, and j^ss^VA'. 

That is, . . P : p=^lnh : I'n'k'* 

But, by reason of the similarity of the solids^ 
I : r=n : nf 
n : n'ssn : »' 

And, . . A : A'=:» : «' 

Multiplying these proportions together, term by term, (th. b. 2), 
we have, . .Inh: lWh's=n* : «'• 

That is, . . P :p=n* : n'» (th. 6, b. 2) 

By a little different arrangement of the proportions, 
we have, P:p=zP:r* 

Or, . • . P :p^h* : A'* Q. JE. D. 

THEOREM 5. 

Any paraUdopipedon may he divided into twa equal prisms, by a 
diagonal plane passing through its opposite edges. 

The parallelopipedon may be conceived 
to be composed of a great multitude of ex- 
tremely tbin parallelograms, all equal to one 
another; and the diagonal HF divides the 
parallelogram EQ^ into two equal parts (th. 
22, cor. b. 1 ) ; and the line HF^ passing down 
through all the parallelograms, from EQ to 
A 0, divides each and all of them into two equal parts ; that is, 
the diagonal plane, HFBD, divides the parallelopipedon into two 
equal, parts, each of which is a prism. Q. E. D, 

Otherwise, the two prisms may be proved to be bounded by 
equal planes and equal angles ; therefore, they are magnitudes that 
exactly fill equal spaces, and are therefore equal. Q. E. 2). 

« "When the three factors are all equal ; that is, ZsnssA, P : j»=sp : 1*; 
but in this case, the solids are actual cubes. 




191 GEOMETRY. 

(kr. Hie solidity of a pxism is therefore the triangular base, 
DBC^ multiplied by its altitude, the perpendicular distanoe between 
the planes A Q and EG; or, it may be found by the product of the 
base^ HGOD, and half the pexpendienlar distance between the 
planes QD and EB. 

THEOREM •• 

AUpri$m$ of egud hoses and aUUudes are equal m sdidify, v^ai' 
ever he thefi^wres of the hoses. 

It is of no consequence what shape a base may be, for it is 
greater or less, according to the number of square units that may 
be contained in it ; hence, the base of a triangular prism may be 
considered a square, or rectangular prism, containing the same 
number of square units as the triangular base ; that is, any prism 
may be considered a rectangular parallelopipedon, whose base is 
the same in area as the base of the prism ; but the solidity of a 
parallelopipedon is measured by the area of its base by its altitude 
(def. IS) ; and therefore, a prism of the same area, of base and 
altitude, has Ihe same measure. Q. E. D. 



^ THEOREM 7- 

AU similar scUds are to one another as the cubes of their like 

dimensions, 

. : By thepreija 4, of this book, this proposition is proved true 
for b11 shhilar parallelopipedons ; and by theorem 6, all similar 
J)arallelopip6don8 may be divided into two equkl parts, thus 
forming similar prisms. But the halves of things are in the 
same proportion as their wholes ; therefore, all similar prisms are 
to one another as the cubes of their like dimensions. 

Similar pyramids and similar cones are but the same like parts 
of similar prisms ; and, like parts of wholes, are in the same pro- 
portion as the wholes themselves ; therefore, our theorem is true 
for pyramids and' cones. 

Spheres are like proportional parts of their circumscribing cyl- 
inders ; and our theorem is true for similar cylinders ; it is, there- 
fore, true for spheres. 
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IxL short, all rimUar solids, hpweyer irregular the shape, are but 
like parts of some mathematical figure that^nay mclose them ; and 
as the theorem is true for the mathematical 'figures, it is true for 
fmy of their like parts ; it Is, therefore, true for all similar solids 
whatever. Q.E.J). 

THEOREM 8. 

If a pyramid heeuthy a plane which t» paraM wUh its base, <A# 
seaion thus formed wm he simikir to the base, and i^ to 

the area of the base as the square of its perpendicular distance from 
the vertex, is to the square of the perpendicular altiiude ofthepyramd. 

Let MN and mn be two par- 
allel planes, between which 
stands any pyramid whose 
base is P, and vertex O, and 
perpendicular altitude EF. 

On any one of the edges, as 
GA, take any point a, and 
draw ab parallel to AB; and 
from b draw be parallel to BO. Then, by reason of the paraiBeb 
(th. 10, b. 1), tlie angle ahc=:ABO. In this- manner we may go 
round the whole section, whatever be the number oi sides { and 
every angle in the section will be equal to its corresponding angle of 
the base ; that is, the two figures are equiangular, and similar; and 
as every line of the section is parallel to its corresponding line in the 
base, therefore, if the base is a plane, the section will be a parallel 
plane. Produce a line from this plane to the perpendicular at Bi 

But equiangular plane figures are to cme another as the squares 
of their like sides (th. 23, b. 2); that is, 
P:p:=AB^:ah^ 

But, . AB^: (aby=^GA^ : Ga^ (th's. 17 and 10, b. 2) 

And, • GA^: Ga^=GE^: Ge^ 

And, . GE^: Ge'^FE^ \ FH^ 

Multiplying all these proportions together, and at the same time 
rejecting all the common Actors that would otherwise appear m 
the antecedents and consequents, we have, 
P'.p^FE^.FR^ 
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By cliangiiig means loir extremes^ "wa have, 

^ : P^FB} : FB^ «. E. D. 

Car. Ab die section inade by the cutting plaiie is always similar 
to the base, it follows Hiat wbea the base is a polygon of a great 
number of sides, the section will be a polygon of the same number 
of sides ; and when the base is a circle, the section will be a 
circle, and so on. 

THEOREM 9. 

IftwppwMdi, standing hehifeentwoparaMpla^ 
paraUel plane, the respedwt secHoMwUbetoeaehciheroiiheirbasef. 

Let two pyramids stand as 
represented in the figure, and 
from any point, B, in the per- 
pendicular, pass a plane par- 
allel to the plane Mli. By 
the last theorem, each sec- 
tion of these pyramids is a 
similar figure to its base. 

By theorem 6, bo<dc 6, the parallel plane that forms these sec- 
tioaB,;mitftall bnea between, the planes MBsjiimn, proportionally, 

Therefore, * pr: ffB^Oe : GB 

And, . . Qe: QB^FBiFB 

Hence, . . gr : gR^FBi FE 

By squaring this last proportion, we have, 
gr" : gII?^FB^ : FE^ 

But, . . gr^\ gB^^r^ : R8^ 

By the application of theorem 6, book 2, to these last two pro- 
portions, we have, FB^ : FE^^r^ : BS^ 

But, . . . jp : P^FB* : FE^ (th. 8, b. 7) 

And, . . rt* : BS^'^q : Q (th. b. 8) 

Multiplying these three proportions together, term by term, re- 
jecting common factors in antecedents and consequents, we have, 
p : P=£ \Q Q.E. B. 

Cor. On the supposUion that P=Q, there results ip=q. 

THEOREM 10. 

Any two pyramids having equal bases, and situated between the same 
two paraUd planes, or having equal cdtUudes, are equal. 
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Take the same figure as for the last theorem, supposing the 
bases, P and Q, equal, and conceive the perpendicultir EF^ to be 
divided by a great multitude of parallel planes, equidistant from 
each other, and all parallel to the plane MN. By the last theorem, 
tiiese planes will divide each pyramid into the same number of 
equal parallel sections, of which the two pyramids may be con- 
mdered as composed ; and, as the sums of equals are equal, there- 
fore, the two pyramids are equal. Q. E. D. 

THEOREM 11. 

Every triangular pyramid is a third part of the triangtdar prism^ 
hamnff the same base and the same altitude. 

Let FAJBC be a triangular pyramid; 
ABCDEF a triangular prism of the same 
base and the same altitude : the pyramid 
will be equal to a third of the prism. 

Cut off the pyramid FABC from the 
prism, by a section made along the plane 
FAC; there vnW remain the solid FACDE, 
which may be considered as a quadrangular 
pyramid, whose vertex is jP, and whose base is the parallelc^am 
ACDE. Draw thie diagonal CE; and extend the plane FCE, 
which win cut the quadrangular pyramid into two triangular ones, 
FAQEy FGDE, Hiese two triangular pyramids have for their 
common altitude, the perpendicular let fall from F on the plane 
AC BE. They have equal bases, the triangles ACE, CDE, 
being halves of the same parallelogram ; hence, the two pyramids, 
FACE, FCDE, are equivalent (th. 10, b. 7). But the pyramid 
FCDE, and the pyramid FABC, have equal bases, ABC, DEF; 
they have, also, the same altitude, namely, the distance of the 
parallel planes ABC<t DEF; hence these two pyramids are equi- 
valent Now, the pyramid FCDE has already been proved equi- 
valent to FACE; consequently, the three pyramids, FABC, 
FCDE^ FA CE, which compose the prism ABD, are all equivalent. 
Hence, the pyramid, FABCf is the third part of the prism ABD, 
which has tibe ssune base, and the same altitude. Q. E, D. 

Car. The solidity of a triangulai' pyramid is equal to a t£ird 
part of- the product of its base by its altitude. 
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The i^reoediiig demonstration is bnet, direeti and all tbat eoold 
be desired, proyided the learner has a clear conception of the 
figure as represented on paper ; but as we Imow that this is not 
generally the case, we give the following method. 

Let ABCDEF be any rectangular par- 
aUelopipedon, and put AD^a, AB^h, and 
AF^h. Produce AF to G, making FQ 
^AF. Draw 00 Ui meet AB, produced 
in if: As FO is parallel to AB, and AO 
double of AF, therefore, AM is double of 
AB, Join OE, and produce it to meet AD^ 
in /; then, by like reasoning, we shall find AI the double of AD, 
Join GHy and produce it to meet the plane of BJ), m Q. 

The whole figure now comprises two pyramids ; one, whose base 
is AQ; the other similar one has FH for its base, and the vertex 
of both, is Q, 

The whole figure also comprises the parallelopipedon AI[, which 
IS measured by {abh), two prisms, and two equal and similar pyra- 
mids. One prism has DCKIior its base, and DE, for its altitude ; 
the otlier has BMLC for its base, and BO^DE^ for its altitude. 

As each of these bases, DK and BL^ is equal to ^ (7, hence, 
the solidity of these two prisms is expressed by (o&A); and the 
parallelopipedon, and two prisms together, are measured by %alh; 
and, in addition to these, we haye two equal pyramids of vmknawn 
solidity; therefore, let each one be represented by x. 

Now, the whole pyramid, whose base is ^Q, and vertex G^ is 
expressed by (2a^A+2a:). 

But the pyramid, whose base is FH, and vertex G, is expressed 
by (»). 

As these two pyramids are sunilar, they are to each other as the 
cubes of their like dimensions ; that is, they are to each other as 
the cube of GA to the cube of GF. But GA is the double of 
QF, by construction. Therefore, GA} : GF^=:B : 1 

Hence, .... (2aM-|-2ap) : x=sQ : 1 

Product of extremes and means ^ves, Sx=iabh+Zx 

Therefore, xss:^(ahh) 

^his last equation shows that the solidity of any pyramid is one* 
third of any rectangular solid of the same base and altitude. 
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(kr. lliis measure of ibe pyramid is trae» ^Aaievt^ be the 
figure of its base ; and when the base is a circle, the pyramid is 
called a cone ; hence, the solidity of a cone is one third of its cir- 
cumscribing cylinder. 

THEOREM 12. 
If apyramd he cut by aplam paralld to Ua base, the sdidUy of 
the frustum that remains after the snuUl pyramid is taken away, is 
eqtud to three pyramids of the same altitifde as the frustum; one hav- 
ing for its base, the base of (he frustum; another, the upper hase; and 
the third, a base which is the mean proportional between the upper and 
lower bases of the frustum. ' 

(The figure has been previously described in theorem 8.) 

Now, by the last theorem, the solidity of the whole pyramid is 

P(FE) p(FH) 

expressed by — ^-«"~> *^^ that of the small pyramid is ^ ^ 

The difference of ^ese magnitudes measures the frustum ; 
That is, . . -^ ^-^^—^ ^=the frustum. 

To make this expression cor- 
respond with the enumeration 
of this theorem, we must ban- 
isb FE and FH, and obtain 
their diflerence. 

By th. 8, book 7, we have, 

FF:F£r=JP:Jp (1) 

From this proportion we 

( FJ3) fP 
have, FF=^ —^, which, substituted in the above expression, 

(Fff)JPJp p(FB) ^ ^ 
giYes, • ^ L.J!i±^^A-^z=z the frustum ; 

Or, . (^J5r)(^.^=^>=thefrustmn. 

Sjp ^ ^ 

From proportion (1), FE—FH : FB=JP-'Jp : ^p (2) 
But {FE—FH) b ^he altitude of the frustum, which we will 
designate by a. 

Then, from proportion (2), jrjy—_??/^ 
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Thb yriva of FH^ mibstiliited in tbe last eipBeeaoa fat flie 
firutimiy givMf 

By actual division, we liave, 

5(-P+ T^+P)— <ke frnstom ; 
o 

Or, . iaP+Ja7^+i«5P= the fruirtum. 

Here we find ezpresuons for three different pyramids, which, 
together, are equal to the frustum ; one has P for its base, another 
jp, and the third JPp^ which is the mean proportional between the 
two bases, P taidp; therelbre, a frnstrum is equal, <&c. Q, E. D. 

Cot. In case^^sp, the frustum becomes a prism,, and the above 
expression for the three pyramids becomes aP, which is the proper 
expression for the solidity of a prism. 

THEOREM IS. 

Thseotwexturfaee qf any regtdar pyramid it egu(d to the penm 
<f Us base, trndtipled by half its skmi hiyhi. 

Bisect the side AB in i7, and join SB. 
Since the pyramid is regular, the side SAB 
is an isosceles triangle ; consequently, Sff 
is perpendicular to AB; hence, Sff la the 
altitude of the triangle, and also the slant 
bight of the pyramid. For the same reason, 
each side of the pyramid is an isosceles tri- 
angle, whose altitude is the slant hight of 
the pyramid. 

Now, the area of the triangle SAB, is 
equal to ABX^Sff; and the area of all the triangles which 
compose the convex surface of the pyramid, is equal to the sum of 
their bases. (AB+BC+ CD+DH+JSF+AF) X ^Slf, 

But the sum of these bases, AB, BO, <fec., forms the perimeter 
of the pyramid's base ; and the common altitude, Sff, is the slant 
hight of the pyramid. Therefore, the convex surface of any regutar 
pyramid, is equal to the perimeter of its base m/ulHplied by halite 
slant hiyht. 
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THEOREM 14. 

The convex ntrface <^ a frustum of a regtda/r pynxmid, ie equal to 
the eum of the perimeter of theitoo hoses multiplied hy half the ^^cad 
Jdght. « 

Ck)nceiYe a xegolar frastnm of a pyramid to 
exist, as represented in the figure ; then each 
&ce will be a regular trapezoid, whose surface 
\k measured by the half sum of its parallel 
sides (th. 31, b. 1), multiplied by the perpen- 
dicular distance between ^em, which is the 
slant hight of the frustum. 

Let 8 represent a side of liie lower base, 
and s a side of the upper base, and a the slant 
hight ; then the sur£Eu^e of one face is measured 
hj^iS-^-s). 

There are just as many of these surfaces as the frustum has 
sides. Let m represent the number of sides ; then the whole sur- 
face must be ^(m/S^-Hn«). But {mS+ms)^ is the perimeter of 
tibe two bases ; and \a is one-half of the slant hight. Therefore, 
Ac. Q. JS. D. 

Schdinm. Let circles be desoibed round the bases of the 
frustum, SLS> represented in the last figure ; and conceive the number 
of sides to be indefitiitely increased ; then 8 and s will be indefi- 
nitely small, and m indefinitely great ; but however small 8 and 
s may be (the corresponding number to m being as much in- 
creased), the expression {mS-^-ms) will still represent the perime- 
ters of the two bases. But, when 8 and s are indefinitely small, 
while OA, and J)E^ that is, the distances from the axis of the 
fiiistum from its edges being constant, the perimeter, m^, will 
become the perimeter of the circle of which OA is the radius; 
and mjs will be the perimeter of the circle of which DH is the ra- 
dius ; that is, m5=2*<(-4 0), and ms^%H{DH)\ and by addition, 
ma+ms^iH{AO'\'DH) 

But, in this case, ^ becomes \AD, one-half the edge of the 
frustum ; and the frustum of the pyramid becomes the frustum of 
a ecfne^ and its sur&ce is measured by 

• ^ADy.%7i{A0+DH); hence. 
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ne convex mrfiMce if a fituUm if a commit dfutd to haf iU 
ndei, nnulHjaed by the sum of the eirewtfereneee if He two hiuee. 
The above ezpi^esnon is the tame as 

♦ ^..(-+-) 

If we take the middle point, P» between and B, and draw 
PJf parallel to OA and SD, 

Then, • . . 2>0+i>^ ^pj^^ ^j^j^^ auWUtnted. 
gives • • . . AD'KiHPM 

Thai M, the cmoex euiface of the/rtieium of a cone^ ie egwd to Us 
side, mvUipliedhyike drcumfertnee of a drde tohkhisexacUymidtoay 
bettoeen tie two bases, 

THEOREM IS. 

Jf any regvUar smrn-pdygon be rwoived about ite axie, ike emface 
thus described^ vnU be measured by the product if its am into ike df 

eunference of Us inscribed eirde. 

If the semi-polygon, DABJST, Ac, reyolye 
on its axis, DH, the sides AB, BK, &c.» will 
each describe frostums of cones ; and, for in- 
vestigation, let us take the side AB. 

From the middle pmnt, G, draw GI perpen* 
dicnlar to DE, Jom QC, and draw ^^ parallel 
to i>i^. 

By the scholium to the preceding theorem* 
the surface described by AB is measured by 
ABY. cir. GI, which is equal \o AT, or EL 

cir. GO. 

That is, BLX 2k GO^ABx ^n Gl 

The two triangles, ABT and CGI, are similar. Aa OG is per- 
dendicular to AB, the two angles CGI and IGA, are equal to a 
right angle. The acute angles of the A ABT are also equal to a 
right angle. 

That is, . jGGI+J^IGA^^BAT+j^ABT 

But, . . . j/(7^= j^ir(th,6,b.l) 

By subtraction] \ ^jOGI^^BAT '- 




BOOK VII. las 

Now, as these two triangles hare each a right angle, thej are 
equfangalar and similar; 

Therefore, . CQ : QI^AB : ATi=^HL 

Hence, . . HL^CCh^AB^QI 

Midtiplying both members of this equation bj 2^^ we hare, 
HL^iftC&=AB*%HQI 

Thus we find that the surface described by the side AB, is mea- 
sured by the product of HL into the circumference of the inscribed 
circle ; and in the same manner we may prove that the surface 
described by the side JJ), is measured by JDH into the circum- 
ference of the same circle, and so on of every other side ; and the 
surface described by all the sides taken together, is equal to 
(Dff+BL+LC, (fee), multiplied into the circumference of the 
inscribed circle ; that is, the surface described by the whole poly- 
gon, is equal to DH, the axis of the polygon, into the circumference^ 
of its inscribed circle. Q- JE. D* 

THEOREM 16. 

Th£ convex surface of a sphere is eqtial to the product of Us dia- 
meter into its circumference. 

The last theorem is true, whatever be the number of sides of 
the polygon ; and now suppose the number to be indefinitely great ; 
then the sides of the polygon will coincide with the circumference 
of the circle, and CO becomes OA, and the surface described by 
the sides of the polygon, is now the surface of the sphere, which 
is measured by the diameter DE, multiplied into the circumference 
of the circle 2j< CM. Q. K D. 

Cor, 1 . If we represent the radius of a sphere by H, its circum- 
ference is 27tJi, and its diameter 2E; therefore, its convex surface 
is 4^22^. The surface of a plane circle, whose radius is JR, is jtJR^; 
therefore, the surfeuse of a sphere is 4 tunes a plane circle of the same 
diameter. 

Cor. 2. The surface of a segment is equal to the circumference 
of the sphere, multiplied by the thickness of the segment*. 

Cor. 3. In the same sphere, or in equal spheres, the sur&ces oi 
di£brent segments are to each other as their altitudes. 
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THEOREM 17. 

The 9cKdUy of a iphere is eg[wd to the product i^ Ut iwfaee tnto 
a third of its radnu. 

Let Q8 suppose a sphere to be composed of a great mnUitade of 
regular pyramids, whose bases are portions of the surfi&ce of the 
. sphere^, and their common rertez the center of the q>here ; then the 
altitades of all such pyramids is the radios of the sphere. 

The solidity of one of these pyramids is its base multiplied by 
i of its altitude (th. 10, b. 7); and the solidity of all of these 
together, will be the sum of all the bases multiplied into ^ <tf the 
common altitude. But the sum of all the bases, b the surface of 
the sphere ; and the common altitude is the radius of the sphere ; 
therefore, the solidity of a sphere is equal to its surfiwe multiplied 
by one third of its radius. Q, S. 2>. 

Let 22 ss the radius of the sphere ; then (cor. 1, th. 16, b. 7), 
4kJP is its sucfiM^e ; hence, its solidity must be 

Cot. If r represent the radius of any other sphere, its solidity 
will be f 9<f^ ; and, by dividing by the constant factors, |y(, these 
two solids are to each other as iS* to t^, a result corresponding to 
theorem 7, book 7. 
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The solidity of a sphere is two-thirds the solidity of its ctrcrnnscrib- 
ing cylindetn 

Let R be the radius of the base of an upright cylinder ; then, 
liB? will be the area of the base (th. 1, b. 5); but the altitude of 
a cylinder which will just inclose a cube, must be 222/ and the 
solidity of such a cylinder must be %fi& (def. 18, b. 7). By the 
last theorem, the solidity of a sphere, whose radius is 22, is {hR. 
Ther^re, the cylinder is to the sphere as S^tfi* to |k22* 
Or, as . . . . . . « to I 

Or, as . . 4 . . . I lo^ f 

q. E. D. 
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We give anotJier method of demonstratiiig this truth, merely for 
the beauty of the demonstration. 

Let AK be the diameter of a semicirclei and 
also the side of a parallelogram whose width is 
the radius of the semicircle. 

Join the center of the semicircle to either ex- 
tremity of the parallelogram, sa CB, CL. Now 
conceive the parallelogram to revolye on AKf 
and«it will describe a cylinder; the semicircle 
will describe a sphere, and the triangle uiJ! (7 
will describe a cone. 

In ACy take any point, D, and drawi)J7 par- 
allel to AB, and join CO. Then, as CA=^AB, CD^DE. In 
the right angled triangle CD 0, we have, 

CD^-^-DO'^CO' (1) 
But, . . . dl(^'=:2>jB^', and C(P=^DE^ 
Substituting these values in equation (1), and we have, 

DE^-\-DO^=^DH^ (2) 
Multiply every term of this equation by n. 
Then, . .nDE^-\-HBO^:=^nI)H^ 

Now, the first term of this equation, is the measure of the sur- 
face of a plane circle, whose radius is DE; the second term is the 
measure of a plane circle, whose radius is D 0; and the second 
member is the measure of the surface of a plane circle, whose radius 
is DH, Let each of these surfaces be conceived to be of the same 
^remdy minute thickness ; then the first term is a section of a cone, 
the second term is a corresponding section of a sphere, and these two 
sections are, together, equal tcT the corresponding section of the 
cylinder ; and this is true for all sections parallel to CR, which 
compose the cone, the sphere, and the cylinder ; therefore, the 
cone and sphere, together, are equal to the cylinder ; but the corAs 
described by the triangle ABCy is \ of the cylmder described by 
AR (th. 10, b. 7); therefore, the corresponding section of the 
sphere, is the remaining ttoo-thirds, and the whole sphere is two- 
thirds of the whole cylinder described by the parallelogram AL. 

Q: E. D. 
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ELEMEUTAET PEINCIPLES OF PLANE 
TRIGONOJtETRT- 

TiUQOiioiaTET in its literal and reatrioted 8en8e»haa for its object^ 
the measure of trianglea. When the triangles are on planes, it is 
plane trigon<Hnetr7, and when the triangles are on, or oonceiv^d to 
be portions of a sphere, it is sphericd trigonometry. In a more 
enlarged sense, however, this science is the application of the prin- 
ciples of geometry, and nnmericaUy connects one part of a magni- 
tade with another, or numerically compares different magnitudes. 

As the Mes and angles of triangles are quantities of different 
kinds, they cannot be compared with each other ; but the rdatum 
may be discovered by means of other complete triangles, to which 
the triangle under investigation can be compared. 

Such other triangles are numerically expressed in Table 11, and 
all of them are conceived to have one common point, the center of 
a circle, and as all possible angles can be formed by two straight 
lines drawn from the center of a circle, no angle of a triangle can 
exist whose measure cannot be found in the table of trigonometrical 
lines. 

The measure of an angle is the arc of a circle, intercepted be- 
tween the two lines which form the angle— the center of the arc 
always being at the point where the two lines meet. 

The arc is measured by degrees, minutes, and seconds, there bemg 
360 degrees to the whole circle, 60 minutes in one degree, and 60 
seconds in one minute. Degrees, minutes, and seconds, are desig- 
nated by **, ', ". Thus tT 14' %V\ is read 27 degrees, 14 min- 
utes, and 21 seconds. 

All circles contain the same number of degrees, but the greater 
the radii the greater is the absolute length of a degree ; the cir- 
cumference of a carriage wheel, the circumference of the earth, or 
the still greater and indefinite circumference of the heavens, have 
the same number of degrees ; yet the same number of degrees in 
each and every circle is precisely the same angle in amount or 
measure. 
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As triangles do not <)ont^n circles, we can not measure tiiangles 
by circular arcs ; we must measure them by aUi/tr trian^es, that is, 
by strwgU linet^ drawn in and about a circle, from the center. 

Such strmght lines are called tngonometrical lines, and take par- 
ticular names, as described by the following 

DEFINITIONS. 

1. The tine of an angle, or an arc, is a line drawn from one end 
of an arc, perpendicular to a diameter drawn through the other end. 
Thus, BF is tibe sine of the arc AB, and dUo oi the arc BDE, BK 
is the sme of &6 arc BD, it is also the cosine of the arc AB, and 
BF, is Hie cosine of the arc BD. 

N. B. ThSkompUment of an*arc is what it 
.wants of 90° ; the supplement of an arc is 
what it what it wants of 180°. 

2. The cosine of an arc is die perpendicu- 
lar distance from the center of the circle to 
the sine of the arc, or it is the same in mag-^ 
nitude as the sine of the complement of the 
arc. Thus, CF, is the cosine of the arc AB; but OF=jEOB, the 
sine of BD, 

3. The Usn^eni of an arc is a line touching the circle in one 
extremity of the arc, ocmtinued frcmi thence, to meet a line drawn 
tbrough the center and the other extremity. 

Thus, AE is the tangent to the arc AB, and DL is the tangent 
of the arc DB, or the cotangent of the arc AB, 

N. B. The CO, is hula contraction of ike word complement. 

4. The secant of an arc, is a line drawn from ihe center of the 
curcle to the extremity of its tangent. Thus, Off is the secant of 
die are AB, or of its supplement BDF. 

5.^ The co^eca^t of a^ arc, is the secant of the complement. 
Thus, CL, the secant of BD, is the cosecant of AB. 

6. Pie ve^-sed sine of an arc is the difference between the cosine 
and the radius ; that is, AF is the versed sine of the arc AB, and 
J?jr is the versed sine of the arc BD. 

For the sake of brevity these technical terms are contracted thus : 
for sine AB, we write sin.AB, for cosine AB, we write cos.AB, 
for tane:ent AB, we write tan.AB, &c. 
12 
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Ftom the preceding definitions we dednoe the fidkming obTiona 
consequences : 

1st, That when the are AB, becomes so small as to call it 
nothing, its sine tangent and rersed sme are also nothing, and its 
secant and cosine are each equal to radfais. 

2d| The sine and versed sine of a quadrant are each eqnal to thf 
radius ; its cosine is xero, and its secant and tangent are infinite. 

3d, The chord of an arc is twice the sine of half the arc. Thus 
the chord B&, is double of the sine BF. 

4th, The sine and cosine of any arc form the two sides of a 
right angled triangle, which has a radius for its hypotenuse. Thus, 
CF, and FB, are the two sides of the right angled triangle CFB» 

Also, the radius and the tangent always form thedlro sides of a 
right angled triangle which has the secant of the arc;for its hypo* 
tenuse. This we observe from the right angled triangle CAK 

To express these relations analytically, we write 
sin.»+co8.»=i8» (1) 

JP4-tan.'=sec.» (2) 

From the two equiangular triangles CFB, CAff, we have 
OFxFB^OAxAH 

That is, . COS. : sin.ss£ : tan. tan.s= * f3) 

cos. ^ ' 
Also, . QF\ CB^ CA : Off 

That is, . COS : Bs=JR : sec cos. sec.=i? (4) 

The two equiangular triangles CAff, CDL, give 
CA:Aff=DL:DG 

That is, . ^:tan.=cot:i2 tan. cot, =i? (6) 

Also, . OF.FB^DLiDO 

That is, . COS. : sin.cscot : jR cos. i2ss=sin. cot (6) 

By observing (4) and (6), we find that 

cos. sec. =7 tan. cot. (7) 

Or, . cos. :tan.acot.:seo. 

The ratios between the various trigonometrical lines are always the 
same for the same arc, whatever be the length of the radius ; and 
therefore, we may assume radius of any length to suit our conven- 
ience ; and the preceding equations will be more concise, apd mciB 



PLAN^ TRIGONOMETRY. 189 

readily appTM, by makmg radius etqnal mdty'. This siq^xxntioii 

being made, the preceding becomes 

8in.'+cos.*=l (1) 

l+tan.»=:8ec.» (2) 

sin. ,^. 1 .,. 

tan.a= — (3) co8.= — (4) 

COS. ^ ^ sec. ^ ' 

tan.= — r (6) cos.=sin. cot. (6) 

The center of the circle is considered the absolute izero point, and 

^ the different directions from this point are designated by the different 

signs + and — . On the right of G, toward A, is commonly 

Hnarked plus (+), then the other direction, toward JS, is necessarily 

minus ( — ). Above ^J^is called (+), below that Kne ( — ). 

If we conceive an arc to commence at A, and increase contin- 
uously around the whole circle in the direction of AJSD, then the 
f(^lowing table .will show the mutations of the signs. 

sin. COS. tan. cot see. cosec. yen. 
1st quadrant + + + + + + + 
2d " +____ + + 

3d '* — — + + — — ; + 

4th . " — + — — + — + 

PROPOSITION 1. 

The chard of 60° 4xnd the tan^rent 46° are each equal to radius; 
the sine of 30° the versed sine of 60° arid ike cosine of 60° are each 
equal to half the radius, 

(The first truth is proved in problem 16, book 1). 

On C^^, »a radius, describe a quadrant; take ^i>p:46°, AB 
=60°, and ^ J^=90°, then ^J^=30°. 

Join AB, OB, and draw Bn, perpendicular to CA. Draw Bm, 
parallel to AC. Make the angle CL4-£r=90°, and draw CJ)B. 

In the A ABC, the angle ^(75=60° 
by hypothesis; therefore, the sum of the 
other two angles is (180— ^0)= 120°. But 
CB= CA, hence the angle CBA=s the angle 
CAB, (th. 1 6 b. 1 ) , and as the sum of the two 
is 120°, each one must be 60°; therefore, 
each of the angles of triangle ABO, is 60^ 
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snd the sides opposite to Ofial angles are equal * that !&> ^^, the 
chord of 60^, is equal to CA, the radius. 

In the A CAJI, the angle OAffia a right angle ; and hj hypoth- 
esis, A CH, is half a right a^e ; therefore, AHC, is also half a right 
angle ; consequently, AH^s^A 0, the tangent of 45^= the radius. 

By th. 15, hook 1, cor. On^=nA; that is, the cosine and versed 
sine of 60^ are each equal to the half of the radius. As £n and 
JSO are perpendicular to AC, they are parallel, and Bm is made 
parallel to On; therefore, Bm^CM, or the sine 30^, is the half of 
radius. 

PROPOSITION t. 

Given the sine, and cosine qf two area to find the sine and cosine of 
the sum, and d^erenee of the same arcs es^pressed by the sines and co- 
sines of the separate arcs. 

Let 6^ he the center of the circle, CD, the 
greater arc which we shall designate by a, 
and JDF, a less arc, that we designate by ^. 

Then by the definitions of «nes and co- 
sines, DOs=sm.a; (70=K50S.a; FI=m.h; 
GI=zcos.b. We are to find FM, which is 
=Bm.(a-{'b); GM=coB.(a+b); 
Jg^P=sm.(a— ^)/ OPs=zcoB.(a^). 
Becaus^ IN" is parallel to DO, the two As GD 0, GIN', are 
equiangular and similar. Also, the A FBI, is similar to GIN; 
for the angle FIG, is a right angle ; so is 3IN; and, firom these 
two equals take away the common angle J3IL, leaving the angle 
FIH=z GIN. The angles at iT and iT, are right angles ; therefore, 
the A FBI, is equiangular, and similar to the A GIN, and, of 
course, to the A GDO; and the side BI, is homologous to IN, 
and DO. 
Again, as FI^IE, and IK, parallel to FM, 

FB^IK, and BI^KE. 
By similar triangles we have 

GDiDO^GIim. 

That is, . iJ:sm.a=cos.i:7ir, or 727=^"^^^^'^ 

Also, . GD.GO^FIiFB 
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That is, 
Also, 
That is, 
Also, 
That is. 



B : cos.a=sin.5 : Fff, or FB=: 
GD:GO=GI:GJSr 



COBM 8111.6 



jB :'oos.asscos.5 : 6fir, or ffJTs 
QD.DO^FI.IH 
J2.:sm.as=:siQ.5: iZT^ or IB=^ 



R 
cos.a C0S.6 



R 
sin.a sia.i ) 



Bj adding the first and second of these equations, we have 

sin.a cos.5-(-cos.a sui.6 



That is. 



sin. (a4-5)= 



By subtracting the second firom the first, we have 

. , , . sin.a eos.5— c6s.a sin.6 
sin. (a— 6)= ^g 

By subtracting the fourth from the third, we have 

GN—IH^ (7if=cos.(a+6) for the first member. 

TT , X ,\ cos. a COS. 5 — sin.a sin .5 
Hence, . cos.(a+o)^ ^ 

By adding the third and fourth, we have 

GN-^m^ GJ^+I^P:^ 6^P=cos.(a— *) 
_c08.a cos.''i-j-sin.a sin.6 



Hence, 



COS. (a — 6)= 



R 



(^) 



Collecting these four expressions, and considering the radius 
unity, we have 

8in.ra+5J=sin.a cos.H"C08.a sin.ft 
sin.c a— ^)=sin.a cos.6— cos.a sin.6 
cos.ra+ftWcos.a cos.6 — sin.a sin.i 
cos.(0---^)=scos,a cos.^sin.a sin.5 ( io) 

Formula (A), accomplishes the objects of the proposition, and 
from these equationis many useful and important deductions can be 
made. The following, are the most essential : 

By adding (7) to (8), we have (11); subtracting (8) from (7), 
^ves (12). Also, (9)+(10) gives (13); (9) taken from (10) 
gives (14). 

sin.(a+5)4-8iii-f«-^)=2sm.a COS 6 HlV 

sin.f a4-^)-HBin.( a — & ) =s2cos.a sin. h fl 2) 

cos.(a+6)+cos.(a — 6)=2cos.a co8.6 (13) 

cog.^a--^)-^-co6.(a-|-i^)ss2sin. a sin.6 (14) 



(£) 
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If we put a+issAp and or^^B, then (11) becomes (16), 
(12) beeomee (16), 13 becomes (17), and (14) becomes (18). 

sm.^+sm.i?=ftrin. ( ^ ) ^ ( :^ ) 

sin^ — BinJBs2eos.f — - — Jon. I — - — J 



iC) 



lA—B 



coa~B— eoB.^ vSnni. f — -— j sin 



. ) 

sin. 



(16) 
(16) 

(17) 
(18) 



If we divide (16) by (16), (obsenring that -r-^stan. and 

-r-^sscotss- — as we learn by equations (6) and (5) trigonome- 
tiy)i, we shall hare 

8in.^+8in.-B ™'V St" I 



COS. 



(-?) 



-•(^^l 



-(^')- 



(19) 



sin.^--«n.^ «nft / ^+Jg \ gin. M— ^ 

Whence, 

^ iA+B\ ^ /A—B\ 

8in.-4+suLjB : srn.^ — 8m.^=tan. ^ — ~ j : tan. ^ — g— I 

or in words. The sum of the einee qf cany two aree it to the differ- 
enee (^ the sctme sinee, at the tangent of the hiiff sum <^ tlie same arcs 
it to the tangent qf half their difference. 

By operating in the same way with the different equations m for- 
mula ( G), we find. 



m 



sin.^-f*Bin.i? / A-{-B \ 

cos.-4+cos.^"" V 2~ / 



8in.ui4*sin.^ 



i^_ / A—B \ 

C0S.-5— C0S.-4 V 2 " / 

sin.-4 — sin-B / A — B \ 

' cos.^+cos. JS"" * V F' / 

sin.^ — sin.^ _ iA'\'B\ 

C08.jB— cos-4"" \ ~^"~ / 



cos.^+cos.^ 
C0S.JJ— cos,^" 






(20) 
(21) 
(22) 
(«3) 

(24) 
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These equatiom «re all iacu», irhateyer be the vaiue of the arcs 
designated by A and B; we may therefore, assign any possible 
value to either of them, and if in equations (20), (21) and (24), 
we make £sss 0, we shall hare, 

sin*^ A 1 ' f \ 

—J .sstan.7rs=s--T-7 a (26) 



1— cos.:^ *2 tan.|^ii 

' l+cos.^ _cot4^_ \_^ .g^v 

1— cos.ui tan4-4 \axL?\A ^ ' 

If we now turn back to formula (A\ and divide equation (7) by 

sm 
(9), and (8) by (10), observing at the same time, that — ^sstan. 

cos* 

we shall have, 

. , ,. sin a cos.5+cos.a sin.5 

tan,(a+ J) = r — -. r ~= 

^ * cos.a cos.0 — sm.a sm.6 

, _ . sin.a C0S.5— cos.o sin.5 

tan.(a*-^)3= x r-r— ; r- £ 

^ ' cos.a cos.o+8m.a sin.6 
By divi(Ung the numerators and dencmiinators of the second 
members of these equations by (cos.a cos.(), we fino, 

Ean.a cos.5 , cos.a sin.5 

X I *% cos.aco8.5 co8.acos.d tan.a+tan.5 ,^. 

tan.(a+5)= r- — ; ?— ?=; — i 1 — , (28) 

^ ^ cos.a cos.d »n.a sm.6 1 — ^tan.atan.o ^ ^ 

cos.a C0S.6 cos.acos.6 
sin.a C0S.5 cOs.a sin.5 

, ,. cos.acos.* cos.a C08.5 tan.o — ^tan.5 .. 

tan.(a-^)=: j — ; r- T=7-rx ^ — ^ (29) 

^ -' cos.a cos.6 sm.a 8m.o l+tan.atan.5 ^ ^ 

cos.a cos.6 cos.a cos.6 

If in equation (U), formula (^),we make a=6, we shall have» 

sin.2ar=2sm.a cos.a (30) 

Making the same hypothesis in equation (13), gives, 

' oos.2a+la»2oos^a (31) 

The same hypothesis reduces equation (14), to 

1 — cos.2aas2sm^a (32) 

The same hypothesis reduces equation (28), to 

2tan.a ,^^: 
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If we Bobttitate a &r fa m (31) and (98), we ehaU have 
l+oo8^«2co».»^ (34) 

and l-Hsos^rsS Bin.'^. (35) 

Beenning again to fonnula (£)^ we have, by transpoaiiig 
mji.(a+b)^2maM cos,b — Bm.(ar^-b) 
8m.(a+6)==2cos.a 8in.5+sm.(a-^) 
If, in the first of these expressions, we make as=30^, 2sin.a will 
equal radios, or unity; and if in the second we make a=s60^, 2cos.a 
will also equal unity; these expressions then become, . 

8in.(30^+6)=cos.J— 6in.(30^— ^) (36) 

And . . sin.(60^+J)=ssinM-dn.(60— *»*) (37) 

The sines may be easily continued to 60^, by equation (36), 
when the sines and cosmes of all arcs below 30® ha^e been comn 
puted; then, by equation (37), the sines can be readily run up to 90^. 
The foregomg equations might have been obtained geomdricaUy, 
but not so easily and concisely. 

ON THE CONSTRUCTION OP TABLES OP 
SINES, TANGENTS, fta 

To explain this, we refer at once to Table II, which contains loga- 
rithmic sines, and tangents, and also natural sines and cosines. The 
natural sines are made to the radius of unity; and, of course, any paiv 
ticular sine is a decimal fraction, expressed by natural numbers. The 
logarithm of any natural sine, with its index increased by 10, will give 
the logarithmic sine. Thus, the natmral sine of 3^ is .052336 

The logarithm of this decimal is . . . — ^2.718800 

To which add ' 10. 

The logarithmic sine of 8^ is, therefore, . . 8.718800 

In this manner we may find the logarithmic sine of any other arc, 
when we have the natural sine of the same arc. 

If the natural sines and logarithmic sines were on the same radius, 
the logarithm of the natural sine would be the logarithmic sine, at once, 
without any increase of the index. 

The radius for the logarithmic sines, is arbitrarily taken so large 
that the index of its logarithm is 10. It might have been more or less ; 
but, by common consent, it is settled at this value ; so that the sines 
of the smallest arcs ever used shall not have a negative index. 

In our prece<Ung equations, Bin.a, cos.a, &c., referred to naiiirtd 
sines; and by such equations we determine their values in natural num- 
bers ; and these nmnb^s are put in the table, as seen in table 2, under 
the heads of not, sine, and not. cosine. 
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To commence computatioiii we must know the sine or cosine of some 
known arc ; and we do know the sine and cosine of 30^. The sine of 
30° is I (prop. 1 , trig.)» and, hence, cos. 230°=1 — i (eq. (1) trig.); 
or, COS. ZO^=iJz, Now put 2a=30®, and equation (30) gives 

2sin.l5® cos.l5°=0.5. (») 

Eq. (1) gives . . C08.215°+ Bin.2l6=l. (n) 

By adding (m) to (n), and extracting square root, we obtain, 
C08.16O+ 6in.l6<^=Vl"-5=l-22474487. (p) 

By subtracting (m) from (n), and extracting square root, 

cos.l6°— sin.l6<^=V0.5==0,70710678 (q) 

Sub. {q) from (p) gives 2 sin. 16°=0,6 1763709. 

Again, put 2a=:15°, and in like manner apply equations (30) and 
(1), and we can have the sine and cosine of 7° 30', and thus we may 
bisect as many times as we please, but when we get down to any arc 
under T, we can compute the sines by direct proportion. 

Also, by theorems 3 and 4, book 5, the semicircumference of a circle 
whose radius is unity, is 3.14159265; this, divided by 10800, the num- 
ber of minutes in 180^, will give .0002908882 for the length of the sine 
or arc of one minute. The logarithm of this number, with its index 
increased by 10, gives 6.463726, the log. sign of 1', which is found in 
the table. 

Having the sine and cosine of 1', we can find the sine and cosine of 
2' by equation (30); 

That is, . . 8in.2a=2 mn.a cos.a 

Or, . . . Bin.2'=2 sin.l'cos.l' 

For the sine of 3', and every succeeding minute, we apply equation 
(11), making a=2', and 5=1'; 

That is, . . 8in.3'=2 sin.2' cos.l — Bin.l'' 

Having the sine of 3', we obtain the sine of 4' by the application of 
the same equation ; that is, by making a=3', and b=l; 

Then, . . . 8in.4'=2 sin.3' cos.l — sin.2' 

sin.5'=r2 sin.4' cos.l — sin.3' &c., &c. 

When the sine of any arc is known, its cosine is readily determined 
by the following formula, which is , in substan ce, equation (1), 
trigonometry. . . cos.r=3^7l+8i^0(l — sin.) 

When the sine and cosine of any arc are known, the sine and cosine 
of its double, are found from equation (30); and thus, from equations 
(30), (11), and (1), the sines and cosines of all arcs can be determined. 

When the sine and cosine of an archavebeen determined through a 
series of operations, the accural^ of the results should be tested by 
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•qnation (13) or (14), or by soBie otiier eqnatioii independent of former 
operationB ; and if the tvro results agree, thej may be regarded as 
accnrate. 

One independent method will be found by applying theorem 6, book 
6. In that theorem we find the chord of 20^ is .347296 ; the naturai 
sine, then, of 10^, is . 173648. Taken, the chord of 20°, and trisecting 
the arc by the same problem, we find the chord of 6° 40' to be .11628; 
and, of comrse, the natural sine of 8° 20' is .06814 ; and thus, by 
successiye trisections we can obtain the sines, and of course the cosines 
of certain arcs ; and when we arrive at very small arcs, we can com- 
pute their increase or decrease by direct proportion.* 

Now, if the sine of an arc computed through successive trisections, 
agrees with the sine of the same arc computed through successive 
bisections, we roust, of course, regard the result as accurate. 

When we have the sines and cosines of an arc, the tangent and co- 
tangent are found by (3) tan.gt^ ""' (6) cot.gT^.*^^; and Uie 

COS. sin. 

secant is found by equation (4); that is, sees 

COS. 

For example, tiie logarithmic sine of 6°, is 9.019235, and its cosine 
9.997614. From these it is required to find the tangent, cotangent, 
and secant 



Cos. 


.subtract 9.997614 


Tan. is . 


9.021621 


JRcos. 


19.997614 


Sin. . 


.subtract 9.019235 


Cotan. is . 


10.978379 


R?iB 


20.000000 


Cos. . 


subtract 9.997674 


Secant is 


10.002326 



• Thus, from theorem 4, book 5, we find the chord of SS' T 30"' to be 
.008181208 ; and wiriiing to take away 7" 30"', we do it by proportion, as 
foUows. The sine of r or 60" is .0008906883. 

Therefore, • 60 : 7is.0002908882 

Or, . . .8:1 «.0002908882 : .000036461 

The choid of 28* T 30'" is . . .008181208 
of 7" 30'" fa . . .000036461 

of 28' fa . . .008144747 

The natural sine of 14' fa . . .004072373 
Now we may halve or double thfa sine by equation (30). 
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The secants and cosecants of arcs are not given in our table, because 
they are very little used in practice ; and if any particular secant is 
required, it can be determined by subtracting the cosine from 20 ; and 
the cosecant can be found by subtracting the sine from 20. 



PROPOSITION ». , 

In any right angled plane triangle, we mag have the ftXLcmng 
proportions : 

1st. As the hypotenuse is to either side, so is the^radius to the sine 
of the angle opposite to that side. 

2d. As one side is to the other side, so is the radius to the tangent 
of the angle adjacent to theJirst-menHoned side. 

3d. As one side is to the hypotenuse, so is radius to the secant of 
the angle adjacent to that side. 

Let CAB represent any right 
angled triangle, .right angled at A. 
AB and ^(7 are called the sides 
of the A> and CB is called the 
hypotenuse. 

(Here, and in all cases hereafter, we shall represent the angles of a trianj^e 
by the large letters A, B, C, and the sides opposite to them, by the small letters 
«, h, e.) 

From either acute angle, as C, take any distance, as CD, greater 
or less than CB, and describe the arc DJS. This arc measures 
the angle C. From D, draw DF parallel to BA; and from ^, 
draw UG, also parallel to BA or DF. 

By the definitions of sines, tangents, and secants, DF is the sine 
of the angle C; EG is the tangent, CG the secant, and CF the 
cosine. 

Now, by proportional triangles we have, 

CB : BA=CD : DF or, a : c=i2 : sm-C^j 

CA : AB^CE : EG or, h : c==^B : tan.C \ Q. E. D. 

CA : CB^CE : CG or, h : a:=:^R : secPj 

Scholium. If the hypotenuse of a triangle is made radius, one 
side is the sine of the angle opposite to it, and the other side is the 
cosine of the same angle. This is obvious from the triangle CDF. 
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PROPOSmON 4. 

In any triangle, the sines of the cmgUs are to one another as the 
sides opposite to them. 

Let ABC be any tri- 
angle. From t\\g pmnts 
A and B, as centers, with 
any radius, describe the 
arcs measuring these an- 
gles, and draw^, CD, 
and mn, perpendicular to AB. 

Then, . . pa=iUii.A, mn=8in.^ 

By the similar As, Apa and A CD, we have, 

E : sin.-4=5 : CD; or, E(CD)^b wi.A (1) 

By the similar As Bmn and BCD, we have, 

B : sm.^=a : CD; or, Ii(CD)=:aem.B (ft) 
By equating the second members of equations (1) and (2). 
b 8}Xk.A^a 8m.B. 

Hence, . sin.^ : sin.J9=:a : b 

Or, • . a : (^sin A : sin. 

Scholium 1. When either angle is 90^, its sine is radius. 

Scholium 2. When CB is less than AC, and the angle B, acute, 
the triangle is represented by A CB, When the angle B becomes 
B*, it is obtuse, and the triangle is ACB'; but the proportion is 
equally true with either triangle; for the angle CBfD=^CBA, 
and the sine of CB'D is the same as the sine of AB'C In prac- 
tice we can determine which of these triangles is proposed by the 
side AB, being greater or less than A C; or, by the angle at the 
vertex C, being large as A CB, or small as A CE, 

In the solitary case in which ^(7, CB, and the angle A, are giren, 
and CB less than ^(7, we can determine both of the As ACB 
and A CB'; and then we suvely hare the right one. 

PROPOSITION S. 

If from, any angle of a triangle, a perpendicular be let fall on the 
opposite side, or base, the tangents of the segments ^ the angle are to 
one another as the segments of the base. 



.J«-^-^- 
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Let .ilBCf be' the triangle. Let&llthe 
perpendicular (7i>, on the side AB. 

Take any radius, as On, and describe 
tbe arc which measures the angle C. 
From n, draw gnp parallel to AB, Then 
it is obvious that np is the tang^it of the 
angle DCB^ and n^ is the tangent of the angle ACD. 

Now, by reason of the parallels AB and gp, we have, 
gn : nps=AD : DB 

That is, irnA^CD : ta3X.DCB:=:AJ) : DB Q. JS^D. 

PROPOSITION 6. 

J[^ a perpendicular be let/aH/rom any angle of a triangle toiis cp- 
posite side or hose, this base is to the sum of the other two sides, as the 
difference qfthe,sides is to the d^erence of the segments <fthe base. 
(See figure to proposition 5.) 

Let AB be the base, and from C7, as a center, with the shorter 
ade as radius, descril^e the circle, cutting AB ia O, AC laF, and 
produce ^C7 to J^. 

It is obvious that AH is the i|um of the sides A and CB, and 
AF is their difference. 

Also, AD is one segment of the base made by the perpendicular, 
and BD^DG is the other; therefore, the difference^of the seg- 
ments is AG. 

As ^ is a point without a circle, by theorem 1 8, book 3, we have, 
AEX^AF^^ABXAG 

Hence, . . AB \ AE:=^AF \ AG Q.KD. 

PROPOSITION 7. 

The sum of any ttvo sides of a triangle, is to their difference, as 
the tangent of the half sum of the angles opposite to these sides, to 
the tangent of half their d^erence. 

Let ABC be any plane triangle. Then, 
by proposition 4, trigonometry, we have, 

CB : -4(7=8in. A : sm.jB 
Hence, 
CB+AC : CB—AC=:em.A+wi.B : sm.^— sm.J? (th. 9 b. 9) 
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But, tan. [ — - — j : tan. ( -^ — j =8in.^+8in.^ : sin.^ — smJB 
(eq. (19), trig.) 

Comparing the two latter proportions (th. 6, b. 2), we haye. 



PROPOSITION 8. 

Owen the three sides of any plan$ triangU, to find some rdaium 
uihkh tliey must hear to the sines and eoemes of Hie respecHim angles, 

Let^^Cbethe 
triangle^ and let the 
perpendicular fall 
either upon, or 
without the base, 
as shown in the 
figures ; and by 
recurring to theorem 38, book 1, we shall find 




CD^ 



2a 



(t) 



Now, by proportion 3, trigonometry, we have, 
E : coa.C^^b : CD 
5 cos. (7 



Therefore, 



(7i>=- 



(2) 



Equating these two values of CD, and reducing, we have, 
ig(a»+y -^) 



cos. 



2ab 



In thb expression we observe that the part of the numerator 
which has the minus sign, is the side opposite to the angle ; and 
that the denominator is twice the rectangle of the sides adjacent 
to the angle. From these observations we at once draw the fol- 
lowing expressions for the cosine A, and cosine JB. 



Thus, 



cos.^==^_ L (n) 
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Aa these expressioiis are not conrenient for kgarithndo ccnipu* 
tation, we modify them as follows : 

If we put 2a^A, in equation (31), we hare, 
co6.^+ 1 =2 COS.' ^A 

In the preceding expression (n), if we consider radius, unify, 
and add 1 to both members, we shaU have. 

Therefore, 2 cos.* ^-4= —^ 

_ (b+cy—a' 

Oonsideriiig (5+c ) as one quantity, and observing that we have 
the difference of two squares, therefore , 

(5+c)'-H^=(Hc+a)(5+(j-«); but (6+c--a)=6+c+a— 2a 

Hence, . 2 cos.' i-4»^ ^^r- 

I b+€+a \ / 5+c+a \ 

Or, . . cos.'J-4= ^- 

By putting — - — =«, and extracting square root, the final 
z 

result for radius unify, is 



) 



For any other radius we mus t write, 

cos.iA^y J-A^-2 

By mforence, cos.^-5=^ — ^ ^ 

Also, . . 008.4 (7=-J — --7-^ 

^ ao 

In every trianglorthe sum of the three angles must equal 180^; and 
if one of the angles is small, the other two must be comparatively 
large; if two of them are small, the third one must be large. The 
greater angle is always opposite the greater side; hence, by merely 
inspecting the given sides, any person can decide at once which is the 
greater angle ; and of the three preceding equations, HuU one should 
be taken which applies to the greater angle, whether that be the par- 
ticular angle required or not; because the equatfons bring out the 
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eodnes to the angles ; and the coiinet, to veiy tmall area vaiy ao alovrly, 
that it maybe impoaaible to decide, with anffieient numerical accuracy 
to what particular arc the cosine belongs. For instance* the cosine 
9.999999, carried to the table, applies to several arcs ; and, of course, 
we should not know which one to take ; but this difficulty does not exist 
when the angle is large ; therefore, compute the largest angle first, 
and then compute the other angles by proposition 4. 

But we can deduce an expression for the sine of any of the angles, 
as well as the cosine. It is done as follows : 

EQUATIONS FOR THE SINES OF THE ANGLES. 
Resuming equation (m), and considering radius, unity, we hare, 

008. l7= --r 

ftab 
Subtracting each member of this equation from.l, giyes 

— ^--(^^) (■)• 

Making 2as=C7, in equation (32), then a=^C7, 

And . . 1-— cos.(7==:2sin.»iC7 (2) 

Equating the right hand members of (1) and (2), 

. .. ^ 2a*--a*— ft^+c' 
2 8m.%C:= ^^r7 

2a5 
_ (c+»-^)(c+q-^) 

f c+h — g \ / e+a — ^b \ 

/. . 0,^ ' 2 / I 2 J 
Or, . . .Bm.%C^ ^ 



e+b — a e+b+a . c+a — b c+a+b 

— :z — ^* :: * **icl x — = — ' 

2 2 2 



But, . 

Put . "^IL^JIlsszs, as before ; then. 



.^c-V^^ 



Bm.^f /«. II M 1 



ab 
By taking equation (p), and operating in tiie same manner, we 



From («) . . Bm.iA=yf^^^ 
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The preceding results are for radiiis unity; for any other 
radius, we must multiply by the number of imits in such radius. 
For the radius of the tables, we write R; and if we put it under 
the radical sign, we must write ^; hence, for the sines corres- 
ponding with our logarithmic table, we must write the equations 



.,B=4- 



ae 



A large angle should not be determined by these equations, for 
the same reason that a small angle should not be determined from 
an equation expressing the cosine. 

In practice, the equations for cosine are more generally vmi, 
because more easily applied. 

In the preceding pages we have gone oyer the whole ground of 
theoretical plane trigonometry, although several particulars might 
have been .enlarged upon, and more equations in relation to the 
combinations of the trigonometrical lines, might have been given ; 
but enough has been given to solve every possible case that can arise 
in the practical application of the science ; but to show more clearly 
the beauty and spirit of this science, and to redeem a promise, we 
give the following geometrical demanatraHana of the truths expressed 
in some of the preceding equations. 

From C7 as the center, with CA as the radius, describe a circle. 
Take any arc, AB, and call it A; AD a less arc, and call it B; then 
BD is the difference of the two arcs, and must be designated by 
(A^B}; AGhizAB; therefore, D6h=A+B; JS!Gh=:8m.A; 
(See fig. p. 154.) J^=sm.^; Gfn=wi.A+sm,B; 
Bns=zsin,A — sin.^. 
jFW»=smZ>= C&=:co&,B; fnns=cos,A; 

Therefore, • Mn+mn=sco8,A'^rco9.B=iIh; 
mD — mnsscoa.B — cos.-4=n2)/ 

Because . NF^AJ>; AB+NF^A-{-B; 
Therefore, . . 180"— (^+^)=aro JB; 
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Or, . . . 90*— (:^-)=4arc^^; 
Bat the chord FB, it tmot the sme of ^ arc FB. 
That is, /»=:28m. { W 



2 / 




The angle nGD^BFD^ because 
both are measured hj one half of the 

— ~- j and the 

two triangles OnD^ and i^£ are simflar. 
The angle OFn^ is measured hj 

In the triangle FBO, Fn is drawn from an angle perpendicular 
to the opposite side ; therefore, by Proposition 5, we have, 
Gn : ik8=:tan. GFn : tan. J9JW 

That is, sin.u4+8in.^: sin.u4— «in.JB=tan. ( -^ ) :tan. / — ~- ) 

This is equation (19). 
In the triangle ffnJ), we haye 

8in.90'':i>d^sin.n2)&:6^; rin.nDCh=eoe.nOJ) 

Thatis, l:28in.(:^J^)=cos, (-"p?) : sin-ul+sin.^ 

Or, . 8in.^+sin.^=2sm.(~±.-)cos.(^^) 
same as equation (15). 
In the triangle FnB, we have, 

8m.90 : FB=zsui.BFn : Bn 

That is, 1 : 2cos. ( ^- ) =8in. ( ^^ ) : sin.^^in.^ 

Or, . . sin.-4 — 8in.JS=2cos. ( -~- ] sin. ( -~- ) 
same as equation (16). 
In the triangle FBn, we have, 

sin.90 : -ra^rcos.^i^n : jFH 

That is, 1 : 2cos. ( t£+^ J =cos. ( ^^ ):co8.^+cos.^ 
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Or, cos.^+cos.JB=2cos. ( — i- ) cos. ( -^— ] same as equa- 
tion (17). 

In the triangle OnD, we haye, 

sin.90° : (^D=:sin,nGD:nD 

That is, . l:2sin.(l^)=8in.(^):cos.J5L^os.^ 

same as equation (18). 

In Ae triangle FOn, we have, 

sin. OFn : 6«n=cos. Oik : Ih 

That is, sin.-—- : sin.^+8in.^=cos.— —« : cos.^+cos.^ 
z 2 

Or, (tm.A+sin.B)coB. ( ^^ j =(cos.^+cos.5)8m. ( :i±- j 

A+B 
Or, 



8in.^+sin.jg _ ' 2 ^ M+-^\ 
cos.ui+cos.jB'" A+B"^^' [ ~2"~ ) 



COS.- 

same as equation (20). 

We give a few more geometrical demonstrations from the follow- 
ing figure : . 

Let the arc AD^A; then i)ff=sin.^; CO— cos, A; 
i>/=sin.i^- ^i>=:2sin.i^- Cfccos.^^; 
CI^DO; DB=.2D0=:2cos.iA. 

The angle J)BA, is measured by half 
AD; that is, by ^A. 

Also, . AI>0—JDBA:=:iA. 

Now in the triangle BDO, we have, 
s]n.I>BO : D^^sssin.QO** : j52> 

That is, sin.^^ : sin.-4= 1 : 2t08.^^ 

Or, . sin.^=?2sin.i^cos.|u4 

same as equation (30). 

In the same triangle 

sm.90o : BDLsm.BJ)0:BO; Bm.BDO^co8,J)BO; 
That IS, . 1 : 2cos.|-4=cos.iil : l-f.cos.-4 
Or, . 2co8'4^=l+cos.-4, same as equation (34). 
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la Uie triangle DOA9 we liaye, 

Bm.90<' iAD=z%\xi,6J)A : GA 
That is, . 1 : ^m,\A^%m,^A : 1— eos.il 
Or, Ssm.'^^ssl — cos.^, same as equatkm (35). 

By similar triangles, we have, 

BA.AD^ADxAO 
That is, . 2 : 2sin.|^»2sin.|il : versed sin^ 
Or, • versed sin^^^Ssin.'^^. 



APPLICATION OF THE PRINCIPLES OP 
TRIGONOMETRY. 

Every triangle consists of six parts; three sides, and three angles; 
and to determine all the parts, three of them must he given, and at 
least one of these parts must be a side, hecause two triangles may have 
equal angles, and their sides be very different in respect to magnitude 

In right angled plane triangles, the right angle is always given ; and 
if two other parts, and one a side^ be given, it will be sufficient for die 
complete determination of all the other parts. 

Before the invention of logarithms, the numerical computations for 
the parts of a triangle were all made by arithmetical proportion, as in 
the rule of three, through the help of natural sines and cosines ; but 
the operations, in many cases, were extremely laborious. For mere 
curiosity, we will use natural sines to solve the following triangle. 

Givent the hypotenuse of a right angled triangle, 840.4 ./ed, asid one tf 
^ oblique angles, 38^ 16', tojlnd the other parts. 

The two oblique angles, together, make 90^ (th. ll,b. 1, cor. 4); 
therefore, the other angle is 61^ 44'. 
sin. 38° 16' As 1: 38° 16'=AC : CB 

But the natural sine of 38^, 16' is 
.61932 and AC=840.4. 

TTierefore, 1 : .61932=840.4 : CB 
840.4 



247728 
247728 
495466 

CJ7»:5a0.476628 
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For the tide AB, we have the following proportion : 

That is, 



: C08.380 J6'= 


=AC: 


AB 


1 : .78613= 


=840.4 


:AB 


8404 






314052 






314052 






628104 







ilJB=659.823252 

Before we go into logarithmic computation, it is important to say a 
word or two in relation to the nature of logarithms. 

Logarithms are exponeniial numbers ; and Algebra teaches us, that the 
addition of the exponents of like quantities multiplies the quantities, 
and the subtraction of the exponents divides the quantities. 

Bemx, by logarUhms, toe perform mvUipliCation by addUion^ and division 
by aubiracHon. 

EXPLANATION OF THE TABLES. 

For the computation of logarithms, we refer at once to Algebra; 
here we shall point out the manner of finding them in the tables, and 
some of their uses. The logarithm of 1, is 0; of 10, is 1.00000; of 
100, is 2.00000, &c. Hence, the logarithm of any number between 1 
and 10, must be a decimal; between 10 and 100, must be 1 and a 
decimai; between 100 and 1000, must be 2 and a decimal. The whole 
number belonging to a logarithm, is called its index. The index is 
never put in the tables (except from 1 to 100, and need not be put 
there), because we always know what it is. It is always one less than 
the number of digits in the whole number. Thus, the number 3764 
has 3 for the index to its logarithm, because the number consists of 
4 digits ; that is, the logarithm is 3, and sanu^dedmal. 

The number 347.921 has 2 for the index of its logarithm, because 
the number is between 347 and 348, and 2 is the index for the loga- 
rithms of all numbers over 100, and less than 1000. 

All numbers consisting of the same figures, whether integral, frac- 
tional, or mixed, have logarithms consisting of the same decimal part. 
The logarithms would difiTer only in their indices. 
Thus, • the number 7966. has 3.900696 for its log. 

the number 796.6 has 2.900695 *" 
the number 79.66 has 1.900696 ** 
the number 7«966 has 0.900696 " 
the number .7966 has —1.900696 ^ 
the number .07966 has —2.900696 ** 
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From thii we pereei?e that we miut take the logarithiii oat of the 
table for a mixed number or a decimal, the aame as if the figures 
expreised an entire number ; and then, to fr^ the index, we most 
consider the wtftie of the number. 

The decimal part of a logarithm is always positiye ; but the index 
becomes negative when the number is a decimal ; and the smaller the 
decimal, the grater the negative index. 

To prefix the index to a decimal, count the decimal point as 1, and 
every cipher as 1, up to the first significant figure, and this is the 
negative index. 

For example, find the logarithm of the decimal .0000831.' 
Num. 0000831 log. --6.919601 

The point is counted one, and each of the ciphers is counted one ; 
therefore the index is mifiMtJive, 

The smaller the decimal, the greater the negative index ; and when 
the decimal becomes 0, the logarithm is nsgnticdy invito. 

Hence, the logarithmic sine of 0^ is mgaiMiif w^mUt however great 
the radius. 

The logarithm of any number consisting of four figures, or less, is 
taken out of the table directly, and without the least difficulty. 

Thus, to find the logarithm of the number 3726, we find 373, at the 
side of the table, and run down the column marked 5 at the top, and 
we find opposite the former, and under the latter, .571126, for the deci- 
mal part of the logarithm. 

Hence, the logarithm of 3726 is 8.671126 
the logarithm of 37260 is 4.671126 
the logarithm of 37.26 is 10^71126, &c. 

Find the logarithm of. the number 834786. 

This number is so large that we cannot find it in the table, but we 
can find the numbers 8347 and 8348. The logarithms of these num* 
bers are the same as the logarithms of the numbers 884700 and 834800, 
except the indices. 

834700 log. 6.921630 
834800 log. 5.921682 

DifiTerence, . . 100 52 

Now, our proposed number, 834786,' is between the two preceding 
numbers ; and, of course, its logarithm lies between the two preceding 
logarithms ; and, without further ^comment, we may proportion to it 
thus, . 100 : 86=:62 : 44.2 

Or, . . . 1. : .86sr52 : 44.2 
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To the logaritiim . . . 5.921530 
Add 44 

Hence, the logarithm of 834785 is 5.921574 
the logarithm of 8,34785 is 0.921574 
From this we draw the following rule to find the log. of any number 
consisting of more than four places of figures. 

Rule. — Tdkz out (he hgarUkm of (he f cur si^xrior places, iirec&yfrom 
ihe tatie, and take the d^erence between this logarithm and the next gretder 
logarUhm in the tMe. Multiply this d^erence by the infsrior places of 
figures in the nutnher, as a dednud. 

Example. Find the logarithm of 357.32514. 

" the logarithm of 3573. decimal part is .553033 
The diflTerence between this and the next greater in the table, is 122. 
The figures not included in the above logarithm, are 

.2514 
Multiply by . . . 122 

5028 
5028 
2514 
30.6708 
This result shows that 31 should be added to the decimal part of the 
logarithm already foimd ; that is, the logarithm of the proposed number, 
357.32514 is 2.553064 
The logarithm of 357325.14 is 5.553064 
We will now give the converse of this problem ; that is, we give the 
decimal part of a logarithm, .553064, to find the figures corresponding. 
The next less logarithm in the table, is .553033, corresponding to 
the figure 3573. The difference between our given logarithm and the 
one next less in the table, is 31; and the difiTerence between two con- 
secutive logarithms in this part of the table, is 122. Now divide 31 bv 
122, and write the quotient after the number 3573. 
That is, . . . 122)31. (254 

244 

isr 

610 
500 
488 
The figures, then, are 3573254j which corresponds to the decimal 
logarithm .553064 ; and the value of these figures will, of coarse, 
depend on the index to the logarithm. 
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From this» we draw the following role to find the nnmber eoirespond- 
ing to a given logarithm. 

RuLB. — If iht given logarUhm itnoiinihe tatk^JM ike one next lees^ 
and lake oul ike four Jiguree oorr u pcn dm g; and if mart Ikon fowr Jigures 
are required, take Ifte d^erenoe between ike given logariikm and ike next Use 
in Que tables and divide ikal difference hy ike d^erence of ike boo amtecuHve 
logariikme in ike iMe, ike one leee, ike oiker greater ikon tke given logo* 
ritkm; and ike figures arising in ike giiofieni, as many ae mag be regvired^ 
must be annexed to ike former figuree taken from tke taNe, 

BZAKPZ.B8. 

1. Given, the logarithm 3.7432109 to find its coiresponding number 
true to tkree places of decimals. Ans. 6536.183 

3. Given, the logarithm 3.633356, to find its corresponding number 
true to two places of decimals. An$, 439.89 

8. Given, the logarithm — 8.391746, to find its corresponding 
number, Ans. .0019577 

TABLE II. 

This table contains logarithmic sines and tangents, and natural sines 
and cosines. We shall confine our explanations to the logarithmic 
sines and cosines. 

The sine of every degree and minute of the quadrant is given, 
directly, in the table, commencing at 0^, and extending to 45°, at the 
head of the table ; and from 45® to 90°, at the foot of the Uble, 
increasing backward. 

The same column that is marked sine, at the top, is marked cosine 
at the bottom ; and the reason for this is apparent to any one who has 
examined the definitions of sines. 

The difference of two consecutive logarithms is given, corresponding 
to ten seconds. Removing the decimal point one figure, will give the 
difference for one second ; and if we multiply this difitsrence by any 
proposed number of seconds, we shall have a difference corresponding 
to that number of seconds, above the logarithm, corresponding to the 
preceding degree and minute. 
For example, find the sine of lO*' 17' 33". 
The sine of 19° 17', taken directly from the table, is 9.518839 
The difference for 10" is 60.8; for 1", is 6.02X33 . 133 

Hence, 19° 17' 33" sine is 9.518953 

From this it will be perceived that there is no difiiculty in obtaining 
the sine or tangent, cosine or cotangent, of any angle greater than 30'. 
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Converaefy. 6i?mitli«lagtiitiiaic8ine9.98241S»tofi&ditBeonre8» 
ponding arc. The sine next less in the table, is 9.983404» and gives 
the arc 73^ 48'. The difference betireen this and the given sine, is 8, 
and the difference ibr. I'Vis .61 ; therefore, tj^e number of seconds cor- 
responding to 8, must be discovered by dividing 8 by the decimal .61, 
which gives 13. H^ice, the arc sought is 73° 48' 13". 

Iliese operatkuift are too obvious to require a rule. When the arc 

is v^iy sQiftllj such arcs as are sometimes required in astronomy, it is 

necessary to be very accurate ; lUid for that reason we omitted the 

difference for seconds for all Arcs under 30'. Assuming that the sines 

and tangents of arcs under 30' vliry in the same proportion as the arcs 

tiiemselves, W^ can find the sine or tangent of any veiy small arc to 

great accaraey, as follows : 

The sine of 1% as expressed in the table, is . • 6.463726 

Divide this by 60 ; that ii^ subtract logarithm • • 1.778151 

The logarttiimic sine of i'^, therefore, is . . . 4.685676 

Now, for the sine of 17", add the logarithm of 17 . 1.230449 

Logari&mic sine of 17", is . . . . . 6.916024- 

In the same manner we may find the sine of any other small arc. 

For example, find the sine of 14' 21^'; that is, 86l"6 

To logaritiimic sine of l", is, 4.686575 

Add logarithm of 861.5 2.935255 

Logarithmic sme of 14' 21^" • . . . • 7.620830 
Without forther preliminaries, we^may now pieceed to praetieal 



EXAMPLES. 



2. In a right angled triangle, iUSC, given 
the base, AB, 1214, and the angle A, 61° 40' 
30", to find the other parts. 



To find BC. 




As radiiis 

: tan.A 51° 40' 30" 
:: AB 1214 
: BC 1536.8 . 



10.000000 * 

10.102119 

3.084219 



3.186338 

N. B. When the first term of a logarithmic proportion is radius, 
the resulting logarithm is found by adding the second and third loga- 
rithms, rejecting 10 in the index, which is dividing by the first term. 

In all cases we add the second and third logarithms together; which, 
in logarithms, is multiplying these terms together; andlfrom that sum 
14 
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we mibcnust the ftrtt ]og«itlim» iHieterer St wmf be» whidi k dividing 
by the fint term. • 

TofiadAC. 

Aa sin. C, or cos. A 51<> 40' SO'' . 9.799477 

: AB1914 8.084919 

:: Radios . 10.000000.. 

: AC 1967.7 8.991749 

To find thU resolting logarithm, we aabtracted the first logarithm 
firom the secondi conceiving its index to be 13. 

Let ABC reiHresent any plane triangle, ri|^t angled at B. 

I. Given AC 73.96, and the angle A 49^ 19' 90''; required the other 
parts 1 Afu. The angU C 40^ 47' 40", BC 66.46, and AB 47.87. 

9. Given AB ^l69<94^ and the angle A51<> 96' 17^, to find the other 
parts ? Ans. The angle C 3S9 33' 43", BC 688.5, and A C 7694^ 

3. Given AB 493, and the angle C 90® 14'; required the remaining 
parte 1 Ans. The angle A OQo 46', BC 1338, and AC 1426. 

4. Let AJB=331, the angle A=49^ 14'; what are the other parte ? 

Ans. AC 506.9, BC 383.9, and the angle C 40® 46'. 

6. If AC=45, and the angle C=37^ 29', what are the remaining 
parte 1 Ans. AB 27.31, BC 35.76, and the angle A 52'> 38'. 

6. Given AC 4964.3, and the angle A 66® 29' 13", to find the remain-- 
ing parte. Ans. AB 2364.4, BC 3666.4, and the angle C 33<' 30' 47". 

7. If AjB=49.9, and the angle A=3ic> 19' 49", what are the other 
parte 1 Ans. AC^^MBrBCiitMQ; and the angle C 58'^ 47' 11". 

8. If AjB=8379.1, and J?C=694.73, what are the other parte? 

Ans. AC 8400.9, the angle C 86® 15', and the angle A 4® 45'. 

9. If AB be 63.4, and AC be 85.72, what are the .other parte 1 

Ans. BC61.% the angle C 47® 42', and the angle A 42® 18'. 

10. Given AC 7269, and AB 3162, to find the other parts. 

Ans. BC 6546, the angle C 25® 47' 7", and the angle A 64® 12' 53". 

II. Given AC 4824, and JBC 2412, to find the other parte. 

Ans. The angle A 30® 00', the angle C 60® 00', and AB 4178. 
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OBLIQUE ANGLED TfiIGONO.METRT. 

EXAMPLE 1. 

In the triangle ABC, given AB=:376, the 
angle A=48o 3', and the imgle jPs=4Q® 14', 
to find the other parts. 

As the sum of the three angles of every 
triangle is always 180^, the third angle, C, 
must be 180°— 88® 17'=9lo 43'. 

To find AC. 

Assin.9l®43' ' . 9.9998(05 

: AJ7 376 . . 2.675188 

:: sitf.AJ? 40® 14' • 9.810167 

12.386365 




: AC 243 . . 2.385550 
Observe, that the sine of 91® 43' is the same as the cosine of 1® 43'. 

To find -BC. 

As sin.91® 43' . 9.999805 

: AB 376 . 2.675188 

:: sin.448®3' . 9.871414 

12.446602 



: BC 279.8 . . 2.446797 

EXAMPLE 2. 

In a pUme triangle, given two sides, and an angle opposite one of {hem, 
to determine the other parts. 

Let AD=1751. feet, one of the 
given sides. The angle D=31® 17 
19'', and the side opposite, 1257.5. 
Prom these data, we are required to 
find the other side, and the other two 
angles. 

In this case we do not know whether 
A C or AE reju-esents 1257.5, because 
AC^=AE. If we take AC for the other given side, then DC is the 
other required side, and DAC is the vertical angle. If we take AE 
for the o^er given side, then DE is the required side, and DAE is the 
vertical angle ; but in such cases we determine both triangles, 
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fb Jhd Oe angle EssC. 
(Prop. 4.) Am A€h^AE^1967.6 lo|r. 8.099608 
: D 810 17' 19': rin. 9.716460 

:: AD VTbl . log. 8.948980 

19.968746 
£s=C: 460 18' « ifia. 9.869988 

From 180^ take 46^ 18', and the remunder is the ui8:le DCA 
tslZZ^ 42'. 
The angle DACz^ACE^D (th. 11, b. 1); that is, 

DACh=4ff> 18'— 81«» 17' 19"=16*» 0' 41" 

The angles D and £, taken from 180o, give DAE^lW 94' 41"« 

njkdDC. 

As sin.I> 31<> 17' 19' log. 9.716460 

: AC 1267.6 ; log. 8.099608 . 

sin.I>ilC16oo'41"log. 9.418317 



, 


19.612826 


: DC 626.86 


2.797166 


njiniDE. 
As sin.I> Zio 17' 17" 
: AC 1267.6 
:: 8in.l02O24'41'.. 


9.716460 
8.099608 
9.989730 




13.089288 



: I>£ 2364.6 . . 8.378778 

N. B. To make the triangle possible, AC must not be less 4iaa 
AB, the sine of the angle D, when DA is made radius. 

EXAMPLE 8. 

In any plane triangle, given two sides and the included angU, to find 
ike oiher parts. 

Let AI)sl751 (see last figure), I>£=2364.6, and the included angle 
X)=41^ 17' 19". We are required to find DE, the angle DAE, and 
angle E. Observe that the angle E must be less than the angle DAE^ 
because it is oppesite a less side. 

From .... 180® 

Take/) .... 31° 17' 19" 

Sum of the other two angles tsl48<' 42' 41" (th. 11, b. 1) 

isum .... =74^21' 20" 

By proposition 7, 
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DE+DA : I>j&-I>ii;= Un.74'' 31' W : Un.^DAE^E) 
That is, 

4116.5 : 613.63= taii.74® SI' 20" : i(DAE^E) 
Tan.74« 21' 20" . 10.662778 
613.6 . . 2.787816 

1^.340593 
4116.6 log. (sub.) 3.614423 

K^DAE-^E) tan.28o 1' 36" 9.726170 
But the half sum and half difference of any two quantities are equal 
to the greater of the two ; afad the half sum, less the half difference^ 
is equal the less. . 

Therefore, to 74<> 21' 20" 
Add . 28 1 36 



1>AJ&=1020 22' 


66" 


jB=46 19 


44 


Tojind AE. 




Assin.E46«^ 19'.44" 


9.869323 


: DA 1761 . 


3.243286 


:: sin.l> 3io 17' 19" 


9.716460 




12.968746 


: AE 1267.3 . 


3.099423 



EXAMPLE 4. 

Oiven ihe three sides of a plane triangle to find the angles* 
Given A 0=1761, CJ3=1267.6, AB=2364.6 
If we take the formula for cosines, we will 
compute the greatest angle, which is C. To 
correspond with the formula, 



cos.iC= ^'^^7^ ) we must 
V ab 

take 0=1257,^^1761, and c=2364.6 
The half sum of these is, 5=2686.6 * «— c=322 

R^ . . 20.000000 

5=2686.6 . 3.429187 

«— c=322 . 2.607856 

Numerator, log. 26.937043 
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IP . . 


flO.000000 


fsi2686^ . 


8.4S9187 


• ^-eaeSSa 


S.607866 


Numeralor, log. 


96.98704S 


a 1967.6 8.099608 




h 1761. 8.243386 





. Denominator, kg. 6.84S794 6. 342694 
2)19.694249 

JC=: 61® 11' 10" G06. 9.797124 
0=102 22 20 
The remaining angles may now be foond by problem 4. 

We give the following examples for practical exercises : 
Let ABC represent any dbliqoe angled triangle. 

1. Given AB 697, the angle A 81® 30' 10^ and the angle B 40<> 
SO' 44'', to find the other parts. 

Ans. AC 634, BC §13, and the angle C 67® 69' 6". 

2. If il 0=730.8, the angle A»70o 6' 22", and the angle JB==69^ 
86' 36", required the other parts. 

An$. AB 643.2, BC 786.8, and the angle C 60"^ 19' 2". 

8. Given BC 980.1, the angle A r> 26' 26", and the angle B 106<> 
2' 23", to find the other parte. 

Ans. AB 7284, ite WM^, and the angle C 66"^ 61' 11". 

4. Given AB 896.2, BC 328.4, and the angle C 113° 46' 20", to 
find the other parte. / 

Ans. ilC 712, the angle A 19® 35' 4^', and the angle B 46® 38' 62". 

6. Given AC 4627, BC 6169, and the angle A 70° 25' 12", to find 
the other parte. 
Ans. AB 4328, the angle B 67° 29' 66", and the angle C 52° 4' 52". 

6. Given AB 793.8, BC 481.6, and ilC 600.0, to find the angles. 
Ans. The angle A 35° 16' 32", the angle B 36° 49' 18", and the 

angle -C 107° 55' 10". 

7. Given AB 100.3, BC 100.3, and AC 100.3, to find the angles. 

Ans. The angle A 60°, the angle B 60°, and the angle C 60°. 

8. Given AB 92.6, BC 46.3, and ilC 71.2, to find the angles. 
Ans. The angle A 29° 17' 22", the angle B 48° 47' 31", and the 

angle C 101° 66' «^. 
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9. Given AB 4963, BC 5124, and AC 5681, to find the angles. 
Ans. The angle A 57<> 30' 28", the angle B 67<^ 42' 36", and the 
angle C54<>46'66". 

10. Given AB 728.1, BC 614.7, and ilC 583.8, to find the angles. 
Afu. The angle A 54® 32' 52", the angle B 50® 40' 58", and the 

angle C 74® 46' 10". 

11. Given AB 96.74, BC 83.29, and AC 111.42, to find the angles. 
Ans. The angle A 46® 30' 45", the ang*e B 76® 3' 46", and the angle 

C 57® 26' 30' . 

12. Given AB 363.4, BC 148.4, and the angle B 102® 18' 27", to 
find the other parts. 

Ans. The angle A 20® 9' 17", the side iiC. =420 8, ^an4 the 
angle C 57® 32' 16". 

13. Given AB 632, BC 494, and the angle A 20® 16', to find the 
other parts, C being acute. 

Ans. The angle C 26® 18' 19", the angle B 133® 25' 41", and AC 
1035.86. ' - 

14. Given AB 53.9, AC 46 21 , and the angle B 56916,' to find the 
ether parts. 

Ans, The.angle A 38® 58', the angle C 82® 46, and BC 34,16. 

15. Given AB 2163, BC 1672, and the angle C 112® 18' 22", to 
find the other parts. 

Ans. A C 877.2, the angle B 22® 2' 16", and the angle A 45® 39' 22". 

16. Given AB 496, BC 496, and the angle B 38® 16', to find the 
other parts. 

Ans. AC 325.1, the angle A 70® 52' and the angle C76® 52'. 

17. Given AB 428, the angle C 49® 16', and (AC+JBC) 918, to 
find the other parts, the angle B being obtuse. 

Ans. The angle A 38® 44' 48", the angle JB 91® 59' 12", AC 564.49, 
and BC 353.51 . 

18. Given AC 126, the angle B 29® 46', and (^ABSC) 43, to find 
the other parts. 

Ans. The angle A 56® 51' 32", the angle C 94® 22' 28", A JB 263.05, 
and BC 210.54. 

19. Given AB 1269, AC 1837, and the angle A 53^ 16' 20", to find 
the other parts. 

Ans. The angle B 83° 23' 47", the angle C 48° 19' 53", and BC 
;482.16,^ 



Its SLSMBIITB OF 

APPLICATION OF TRIOONOMETRY TO MEA- 

SURINO THE HIGHT AND DISTANCES OF 

VISIBLE OBJECTS. 

In this useful application of trigonomatrjry a baae line is always sap- 
posed to be measured, or given in length ; and by means of a quadrant, 
sextant, circle, theodolite, or some other instrument for measuring 
angles, such angles are measured as connected with the base line, 
and the objects whose hig^ts or distances it is proposed to determine, 
enable us to compute, from the principles of trigonometry, what those 
higfats or distances sre. 

Sometimes, particularly in marine stnrveying, horizontal angles are 
deteimin*d by the compass; but the varying eilbet of surrounding 
bodies on the needle, even in situations little removed from each other, 
and the genesal constmetioa of the instnunent itself, render it unfit to 
be applied in the determination of angles where anjrthing like precision 
is required. 

The following examples present sufficient variety to guide the student 
in determining what wiU be the most eligible mode of proceeding in 
any case that is likely to occur in practice. 

EXAMPLE 1. 

Being desirous of finding the distance between two distant objects, 
C and D, I measured a base Ail, of 884 yards, on the same horizontal 
plane with the objects C and D. At A, I found the angle DA j&=s48^ 
12', and CAJ7=89^ 18'; at B the angle ABC was 46<' 14', and ABD 
87^ 4'. It is required from these data to compute the distance between 
C and 2>. 

From the angle CAB, take the angle DAB; the 
remainder, 41^ 6', is the angle CAD. To the angle 
DBA, add the angle DAB, and 44° 44', the supple- 
ment of the sum, is the angle ADB. In the same 
way the angle ACB, which is the supplement of 
the sum of CAB and CBA, is found to be 44° 28'. 
Hence, in the triangles ABC and ABD, we 
have 

As sin. ACB 44° 28' . 9.846405 
: AB 384 yards . . 2.584331 
:: sin. ABC 46° 14' . 9.858635 

12.442996 
: AC 895.9 yards . 2.597561 
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Aa sin. ABB A4P 44' 
: AB 384 yards 
:: sin. ABD 87° 4' . 



9.847464 
2.584331 
9.999431 

12.583762 



2.736308 



: AD 644.9 yards •. 

Then, in the triangle CAD,^e have given the sides CA and AD, 
and the included angle CAD, to find CD; to compute which we 
proceed thus : 

The supplement of the angle CAD is the sum of the angles ACD, 
and ADC; 

^Hence, . i =^69® 27', and, by proportion we have, 

2 



AsAD+AC . 940.8 

: AD— AC . . 149 

2 



A CD— ADC .„ f,. 

tan. 22 64 



2.937497 
2.173186 

10.426108 

12.699294 
9.626797 



the angle A CZ> sum 92 21 
the angle ADC diff. 46 33 

As sin. ADC 46<* 33' 
i AC 396.9 yards . 
:: sin. CAD 41^6' 



CD 368.6 yards 



9.860922 
2.697685 
9.817813 
12.416398 
2.664476 



EXAMPLE i. 

To determine the altitude of a lighthouse, I observed the elevation of 
its top above the level sand on the seashore, to be 15^ 32' 18", and 
measuring directly from it, along the sand 638 yards, I then found its 
elevation to be 9° 66' 26"; required the hight of the lighthouse. 

Let CD represent the hight of the lighthouse 
above the level of the sand, and let B be the 
first station, and A the second ; then the angle 
CJBD is 16° 32' 18", and the angle CAJ5 
is 9° 56' 26"; therefore, thd angle A CB, which 
is the difiTerence of the angles CBD and CAB, 
is 5° 35' 62". 
15 
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Hence, 


. Aeiiii.ACJI5<>86'5r . 


8.969901 




: ilB 688 


9.804821 




::n]i.aiigleA90 66'a6" 


9.3871U7 
13.041938 




: irCl 129.06 jtH* 


8.053737 




Ai radius . • • • 


10.000000 




: BC 1139.06 


8.063737 




:: niuCSD 16<> 89' 18" • 


9.437946 
13.480673 




: PC 803.46 yurds 


3.480673 




EXAMPLE 


s. 



Coming from eet, et the point D^I observed two headlands. A and B, 
and inland, at C, a steeple, which appeared between the headlands. 
I found, from a map, that the headlands were 6.36 from each odier ; 
that the distance from A to the steeple was 3.8 miles, and from B 
to the steeple 8.47 miles ; and I found with a sextant, that the angle 
AjDC was 13° 16', and the angle BDC 16° 30'. Required my distance 
from each of the headlands, and from the steeple. 




CONST BUOTIOR. 

The angle between the two headlands is the 
sum of 160 30' and 13° 16', or 27° 46'. Take 
the double, 65° 30'. Conceive AJ7 to be the 
chord of a circle, and the segment on one side 
of it to be 66° 30 ; and, of course, the other wiU 
be 304° 30'. The point D will be somewhere in 
the circumference of this circle. Consider that 
point as determined, and join CD. 

In the triangle ABC we have all the sides, and, of course, we can 
find all the angles ; and if the angle ACB is less than (180°— (37° 
45') )=sl6S° 16', then the circle eats the line CD, in a point E, and 
C is without the circle. 

Join AE, BE, AD, and DB. AEBD is a quadrilateral in a circle, 
and AJEB+APBs=180°. 

The angle ADEzsz the angle ABE, because both are measured by 
half the arc AE, Also, EDB^^EAB, for a similar reason. 

Now, in the triangle AEB, its side AB, and all its angles, are 
known ; and from thence AE can be computed. Then, haying the 
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two sides AC and AE of the triangle AECt and the included angle 
CAEi we can find the angle AECy and, of course, its supplement, 
AED, Then, in the triangle AED we have the side A£f, and the 
two angles AED and ADEy from which we can find AD, 
The computation, at length, is as follows : 

To find AE. 

angle £AB 16© 30' As sin.iiJBJ? 162° 16' . 9.668027 

angle EBA 12 15 : AB 6.36 . . . .728364 

:: Bin.AJ?£ 120 16' ' 9.326700 



27 46 
180 



angle AEB 162 16 



A£ 2.438 



To find ike angU BAC. 
BC 3.47 

log. .728364 
log. .447168 



AB 6.36 

AC 2.80 

2) 11.62 

6.81 
BC 2.34 



log, 
log. 







I7>4r68" 








2 


angle 


BAC 


36 


23 66 


angle 


EAB 


16 


30 


angle 


EAC 


19 
180 


63 66 




2)160 


6 4 






80 


3 2 



1.176612 

.764176 
.369216 
20 



21.133392 

2)19.967880 

COB. 9.978940 



10.866064 
.387027 



AEC+ACE 
2 

To find the angles AEC and ACE. 
AbAC+AE 6.238 .719166 

: AC^AE 

AEC+ACE 



tan. 



.362 —1.668709 
80^8' 2" 10.765928 



tan.- 



AEO-^ACE 



10.314637 



-21 30 12 9.696472 
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AEC 

ACEo 


EL£ME 

iai«83'ir 


irxs 

supplen 


OF 


angle 
angle 


tACD 68 32 60 
CDA 12 16 

70 47 601 


lentl 



36 23 66 angle CAB 
73 48 14 angle BAD 

n find AD. 

At Bin. ADC 12<> 16' -. 9.336700 

: AC 2.8 -. .447168 

::. B\XL,ACD 68<> 82' W 9,930986 

10.378143 



: AD 11.26 miles . 1.061443 

EXAMPLE I. 

The elevation of a spire at one station was 23^ 60^ 17"» and the 
horizontal angle at this station, between the spire and another station, 
was 93° 4' 20". The horizontal angle at the latter station, between 
the spire and the first 4station, was 64° 28' 36", and the distance between 
the two stations, 416 feet. Required the hight of the spire. 

Let CD be the spire, A the first station, and B 
the second ; then the vertical angle CAD is 23° 
50' 17"; and as^the horizontal angles CAB and 
CBA are 93° 4' 20", and 64° 28' 36" respectively, 
the angle AC£, the supplement of their sum, is 
32° 27' 4". 

IbfivdAC 

As sin. BCA 32° 2r 3" . 9.729634 
: side AB 416 . . 2.619093 

:: sin.AjBC 64° 28' 36" . 9.910660 

12.529653 




: side AC 631 . . 2.800019 

To find DC. 

As radius . « . » 10.000000 

: side AC 631 . . 2.800019 

:: tan.DAC23°60'l7" . 9.645270 

i DC ^B.S • ... 2 .446289 
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By the application of the four^ 
example we can compute the dif- 
«.ferent elevations of different planes, :.. 
provided the same object is visible 
from them. 

For example, let JIf be a promi- 
nent tree or rock near the top of a 
mountain, and by observations taken 
at A, we can determine the perpendicular Mn. By like observations 
we can determine the perpendicular Mm. The difference between 
these two perpendiculars, is nm, or the difference in the elevation 
between the two points A and B, But if the distances between A 
and n, or B and m, are considerable, or more than two or three miles, 
corrections must be made for the convexity of the earth ; but for leas 
distances such corrections are not necessary. 

EXAMPLES FOB EXEBCI8E. 

Required the hight of a wall whose angle of elevation is observed, 
at the distance of 463 feet, to be 16«^ 21' 1 Ans.' 136.8 feet. 

2. The angle of elevation of a hill is, near its bottom, 31^ 18', and 
214 yards further off, 26^ 18'. Required the perpendicular hight of the 
hill, and the distance of the perpendicular from the first station. 

Ans. The hight of the hill is 665.2, and the distance of the perpen- 
mcular from the first station, is 929.6. 

3. The wall of a tower which is 149.6 feet in hight, makes, with a line 
drawn from the top of it to a distant object on the horizontal plane, an 
angle of 67^ 21'. What is the distance of the object from the bottom 
of the tower 1 Ans, 233.3 feet. 

4. From the top of a tower, whose hight was 138 feet, I took the 
angles of depression of two objects which stood in a direct line from 
the bottom of the tower, and upon the same horizontal plane with it. 
The depression of the nearer object was found to be 48^ 10', and 
that of the further, 18° 62'. What was the distance of each from the 
bottom of the tower 1 

Atis. Distance of the nearer 123.5, and of the farther 403.8 feet. 
6. Being on the side of a river, and wishing to know the distance 
of a house on the other side, I measured 312 yards in a right line by 
the side of the river, and then found that the two angles, one at each 
end of this line, suhtended by the other end and the house, were 31^ 
16' and 86° 27'. What was the distance between each end of the line 
and the house 1 Am. 351.7, and 182.8 yards. 
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6. Having measured a base of 260 yaida in a atraJglit line, close hj 
one side of a river, I found that the two angles, one at each end of 
the line, subtended by the other end and a tree close to the opposite^^ 
bank, were 40^ and 80^. What Was the breadth of the river % 

Afu. 190.1 ysrds. 

7. From an eminence of 368 feet in perpendicoltr bight, the angle 
of depression of the top of a steeple whicb stood on the same hori- 
zontal plane, was found to be 40^ 3% and of the bottom 66^8'. What 
was the bight of the steeple ? Ans. \l7.8 feet 

8. Wanting to know the distance between two objects wnieh were 
separated by a morass, I measured the distance from each to a point 
where I could see them both ; the distances were 1840 and 1438 yards, .• 
and the. angle which, at that p<nnt, the objects subtended, was 36^ IS' - 
34". Required their distance. Ans. 1090.85 yards. 

9. From the top of a mountain, three miles in bight, the visible hori- 
zon appeared depressed 2^ 13' 37". Required the diameter of the earth, 
and the distance of the boundaiy of the visible horizon. 

Ans. Diameter of the earth 7958 miles, distance of the horizon 
154.54 miles. 

10. From a ship a beadland, was seen bearing north, 39^ 33' east. 
After sailing 20 miles north, 47^ 49' west, the same headland was 
observed to bear north, 87^ 11' east Required the distance of the 
headland from the ship at each station 1 

Ans, The distance at the first station was 19.09, and at the second 
36.96 miles. 

11. The top of a tower, 100 feet above the level of the sea, was 
seen as on the surface of the sea, from the masthead of a ship, 90 feet 
above the water. The diameter of the earth being 7960 miles, what 
was the distance between the observer and the object? 

Ans. 33.9 plus ^ for refraction = 35.7 miles. 

12. From the top of a tower, by the seaside, of 143 feet high, it was 
observed that the angle of depression of a ship's bottom, then at anchor, 
measured 35^; what, then, was the ship's distance from the bottom of 
the wall ? ^ Ans. 304.33 feet. 

13. Wanting to know the breadth of a river, I measured a base of 
500 yards in a straight line close by one side of it ; and at each end of 
this line I found the angles subtended by the other end and a tree close 
to the bank on the other side of the river, to be 53^ and 79^ 12'. What, 
then, was the perpendicular breadth of the river 1 Ans. 529.48 yards. 

14. What is the perpendicular hight of a hill, its angle of elevation, 
taken at the bottom of it, being 46^, and 300 yards further ofi) on a 
level with the bottom, the angle was 31^1 Ans. 386.28 yards. 
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16. Wanting to know the hi^t of an inaceetMible tower ; at the 

least distance from it, on the same horizontal plane,! took its angle of 

• devation equal to 58°; then going 300 feet directly from it, foond the 

angle there to be only 32°; required its hight, and my distance from' 

it at the first station. ^^ 5 Hight 307.53. 

^^' i Distance 192.16. 

16. Two ships of war, intending to cannonade a fort, are, by the shal- 
lowness of the water, kept so far from it, that they suspect their guns 
cannot reach it with effect. In xnrder, therefore, to measure the dis- 
tance, they separate from each other a quarter of a mile, or 440 yards, 
then each ship observes and measures the angle which the other ship 
and fort subtends, which angles are 83° 45' and 86° 15'. What, then, 
is the distance between each ship and the fort 1 ^^ . 5 2292.26 ^. ,^ 

-*«»• ^2298.06 y*'^- 

17. A point of land was obl^erved by a ship, at sea, to bear eastrby- 
south I* and after sailing north-east 12 miles, it was found to bear south- 
east-by-east. It is required to determine the place of that headland, 
and the ship's distance from it at the last observation 1 

Ans. 26.0728 milea. 

18. Wanting to know my distance from an inaccessible object, 0, on 

the other side of a river ; and having no instrument for taking angles, 

but only a chain or chord for measuring distances ; from each of two 

stations, A and B, which were taken at 500 yards asunder, I measured 

in a direct line from the object 0, 100 yards, viz,, AC and BD, each 

equal to 100 yards ; also the diagonal AD measured 550 yards, and 

the diagonal JBC 660. What, then, was the distance of the object 

from each station A and B'i i«. 5 -^^ 636.26. 

^^' I BO 500.09. 

19. A navigator found, by observation, that the vertex of a certain 
mountain, which he supposed to be 46 minutes of a degree distant, had 
an altitude above the sea horison of 31' 20". Now, on the supposition 
that the earth's radius is 3956 miles, and the observer's dip was 4' 15", 
what was the hight of the mountain ? Atu. 3960 feet 

N. B. This should be diminished by about its one-eleventh part for 
the influence of horizontal refraction. 

• That is. one point south of east. A point of the compass is lio 15. 
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SPHERICAL TRIGONOMETRY. 

Spiqerical OxoicsTRT is nothing more than the general principles 
of geometry applied to the various sections of a sphere ; and spher- 
ical trigonometry, is but the general principles of plane trigonome* 
try applied to triangles resting on a surfitce of a sphere, and the 
planes*of the sides of the triangles passing through the center of 
the sphere. 

DEFINITIONS. 

1. A sphere is a solid whose surface is equally conyez in every 
part, and every point of the surface is equally distantfrom one point 
within, and this point is called the center. A sphere may be con- 
ceived to be generated by the revolution of a semicircle about its 
diameter. 

If the center oi the semicircle rests at the same point, the posi- 
tion of the diameter may be in any direction or position, and the 
revolution of the semicircle will describe the same sphere. 

2. Any plane that passes through the center of the sphere, di- 
vides the solid and the surface into two equal parts. 

3. Any two planes that pass through the center of a sphere, in- 
tersect each other on the opposite points of the sphere, because the 
section of any two planes is a right line (th. 2, b. 6). 

4. .A great circle on a sphere, is one whose plane passes through 
the center of the sphere. 

5. Every great circle has poles, two points on the sphere directly 
opposite to each other and equally distant from every point on the 
great circle. 

The distance from any pole to its equator in any Mredum, is one 
fourth of the whole distance roimd the sphere. 

6. Any point oh a sphere may be a pole to some great cirde. 

7. A spherical triangle is formed by the intersection of three 
great circles on a sphere. Conceive three radii drawn from the 
three angular points to the center of the sphere, thence forming a 
solid angle. The angles of the three planes which form this solid 
angle at the center, are the three angles which measure the sides 
of the triangle, and the inclination of these planes to each other 
form the angles of the triangle. 
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8. The complete measure of a spherical triangle, is but the 
complete measure of a solid angle at the center of a sphere ; and 
this solid angle is the same, whatever be the radius of the sphere. 

9. Every great circle, or portion of a great circle on the suHace 
of a sphere, has its poles; conversely, every pole, or the point 
where two circles intersect, has Us equator 90^ distant, and the 
portion of this equator between the two sides, or the two sides 
produced, measures tibe spherical angle at the pole. 

The inclmation of two tangents of two arcs formed at their point 
of intersection, also measures tibe spherical angle. (Def. 5, to b. 6). 

10. We can always draw one, and only one great circle through 
any two points on the surface of a sphere ; for the two given pomts 
and the center of the sphere, give three points, and through three 
points only one plane can be made to pass (cor. th. 1, b. 6). 

PROPOSITION 1. 

Ihertf section of a sphere iu a plane is a cirde. 

If the plane passes through the center of the sphere, the section 
18 evidently a circle, for every point on the surface of the sphere is 
equally distant from the center. These sections are great circles, 
and all great circles on the same sphere are equal to each other. 

Now let the cutting plane not pass through the center. From 
the center C, let fall Cn perpendicular 
to the plane ; and when a line is perpen- 
dicular to a plane, it is perpendicular 
to all lines that can be drawn in that 
plane (th. 3, b. 6); therefore, any line 
as nm in the plane, is at right angles to 
Cn, Hence nm^=^JCrf? — Cn'. 

Bui nm is any line in the plane, from the point n to the surface 
of the sphere, and this value for nm is invariable, and it is the 
radius of a circle whose center is n. 

N. B. These circles are called small circles, and are greater or 
less, as they are nearer or more remote from the center C, 

Small circles on a sphere, are never considered as sides of spheri- 
cal triangles. We again repeat, that sides of spherical triangles 
must be pbrtions of great circles, and each side must be less 
than 180°. 
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PROPOSITION 2. 

Anif two iidei of a ipherieal irian^U are together greater than the 
third. 

Let AB,AG, and BC. be the three aides of 
the triangle, and 2> the center of the sphere. 

The arcs AB, AG, and BG, are measured 
by the angles of the planes that form the solid 
angle at D. But any two of these angles are 
together greater than the third (th. 10, b. 6). 
Therefore, any two sides of the triangle are together, greater than 
thethird. Q. £. D. 

PROPOSITION S. 

The eum of the three sides of amy spherical triangle is less than the 
eireumference of a great circle. 

Let ABC be a triangle ; the two ddes 
AB, A Cy produced, will meet at the point 
on the sphere which is direcUy opposite 
to^; and the arcs ABD^ and AGD, are 
together equal to a great circle. But by 
the last proposition, BG \& less than the 
two arcs BD and DC. Therefore, AB, BG, and ji (7, are together 
less than ABB'\'A GD; that is, less than a great circle. Q. E. D. 

PROPOSITION 4. 

Every right angled spherical triangle must have a eomplemental, 
supplemental, and four quadranlal triangles in the same hemisphere. 

Let ABG, be a right angled spherical 
triangle, right angled at B. 

Produce the sides AB and AG, and 
they will meet at A\ the opposite point on 
the sphere. Produce BG, both ways, 90** 
from the point B, to P and P', which are 
therefore, poles to the arc AB (def. 9, 
spherics). Through A, P, and the center of the sphere, pass a 
plane cutting the sphere into two equal parts, forming a great circle 
on the sphere, which great circle will be represented by the plane 
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drcle PAP' A on the paper. At right angles to tiiis plane, pass 
another plane, cutting the sphere into two equal parts ; this great 
circle is represented on the paper, by the straight line P OP. A 
and A\ are the poles to the great cirele P OP*. P and P', are the 
poles to the great circle ABA'. 

As PCf PD and CD, are portions of great circles- on a sphere, 
CPD is a spherical triangle, and it is compUmenUd to the given 
triangle ABO; because CD is the complement of AC, CP the 
complement of BC, and PD is the complement of D 0, or of the an- 
gle A, Again, the triangle A'BCy is supplemental to ABC, because 
A'^=A; ui'Cis tibe supplement of AC, and A'B is the supplement 
of AB, A CP is a spherical triangle, and one of its sides, AP, is 
a quadrant, and it is therefore called a quadrantal triangle. So also, 
are the triangles A' OP, AOP*, aai P'CA', quadrantal triangles. 

Cor. In every triangle there are six elements ; three sides and 
three angles, which are sometimes called parts. 

Now, if all the parts of the triangle ABC are known, the parts 
of the complemental triangle POD, are also known, and the sup- 
plemental triangle A' BO, must be as completely known. 

When the triangle P CD is known, the triangles A CP and -4'P 
are also known, for the side PD, measures the angles PA and 
PA' 0, and the angle CPD, added to the right angle A'PD, gives 
the angle A' PC, and CPA, is suj^lemental to this. Hence a 
solution of any right angled spherical triangle, is a solution to its 
complemental, supplemental, and all its quadrantal triangles. 

D^niiion. Every triangle, together with its supplemental tri- 
angle, form what is called a Lune^ Thus, the triangles ABC, and 
A' BO, form a lune; PCD and P^CD, form a lune; PAC and 
P'AC, also form a lune. 

It is obvious, that the sur&ce of the lune PAP'B, is to the 
surface of the sphere, as the arc AB, b to the whole circumference. 

PROPOSITION 5. 

Jff there be three arcs of great cirdes whose poles are the angular 
points of a spheriad triangle, such arcs, if produced, vnll form 
another triangle, whose sides vnU he supplemental to the angles of the 
first triangle, and the sides of the first triangle wiU be st^plemental to 
the angles of ih^ second 
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Let the afct of tlie three great circlee be 
OH^ PQ, KL, whose poles are respectivelj A, 
B, and (7. Produce Uie three arcs until they 
meet in E, 2>« and^/l W$ am now to Mkcw, 
that il7 is the pole to the great circle AC; D 
the pole of the great circle BC; F the pole to 
the great circle AB. Also, that the side EF^ 
is supplemental to the angle A; ED to the 
angle 0; and DF to the angle B; .and also, 
that, the side AOj\b supplemental to the angle E, &e. 

Any pole b 90® from any point on its great circle, and therefore, 
as ^ is the pole to the great circle GH^ the pomt A, is 90® frozu 
the pomt E, As C is the pole of the great circle LK, C is. 90® from 
qny point in that great circle ; therefore, C is 90® from the point 
E, and E, being 90® from both A and (7, it b the pole of the arc 
AC. In the same manner, we may proye that D is the pole of 
BC, and /'the pole of AB. 

Because A is the pole of the arc GH, the arc OH measures the 
angle A (def. 9 spherics); for the same reason, PQ measures the 
angle B, and XiT measures the angle C. 

Because E is the pole of the arc AG, EffszdO^ 
Or, . • . . EO+GH^W 

For a like reason, . . FB+GB^90'' 

Adding these two equati<ms, and observing that GffssA, an<if 
afterward transposing one A, we have, 

EG+Gff+FB^]eO''—A. 

Or, jyfe:l80®— -4 

In like manner, . • . * /'i>=180®— J? J- (a) 
And, . . . . . . ^2>=180®— (7 

But the arc (ISO® — ^-4), is a supplemental arc to A, by the de- 
finition of arcs ; therefore, the three sides of the triangle EJ)F, are 
supplements of the angles A, B, G, of the triangle ABC. 

Again, as E, is the pole of the arc AC, the whole angle E, is 
measured by the whole arc £ff. 

But, .... . J(7+C[£r=90® 
Also, .... -4(7+^Z=90® 

By addition, . . A G+A 0+ CBT+AL^ 1 80® 
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By transposition, . A C+ CH'\'AL^ 1 80*—^ O 
That is, . . • . ZJSr, orJ^=:180*»— -4(7 y 
In the same manner, • . jPssIBO^" — AB \ {b) 
And, . . . . . D^\W—BG J 
That is, the sides of the first triangle, are supplemental to the 

angles of the second triangle. Q. E. D. 

PROPOSITION 6. 

The sum of the three angles of any spherical triangle, is greater 
than two right angles, and less than six right angles. 

Turn to equations (a), of the last proposition, and add them to* 
gether. The first member of the equation so formed will be the 
. sunt of three sides of a spherical triangle, which sum we may des- 
ignate by S. The other member will be 6 right angles (there 
being 2 right angles in each 180°) less the three angles A, B, 
and 0. 

That is, . . ^=6 right angles— (^+-5+ C7) 

By pn^sition 3, the sum S, is less than 4 right angles ; there- 
fore, to it add s, a sufficient quantity to make A right angles. 

Then, 4 right angles==:6 right angles — (A+B+ O )+s 
Drop 4 right angles from both members, and- transpose (A-^B-i- C) 

Then, . ^+J5+ (7=2 right angles+« 

That is, the three angles of a spherical triangle, make a greater 
yfum than two right angles by the indefinite quantity 9, which quan- 
' tity is called the spherical excess, and is greater or less according to 
the size of the triangle. 

Again the sum of the angles is less than 6 right angles. There 
are but three angles to any triangle, and no one of them can come 
up to 180°, or 2 right angles. For an angle is the inclination of 
two lines or two planes ; and when two planes incline by 180°, the 
planes are parallel, or are in o^e and the same plane ; therefore, as 
neither angle can equal 2 right angles, the three can never equal 
6 right angles. Q. K D, 

Scholium. By merely inspecting the figure to proposition 4, we 
perceive that the triangle PAB, fias two right angles ; one at A, 
the other at B, besides the third angle APB. 

The tri^e P'A' 0, has 3 right angles. The triangle A'P'O^ 
has two of its angles, each greater than a right angle. 
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PROPOSITION. 7. 
WUh the sines of the sides, and the tangetU qf onb bzde of any 
right angled spherical trianglet two plane triaamUs can be formed thai 
will be similar, and simUarfy situated. 

Let ABO, be a spherical triangle, right 
angled at B; and let D be the center of the 
sphere. Because the angle CBA, is a right 
angle, the plane GDB, is perpendicular to tBe 
plane DBA. From 0, let fall CH, perpendic- 
ular to the plane DBA, and as the plane CBD 
is perpendicular to the plane DBA, CH will 
lie in the plane OBD, and be perpendicular 
to the line DB, and perpendicular to all Imes that can be drawn in 
the plane DBA, from the pomt Zr(th. 3, b. 6). 

Draw EG perpendicular to DA, and join OC; &0 will lie 
wholly in the plane CDA (def. of planes), and Cff& is a right 
angled triangle, right angled at JI. 

We will now demonstrate that ike angle DGC, is a right angle. 
The ri^t angled A CHQ, gires C«r»+J7W*= CQ^ ( 1 ) 

The right angled A DGH, giv^ DQ^'\'HG^^DH^ (2) 

By subtraction, . , . CH^—DG^:=zCQ^—DH^{2^) 
By transposition, • . . Cff'+2>J5r2s=:(7(?'+i>ff*(4) 
But the first member <^ the equation (4), is equal to CL^; be- 
cause CDH, is a right angled triang^ ; 
Therefore, . . . . • CD^=zGO^+D0^ 
Hence, CD, is the hypotenuse to the right angled triangle DOC 
(th. 36, b. 1). 

From the point B, draw BJS at right angles to DA, and BF at 
right angles to DB, in the plane (72) J? extended ; the point F being 
in the line DC. Join FF, and as Z' is in the plane CDA, and F is 
in the same plane, the line FF^ is in the plane CDA. Now we are 
to show, that the triangle OHG is similar, and similarly situated to the 
triangle B£F. 

As ffff and BF are both at right angles to DA, they are paral- 
lel ; and as CR and Bff are both at right angles to DB^ they are 
-parallel; and by reason of the parallels, the angles ffffC and 
FBF, are equal ; but ffffC is a right angle ; therefor^, FBF is 
also a right angle. 
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Now as OH and BE are parallel, and CH and BF parallel, we 
have, DH : DB^HQ : BE 

And, . . • DH\DB^HC \BF 

Therefore, . . HQ \ BE^HO : BF (th. 6, b. 2) 

Or, . . , HQ \ HC^BE : BF 

Here, then, are two triangles, having an angle in the one equal to 
an angle in the other, and the sides about the equal angles pro- 
portional ; the two triangles are therefore equiangular (th. 20, b. 2); 
and thej are similarly situated, for their sides make equal angles 
at jET and j8 with the same Ime, DB. Q. E. D. 

Scholium. By the definition of sines, cosines, and tangents, we 
perceive, that CH is the sine of the arc BC, DH is its cosine, and 
BF its tangent ; OG is the sine of the arc A (7, and D 6^ its cosine. 
Also, BE is the sine of the arc AB, and DE is the cosine of the 
same arc. With this figure we are prepared to demonstrate the 
following theorems. 

PROPOSITION 7. THEOREM 1. 

In any righi angled spherical triangle^ the sine of one side is to the 
tangent of. the other side, as radius is to the tangent qf the angle 
adjacent to the first'-mentioned side. 

Or, as the sine of one side is to the tangent (/ the other side, so is 
the cotangent of the angle, adjacent to the Jirst-mentioned side, to the 
radius. 

In the right angled plane triangle EBF, we have, 
EB : BFt=B : im.BEF 

That is, . sin. c : tan.a=jB : tan..4 Q, E. D. 

A modification of this proposition demonstrates the latter part of 

the theorem. By reference to equation (5), plane trigonometry, 

B? 
we shall find that, tan.^. cot.^=i2V therefore, tan.ulc=s — — 

Substituting this value for tangent A, in the preceding proposi- 
tion, and dividing the last couplet by B, we shall have. 

sin. e : tan.assi : — -—7 
cot.^ 

Or, • " • on* e : tan.a=cot.^ i R Q. E. D. 

Or, • • • i2 sin. e s=:tan.a cot^ (1) 
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Cor. By chang^g the construction, drawing the tangent ioAB, 
in place of the tangent to £0, and proceeding in a similar manner, 
we have, J? sin.a=tan.ccot.(7 (2) 

PROPOSITION 8. THEOREM. 2. 
In any rigid angled sphmccH trianglB, the sine <^ the right angle ie 
to the sine of (he hypotenuse^ as the sine of either of the other angles to 
the sine of the side opposite to that angle, 

N. B. For the sake of perspicuity, if not of brevity, we will repro* 
sent the angles of the triangle, by A, JS, C, and of the sides or arcs 
opposite to these angles by a, b, c; that is, a opposite A, &c. 

The sine of 90°, or radius, is designated by R. 

In the plane triangle OHQ^ we have, 

sm.CffG: C0=z8m.CGB: CH 
That is, . .22: sin.6=sin.^ : 8in.a Q. E. D. 

Or, . . . i2sin.a=sin.& sin.^ (3) 
Cor. By a change in the construction of the figure, drawing a 

tangent to AB, <fec., we shall have, 

E : sin. &=sin. C : sin.c Q, JS. D, 

Or, . . . i28in.c=8in.6 sin. C^ (4) 
Scholium. Collecting the four preceding equations drawn from 

theorems 1 and 2, we have, 

( 1 ) R 8in.c=tan.a cot.^ n 

(2) jRsin.a=tan.c cot. (7 

(3) jSsin.a=sin.&8in.^ 

(4) i^ sin.c=sin.5 sin. (7 
These equations refer to the right angled 

triangle ABC; but the principles are true 
for any right angled spherical triangle. 
Let us apply them to the right angled tri- 
angle PDC, the complemental triangle 
to ABC. 
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Making this application, equation (1) becomes, 

R sin. (7i>=tan.Pi7 cot. (n) 

(2) becomes i2 8in.Pi>=tan. (7i> cot.P (m) 

(3) becomes i2sin.Pi>=sin.PC7sin.(7 (o) 

(4) becomes i2sin.CZ)=sm.P(7sin.P (p) 
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Byobservbgtliai m.OJ)=scoB^G=iCOB,b, 

And that . . tan.Pi)=coti) 0=cotA, <fec ; and by 
running equations (n), (m), (o), and (p), back into the triangle 
ABC, and we shall have, 

(5) i2 cos.5=cot.^ cot. (7^ 

(6) 22 cos.^=cot.5 tan.c 

(7) jR coa.AsscoB,a sin. 

(8) B cos,5=co6.a cos.c 
By observing equation (6), we find that the second member 

refers to sides adjacent to the angle A* The same relation holds 
in respect to the angle 0, and gires, ' 

(9) i2co8.(7sscot.& tan.a 

Making the same observations on (7), we infer, 
(10) jS cos.{7=scos.csin.^ 

Obsbryation !. Serial of these equations can be dedueed geo- 
metrically without the least difficulty. For example, take the fig- 
ure to proposition 6. Observe the parallels in the plane DBA, 
which give, DB : DB^^DJE : DQ 

That is, • , R \ cos.a=cos.c : co8.5 

A result identical with equation (8), and in words is expressed 
thus : Am radius is to cosine of one side, so is the cosine qf the other 
side, to the cosine of the hypotenuse, 

OnsimvATiON 2. Equations numbered from (1) to (10), cover 
every possible case that can occur in right angled spherical trig- 
onometry, but tiie combinations are too various to be remembered, 
and readily applied to practical use. 

We can remedy this inconvenience, by taking the complemeni of 
the hypotenuse, and the complements of the two oblique angles, in 
place of the arcs themseMs. 

Thus b is the hypotenuse, and let 5' be its complement. 

Then, 5+5'=90°; or, 5=90*>— 5'; and, sin.5=cos.5', 

cos.5=sin.5V tan.^sscot.^'. In the sam^ manner if A' 
is the complement to A, 

Then, . sin.^s=cos.^V cos.^sssin^^V and, tan.-4=cot.^V 

and similarly, sin. (7=rcos. (7^; cos. (7=ssm. C^, and tan.CTsscoiC 
16 
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Sabstitating these ralues for b, A, and C, in tlie 
equations (a and c remaining the same)» we baye» 



4m 



hapzxb's oi&ovlar parts. 



12) 
18) 
14) 
16) 



B 8in.c= 
jR8in.a= 
B sin.as 
JR 8in.c= 
JBsin.yr: 

16) ^8in.^'r: 

17) jBsin.^'= 

18) jBsin.i'a 

19) jB8m.C"= 

20) jBsin.C?^= 



=tan.a tan.^' 
stan.ctan.C' 
scos.^' COS.il' 
scos.5' cos-C 
=tan.-4' tan.<7 
=tan.&' tan.c 
:cos.a eos.C 
:eo8.a COS.C 
:tan.&' tan.a 
:COS.C cos.^' 



Omittiiig the consid- 
eration of the right angle 
there are B^re parts.^ 
Each part taken as a 
middle part, is connect- 
ed to its adjacent parts 
hy one eqnationy and 
to its extreme parts hy 
another equation; and 
therefore, ten equations 
are required for the com- 
binations of all the parts. 



. Tbese ^qnati(»n8 are r^ry remarkable, beeaase. the first members 
are all composed of radius iuto 9ome nm, and the second members 
are all composed of the product of itooianffenta, or two cosines. 

To condense these equatipns into words, for the purpose of assist- 
ing the memory, we will refer them, any one of them, directly to 
the right angled triangle ABO, in the last figure. 

When the right angle is left out of the question, a right angled 
triangle consists ^i five parts — three sides, and two angles. Let any 
one of these parts be called & middle part, then two other parts 
will lie adjacent to this part, and two opposite to it, that is, separated 
from it by two other parts. 

For instance, take equation (11), and call c the nUdtUe part, then 
A' and a will be adjacent parts, and (?' and h* opposite parts. 
Again, take a as a middle part, then c and (7 will be adjacent parts, 
and A^ and ^ will be opposite parts ; aiid thus we may go round 
the triangle. 

Take any equation from (H) to (20), and consider the middle 
part in the first member of the equation, and we shall find that 
they correspond to these two invarial^ and comprehensive rules, 

1. The radius into the sine of the middle part equals the product 
of the tangents of the adjacent parts, 

* 2. The radius into the sine of the middle part equals the product of 
the cosines of the opposite parts. 
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These rules are known aal^'apier's Bules, because they were first 
brought forth by that distinguished mathematician^ who was also 
the inventor of logarithms. 

. We caution the pupil to be very particular to taike the comjptemenU 
of the hypotenuse* and the complements of the oblique angles. 



OBLIQUE ANGLE]) SPHERICAL 
TRIGONOMETRY, 

The preceding inyestigati<»s have had reference to right angled 
spherical trigonometry only; but the application of these prin- 
ciples cover oblique angled trigonometry also, for every obllE|ue 
angled spherical triangle may be considered as made up of the 
sum or difference of two right angled spherical triangles. With 
this explanatory remark, we ^ve, 

PROPOSITION 9. THEOREM. 8. 

In aU ^henctd trkmgUa^ Ike tine* of the tides are to each oiher, ae 
the sines of theanglesopposile to them. 

This was proved in relation to right fmgled triangles in theorem 
2, and we now apply the principle to oblique angled triangles. 

Ij&iABO, be the trian'gle^ and let CD 
be perpendicular to AB, or to AB pro- 
duced as represented in the margin. 

Then by theorem 2, we have» 

B t sin.^ C=j=sin.u4 :8in.= CZ> 

Also, . sin. C7jB : ig=sin. OD: sin.^. 

By multiplying these two proportions 
term by term, and leaving out the com- 
mon factor R, in the first couplet, and the 
common factor sin. CD^ in the second, we 
have, sin.C7^ : fm.AO^=im.A : sin.A Q. E, D, 

Cor. From the truth of this theorum, it follows, that the angles 
at the base of an isosceles triangle are equal, and that in every 
spherical triangle the greater angle is opposite the greater side. 
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PROPOSITION 10. THEOREM 4. 

In any spherical triangle, t/ an arc he let fall from any angle to 
the cpp<mte side as a hose, or to the hose produced, the cosinee of the 
other two Hdee wiU be to each other as the cosines of the segments of 
the base. 

Bj the application of equation (8) to the last figure, we have, 

B COS.A 0=coB,AD cos.i>(7 
Smilarly, . B cos.BOz=scobJ>C eos.BD 

Dividing one of these equations by the others, omitting common 
fetctors in numerators and denominators, we have, 

cos.-4(7__cos.-4i) 

coB.BO^eoBJBI> 
Or, . C08.AC: cos.^C=cos^2> : cos.BI), Q, B. D. 

PROPOSITION 11. THEOREM 4. 
jy from any angle of a spherical trian^, a perpendicular be la 
fall on the base, or on the base produced, the tangents of the segments 
ef the base unll be to each other redproeaUy proportional to the cotan- 
gents of the segments of the angles. 

By the application of equation (2) to the last figure, we hare, 

B cos. (72>=tan.^2> coi,A CD 
Similarly, . i2 cos. C72>=tan.j?i> cot. J? CZ> 
Therefore, by equality, 

tan.^i> cot.^(7i>=:tan.^2> eotBOD 
Or, . isxL.AD : tan.5i>=cot.-B(72> : cot.-4(72>. Q. E. JR 

PROPOSITION IJ. THEOREM «. 

The same construction remaining^ the cosines of the angles at the 
extremities of ^e segments of the base, are to each other as the sines of 
the segments (f the opposite angle. 

Equation (7) applied to the triangle ACB, gives 

i2cos.-4=cos.CZ)sin.^(7i) (*) 

Am, . . B wsJ=^coB.CJ) mn.BCI> (t) 



TRiaOJrOMBTBY. IW 

Dividing equaiioii (s) hj (i), gives 

C0fl5"~sin.5(72> 
Of, . . cos.^ : cos.^s:siii.^C2^ : dn^CD. Q. JB. D. 

PROPOSITION IS* THEOREM 7. 
The Mome canstrucHan remaminff, the Hnee of the eegmeaU of the 
hose, are to each other ue the cotanffente of the a^'aee$U anglee* 

Equation (1), applied to the triangle ^(72), gives 

R sin.u42>= tan. CD coi.A (e) 

Similar^, . B mi.BJ)^ tesL.CD ixA>.B (f) 

Dividing («) by (^), gives 

sin.-42>__cot.^ 
sin.^i>~"cot.jB 

Or, . sin.-B2> : sm.^i>=cot J5 : cot.A Q. K D. 

PROPOSITION 14. THEOREM 8. 

The same construction remmmng, the cotangents of (he two sides are 
to each other as the cosines of the seffments of the angle. 

Equation (9), applied to the triangle ACD, gives 

E COS. A CDz=: cotA tan. CD (s) 

Similarly, . ^cos.-BCD=:cot.J5(7tan.(7i) (/) 

Dividing (s) by (t), gives 

cos.^( 72>_cot^(7 
cosZMD cotJBO' 

Or, • cot.-4(7:cot.J5C7=:cos.-4(7i>:cosJ5CZ). Q.KD. 

Eehark. The preceding theorems enable us to solve any 
spherical triangle, right angled or oblique, when any three of the 
six parts are given. But oblique angled spherical triangles we have 
thus fJEur considered as composed of two right angled triangles; 
and it is sometimes a little troublesome to select the theorems or 
equations w}iich apply to the case in question. To remedy this 
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incmivenience, we will at once seek a relation between the cosines 
and sines of an angle of any spherical triangle, and the sines and 
cosines of its sides. Therefore, we investigate the following 
pvopositions. 

PROPOSITION 14. PROBLBM. 

IfweHigaUt and show the relation hehoeen the coeine of an angle of 
a spherked trkngle, and iheeinee and cosines of iU sides. 

Let ABC be a.spherioal triangle, and 
CD a perpendicular fix>m the angle G 
on to the side AB, or on to the side A3 
produced. Then, by proposition tO, th. 4, 
COS..4C7 : cos.CB=zcos.AJ) : cob.BD (1) 

When CD Ms within the triangle, 
BJ)^(AB—AD) 

When CD Ms without the triangle, 
BD=:(AD—AB) 

Hence, . cos.^2>=cos.(^j9— ^J?) 

Now, cos.(-4-B — AD) =co8,( AD — AB), because each of them 
is equal to cos.-4^ cos.-4i>+sin.^jB sin.^D. (Plane trig. cq. 10.) 

This value of cob.BD, put in proportion ( 1 ), ^ves 
COB. AC : coB,0B=^co8.AD : cos..^JS cos.^ii^-f'^in.^^ sin.u4i> (2) 

Dividing the last couplet of proportion (2) by cos.^2>, observing 

that • • . — ^5-=r=tan.-4i), and we have 
cos.^i> 

COS. AC : cos.CB^l : cos.J^+sin.-4^ tan.u4i> (3) 

By applying equation (6) to the triangle A CD, taldng the radius 

ibi unity, we have . cos.^^scot.^iC tan.^!) . (*) 

But, . tBji.AGcotA,C:=sl (eq. 6, plane trig.) (/) 

Multiply equation (k) hjisoiuAC, observing equation (I), and 

we have • tan.^O'cos.^stan.AZ) 

Substituting this value of iajLAD, in proportion (3), we have 
co^AOt eoB.O£w^l ; cf^.A£+m.ABtm.ACeo&.A (4) 
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Miiltq)l3dng extremes and means, gives 
COS. CB=eo3,A cos, AB+ sin. A£(c08. A iaa.A 0)cos,A 

But, . . tan.-4(7= — ^r-^, or, cos.u4C7tan.-4(7nstsin.-4(7 
COS. AC 

Therefore, . cos. (7J5=cos.-4 (7cos.u4^+sm.-4JBsin.-4(7cos.-4 

„ J cos.OB — cos.-4(7cos.-4J5 ,„^ ^ _ , ^ 
Hence, . co8.-4=? -; — --—-. — j-- (J^) final result.* 

By processes perfectly similar, like theorems may be deduced for 
the angles B and C. 

If the sides opposite the angles A, B, and C, be respectively 
represented by a, b, and c, the formula will be expressed thus : 

cos.a — C0S.5 cos.c^ . 



cos.A- 



cos.5= 



sin.& sin.c 
cos.6— cos.a cos.c 



COS. C= 



sm.a sm.c 
cos.c — cos.a C0S.6 



sin.a sin.& 



(S) 



* As this equation has been denominated*' Thefimdamentdlformida 
ef Spherictd IHgommeiry,*^ and as it is susceptible of a more geome- 
trical demonstratibUj we give the following, which we believe will be 
very acceptable to every lover of mathematical science. 

Let ABC be a spherical triangle^ and 
O the center of the sphere. 

From the angle A, draw. AD tangent 
to the arc AB, and AE tangent to the 
are AC. OD and OjEJ, drawn from the 
center of the sphere to the extremities of 
the tangents, are, of coarse, secants, OD 
is the secant of AB, and OE the secant of th^ a^c. A C, 

Because AD is a tangent, it is perpendicular to; the iradius OA- For 
the same reason AE is perpendicular to the sfime radius OA. But 
OA is the common intersection of the two planes A O^ and A OC, 
and hence, by definition 5, book &, tiie ^ angle 2>j4£ is. the incdiaation 
of the two planes A OB and AOC, and is, therefore, equal to the 
spherical angle A. As is cietpmary, let the^ side o^p^^eto A be 
designated by a, opposite B by 6, opposite C by c. • ' ^-i* 
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These formulas are not adapted to the use of logarithms ; and 
the use of natural sines and cosines would lead to tedious operations; 
we must, therefore, make some advantageous mutations, or the 
equations will be useless ; hence the following investigations : 

In equation (3^» plane trigonometry, we find 
1 +cos.^=2cos*^-4 

rm. * A 9< ^ « I C0S.O— COS.6 COS.C 

Therefore, 2 C06.'4^» 1 H r-^-; 

^ sm.o sin. c 

(sin .5 sin.c— cos.6 cos.c)+cos.a , . 
sm.o sm.c ^ ' 

Birii, . co8.(6+c)ssoos.6 COS.C — sin.c sin.J (9), plane 
trigonometry. By comparing this last equation with the second 
member of equation (m), we perceive that equation (m) is readily 
reduced to 

* sm.6 sm.c 



Then, AD:=:. tan.c, AE^ tan.&, OIh=> secc, 0JE7=: secfr. 

Designate DE by or, and observe that the angle BOC is measured 
by the arc BC=a. 

Now, to the two plane triangles ODE and ADE, if we apply equa- 
tion (m), proposition 8, plane trigonometry, we shall have . 

sec' •ti_sec.* h — a?' 

C08«a=: ! 

2 secc^ sec.& 
_ J, tan.'^tan.2fi— «' 

C08.A= , 

S tan.c tan.o 

Clearing these two equations of fractions, and subtracting the latter 
from the former, and observing, that for any arc, sec' — ^tan-'^fi^ ; and 
if R is unity, as it is in this case, we shall have, 

3 secc sec.& cos.a— 3 tan.^ tan.5 co8.A=3 

Dividing by 3, and substitutmg the values of the secants and tan- 
gents from equations (4) and (Q, plane trigonometry, 

Namely, . secss — , tan.s=— *, we shall then have, 
cos. cos, 

co8.a sin.^ sln.^ cos. A . 



COS^ C0S.d C0S.0 cos.6 
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Oonadering (ft-fc) as one arc, and then making application of 
equation (18), plane trigonometry, we have, 

^ . /a+b+c\ . /b+o — o\ 

2 C08'4^= r— 7— ; 

* sm.o sm.c 

•n . b-^-e — a- 6+c+a . .. ^ 

But, . — - — =5 — a; and if we put S to rep- 

resent — - — , we shall have 

^A sm.SsmJS — a) 

cos'---= ^-r-^' 

2 6m.b sm.c 



_ A fsm.S 8m.(& — a) 

Or, . . cos.--=W 7--rA ' 

2 ^ sm.6 sm.c 

The right hand member of this equation gives the value of the 

Clearing of fractions, transposing, and changing signs, will give 
sin.9 sin.& cos.As=sco8.«k— cos.c cos.d 

Therefore. . . . co8.A=??!±::22!f-£2?:? 

sm.c sm.6 

For the sake of the mathematical exercise, I will suppose we have 
the three sides of a spherical triangle, as follows : 

a=70o 4' 18", &=69<> 16' 23", and c=63® 21' 27", from which we 
require the angle A, and we have no other formula except the above 
equation, and hgarUhmt are not yet invented. 

From the table of natural sines and cosines, we find 

cos.a=0.34090 

cos.&=0.51191 sin.5=:0.8791 

cos.c=0.44840 sin.c=s0.8938 
By the multiplication of decimals, retaining cnJtyfioe places, we find, 
C0S.5 cos.cssO.22953, and sin.& sin.c=0.76786 

From co8.a • . 0.34890 
Take cos.6 cos.c . 0.22953 

0.76786)0. 1 1 1 37(0. 14505r=cos. A 

By comparing this decim^ with the table, we find it very nearly 
corresponds to Sl^' 40'. The true vahie of A is 81^ 38' 20" 
17 
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cosine when the radius is unity. To a greater radiiis, the cosine 
would be greater ; and in just the same proportion as the radhis 
increases, all the trigonometrical lines increase ; therefore, to adapt 
the above equation to our tables where the radius is i2, we must 
write JR in the second member, as a fiictor; and if we put it under 
the radical sign, we must write 22*. 
For the other angles we shall have precisely similar equations ; 



That IS . . co8.—=J . ■ .^ ^ 

2 ^ sin.A sin.e 



2 ^ sin.6 sin.c 






8m.a 8m.c 



II^sm,S siaJS—c) 

cos.--=J r 7^^ ^ 

z ^ 8m.a 8in.6 



(T) 



2 ^ sin.a sm,b 
Formulas, for the sines of tho angles, are obtamed as follows : 
From equation (32), plane trigonometry, we obtam 

2 sm.^^^=l — cos.^. 
Substituting the value of cos.^, taken from equation (5), and 

cos.a— C06.& COS.C 



we have • 2 tSxk^^A^ssU 



sin.6 sin.c 



(sin.^ sin.c+cos.5 cos.c) — cos.a 
8in.6 8in.c 
But, cos.(5 cre)=s nn.5. sin.c+co8.& COS.0 ( (10) plane trig.) 
This equation reduces the preceding one to 

* sm.6 sm.c 

Considering (&/) c) as a ismgle arc, and applying equation (18), 
plane trigonometry, we have 

' sm.6 8m.c 

But. -+^^^±£-c^S-<. if we put S^^-±^ 
Also. ?±|=*=?±|±f_j=;S-j 
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Diriding the preoeding equation by 2, and makiBg these sub- 
Btttadons, we have, 

' Mm.iA= — ^ . , . — i ^, when radius is unitr. 

-* sin.© sin.c 

When radius is JS, we have 



. , ^ /iPsin.(/S— <?)sin.(iS^--6) 
. " ^ 8m.5sm.c 

" ., , . . , „ IIP sin.( iS— «)sin.( 5— c j 
Similarly, sm.i^^J ^ 4 — ^^ ^ 



(«7) 



sin.a sin.c 

. , . -^ /J8»sin.(iS^— a)sin.(/g— *) 

And, . Bin.i(^J ,;»:. j^r • 

* ^ sin.a sm.6 ^ 

To apply to our tables, IP must be put under the radical sign. 
We shall show the application of the8e# formulas, and those in 
equations (S), hereafter. 

From (30), plane trigonometry, we hare 

sin.^=:2 sin.-J-^ cos.-}-^ 
Squaring, . sin.'-4=4 sin.^^^ cos.^^^ (t) 

Square the first equation in (T), and multiply it by the square 
of the first equation in ( V), and four times their product is 

sm,^b sin.' c 

Comparing the first member with equation (t), we have 

. ^ ._ 4iysiD./ysin.(iS^— a)sin.(5— ^)sin.(^S^-<) («) 
sin,'^ sin.'c 

By operating in the same manner with the several equations in 
(T) and (• 17), we have 

. a p_ 4 IP sm.S sm.(^~-a)sin.(/S^-^)8in.(<S— c) . . 
sin.' a sin.' c ' ^ 

The numerators of the second members of (u) and (v), are the 
same ; and if we divide (u) by (t^), and extract the square root* 
we shall have sin.^^sin.a 

sin.-B"~sin.J 

Or, . . sin.^ : wik.A^m.b : sin.a, a truth that was 
dCTionstrated in proposition 9^ spherical trigonconetry. 
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We bare again demoosiarated it in thifl manner* to show that 
equation (F), fix>m which all the preceding equations arofle« b 
really the fundamental equation of spherical trigonometry. 

A spherical triangle consists of six parts ; three sides, and three 
angles ; and there are certain relations existing between them ; but 
the combinations of these relations have their limits ; and when 
we haye gone through these relations, if we continue to combine 
equations, we shall only fall on truths previously demonstrated, 
and this is exemplified by our last operations. 

APPLICATION. 

SOLUTION OF BIGHT AK6LXD 8PHXBI0AL 

TBIAKGLXB. 

% 

1. At a certain time the sun's longitude was 40^ 29' 30", and the 
obliquity of the ecliptic 23^ 2T 32". What was the declination ! 

Ans. 14° 68' 62". 

This example presents a right angled spherical triangle, ABC. The 

hypotenuse, AC=:40<' 29' 30", and the angle 

Ass23^ 27' 32", and the side, CB,i8 required. 

By OUT system of notation, AChs^^ BCh=a. 

This can be solved by equation (3) or (13), 
which are essentially tii'e same ; that is. 

R sin.asssin.^ 8in.A 
8in.5r=Bin.40^ 29' 30" . 9.812470 
sin.A =sin.230 27 32" . 9.699986 
An$. Bin.a=8in.l4^ 68' 62" . 9.412466 
Rejecting 10 in the index, is the same as dividing by the radius, as 
the equation requires. 

2. At a certain time, the d^erence between the longitude of the sun 
and moofiy was 76° 10' 20", and the moon's latitude, at the same time, 
was 6° 9' 12" north. What was the true angular distance between 
the centers of the sun and moon 1 Ans. 76° 13' 46". 

This problem presents a right angled spherical triangle, whose base 
AB^*76o 10' 20", and perpendicular BC=6^ 9' 12". The hypotenuse, 
AC, is required. Equation (8) or (18) solves it. 

c=r76o 10' 20" cos. . 9.378406 
as s 6° 9' 32 " cos. . 9.998241 
J^b:76° 13' 46" cos. . 9.376647 
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3. An astronomer obsorved the eun to pass his meridian on a certain 
day when his astronomical clock ga,Ye 2 h. 9 min. 33 sec. for the siderial 
time, and the altitude was such as to give the declination of 13^ 6' 6" 
north. What was the sun's longitude, and what was the obliquity of 
the ecliptic 1 Ans. Lon. 34° 39' 46". Obliq. eclip. 23° 27' 26". 

This problem presents a right angled spherical triangle, giving its 
base and perpendicular, and demanding the hypotenuse, and the angle 
at the base. 

2 h. 9 m. 33 s.=c=32^ 23 15 cos. . 9.726671 
a=r l3 '5 6 COB. . 9.988675 
hp=Z4t 39 46 COS. . 9.916146 

To find A, we apply equation (3) or (13), as they are one and the 
same. 

Rsin.a . . . 19.364869 

sin.6 (subtract) . 9!754918 

A=230 27'26" . • 9.699951 

At a certun time the sun's longitude will be 160^ 33' 20", and the 
obliquity of the ecliptic 23^ 2T 29". Required its right ascension and 
declination. Ans. R. A. 162o 37' 28"; Dec. ll® IT THi^ 

Obsebvatioh. This problem presents a 
right angled spherical triangle, whose base 
and hypotenuse are each greater than 90^ ; 
and in cases of this kind, let the pupil ob- 
serve, ihat the hose is greater Hum the hypO' 
ientfjtf, and the oblique angle opposite the base, is greater than a right 
angle. In all cases, a triangle and its supplemental triangle, make a 
IwM. It is 180^ from one pole to its opposite, whatever great circle be 
traversed. It is 180^ along the equator ABA\ and also 180^ along the 
ecliptic AC A':, and the lune always gives two triangles; and when 
the sides of one of them are greater than 90^, we take its supplemental 
triangle, as in this case we operate on the triangle A'CB, 

But A'C is greater than A'B; therefore, AB is greater than AC, 
The angle A'CB is less than 90®; therefore, ACB is greater than 
90°, because the two angles together make two right angles. 

These facts are technically expressed, by saying, that the sides and 
opposite angles are of the same affection*; and if the two sides of a 
right angled spherical triangle are of the same affection, the hypotenuse 

• tkane agtOkm : that is, both greater, or both lees than W>, Djffitrent 
qfedion: the one greater, the other lew than 90^. 
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win be leefl than 90^* and of ilgrirwil «|f«<Mii, the bjpofeniim 
greater than 90^. 

If, in every instance, we make a natural construction of the figure 
and use common judgment, it will be impossible to doubt whether an 
arc must be taken greater or less than 90^. 

We now solve the triangle A' CB, A' Cas29» 96' 40". 

To find BC. £q. (3) or (13). h sin. 39<> 96' 40" . 9.691594 

A sin . 93° 27' 99'^ . 9.699984 
a sin. 11° IT T' . 9.291678 

To find A' J?, we nse equation (1) or (11), thus t 



tan. 11° 17' 7* 
cot. 28° 27' 29" 

csin. 27° 22' 32" 
180 

AJ?=162° 37' 28" 



9.300016 

10.862674 

9.662690 




We select the following examples to ezefcise the pupils in rig^ 
«Bgled spheric^ trigononietiy: 

,1. In the right angled spherical triangle 
iJ3a given AB 118° 21' 4", and the angle 
A 23° 40' 12", to find the other parts. 

Ans. AC 116° ir 66", the angle C 100° 
69 26", and SO 21° 6' 42". 

2. In the right angled spherical triangle AJ?C, given AB 53° 14' 
20", and the angle A 91° 25' 63", to find the other parts. 

Atu. AC 91° 4' 9", the angle C 63° 16' 8", and BC 91° 47' 11". 

3. In the right angled spherics! triangle ABC, given AB 102° 60' 
26", and the angle A 118° 14' 37", to find the other parts. 

Arts. AC 84° 61' 36", the angle C 101° 46' 6T', and BC 113° 
46' 2T'. 

4. In the right angled shpherical triangle ABC, given AB 48° 24' 
16", and BC 59° 88' 2T', to find the other parts. 

Ans. AC 70° 28' 42", the angle A 66° 20' 40", and the angle C 62° 
32' 55". 

5. In the right angled spherical triangle ABC, given AB 161° 23' 
9", and BC 16° 35' 14", to find the other parts. 

Am, AC 147° 16' 61", the angle C 117° 37' 21", aad tiie angle A 
31° 62' 60". 
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6» In Hie right angled spherical triangle ABC, given AB 78^ 4' 
81", and A C 86<^ 12' 16", to find the other parts. 

Aim. BC 1^9 51' SO", the angle A 77° 34' 28", and the angle C 78o 
29' 40". 

7. In the right an^^ed apherical triangle ABC, given AC 118^ 82' 
12", and AB 41^ 26' 85", to find the other parts. 

Afif. BC 184^ 56' 20", the angle A 126^ 19' 2", and the angle C 
560 58' 44". 

8. In the right angled spherical triangle ABC, given^ AJ? 40^ 18' 
28", and AC 100<> 8' 7", to find the other parts. 

Arts. The angle A 98<> 88' 58", the angle C 41<> 4' 6", and BC 103^ 
13' 52". 

9. In the right angled spherical triangle ABC, given AC 61^ 8' 22", 
and the angle A 49<' 28' 12", to find the other parts. 

Ans. AB 490 86' 6", the angle C p0<> 29* 19", and BC 41° 41' 32". 

10 In the right angled spherical triangle ABC, given AB 29^ 12' 
50", and the angle C 87^ 26' 21", to find the other parts 1 

Afif. Ambigoous; the angle A 65^ 27' 58" or its supplement, AC 
530 24' 13" or its supplement, BC 46<> 55' 2" or its supplement. 

11. In the right angled spherical triangle ABC, given AB 100^ lO' 
8", and the angle C 90^ 14' 20", to find the other parts. 

Am. Ambiguous ; AC 100® 9' 55" or its supplement, BC 1® 19' 53" 
or its supplement, and the angle A 1® 21' 8" or its supplement 

12. In the right angled spherical triangle ABC, given AB 64P 21' 
85", and the angle C 61^ 2' 15", to find the other parts.. 

Ans. Ambiguous; BC 129<^ 28' 28" or its supplement, AC 111® 
44' 84" or ito supplement, and the angle A 123® 47' 44" or its 
supplement. 

13. In the right angled spherical triangle ABC, given AB 121® 
26' 25", and the angle C 111® 14' 37", to find the other parts. 

Atu. Ambiguous; the angle A 136® 0' 3 'or its supplement, A O 
66®' 15' 38" or ito supplement, and BC 140® 30' 56" or ito supplement 

The solution of right angled spherical tri- 
angles includes, also, the solution of quad' 
rantal triangles, as may be seen by inspecting 
the adjoining figure. When we have one 
qwadranttd triangle, toe hofoefour, which fid up 
the whoie hemisjiiere. 

To effect the solution of either of the ioor 
quadrantal triangles APC, AFC, A'PC, cat 




200 SPHERICAL 

A'F C, it is raffident to eolve the small right angled spherical triangle 
ABC. 

To the half lune AP^B, we add the triangle ABC, and we have the 
qaadrantal triangle ARC; and by subtracting the same from the equal 
half lune APB^ we have the quadrantal triangle PAC, 

When we have the side, AC, of the same triangle, we have its sup- 
plement,A'C, which is a side of the triangle A'PCy and of A'P'C. 
When we have the side, CB, of the small triangle, by adding it to 90^, 
we have P'C^^l side of the triangle A*P'C; and subtracting it from 
90®, we have PC, a side of the triangle APC, and A' PC 
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aijaoeni, 42® 21', and (he angle ofposUe this last side^egual to 36® 31'. 
Required the other parte. 

By this enumeration we cannot decide whether the triangle APC <v 
AP'C, is the one required, for AC=42® 21' belongs equally to both 
triangles. The angle AP C=^AP' C=36® 31'=sAJ9. 

We operate wholly on the triangle ABC. 

To find the angle A, call it the middle part. 

Then, R cos.( CAB)=R sin.PA Csscot A C.tan. AJ? 

cot.AC=42®2r . 10.040231 
tan.ABss 36 31 . 9.869473 

COS. CAS=: 35 40 61 9.909704 

90 

PAC=: 64 19 9 
P'AC=126 40 61 

To find the angle C, call it the middle part. 

RcoB. ACB=^n.CAB cob.AB 

sin.CAJ?s= 36® 40 61" 9.766869 

C08.AB= 36 31 . 9.906086 

oos.ACJ?=s 62 2 46 9.^70964 

180 

ACP=A'CP=:n7 67 16 
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To find the side J9C, call it the miMepari. 

R Bm.BCz=taii,AB cot,ACB. 
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tan.ilJ?= 3fi® 31' 0" 


9.869473 


cot.ACJ?= 62 2' 46" 


9.724836 


Bin.-BC= 23 8' 11" 


9.694308 


90 




PC=:z 66 61' 49" 




1>'C=113 8' 11" 





We now have all the sides, and all the angles of the /our triangles 
in question. 

2. In a qitadrantal spherical triangle, having given (he quadranial side, 
90^ an adjacent side, 116<^, 09', and the included angle, \W^ 66', ioJM 
ike other parts. 

This enunciation clearly points out the 
particular triangle AFC, ^'^=90°; and 
conceive il'C=116° 09'. Then the angle 
^^'0=116° 66'=P'D. 

From the angle FA' O take 90° or F'A'B, 
and the remainder is the angle OA'DsszBA C 
=25<^ 66'. 

We here again operate on the triangle 
ABC. A'C, taken from 180®, gives . . 64° 6l'=AC 

To find BC, we call it the middk part. 

JR sin.J7Cs=:sin.AC sin.J^AC 




sin.ACx= QAP 61' 
sin.J?AC= 26 66' 
sin.J?C= 23 18' 19" 
90 



9.966744 
9.640644 
8.697288 



P'C=113 18' 19" 
To find AB we call it the middle part. 

R 8in.AJ7=tan.J7C cotJ7AO. 



. tan.J?C=t= 23° 18' 19" 
cot.BAC= 26 65' . 
8in.AJ7=: 62 26' 8" 
180 



9.634261 
9.313423 
9.947674 



A'B^lVl 83' 62"=the angle A'FC 



n 
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To find the an|^e C, we e«U It the mMk part. 
R ciM.C=scot.4C Uak.BC 
cot.AC= 640 61' . . 9.671634 
tan.J»C= 23 18' 19" . 9.634251 
C08.C= 78 9.306886 

180 19' 63" 

* 1>'CA'=:101 40* 7" 

Thus we have found the side P'Chsmo ig' 19" 

The angle A'P* 0=ll7« 33' 62" J. An$. 
•* P'CA'=10lo 40' 7" 

3. In a quadrantal triangle, given the quadrantal side, 90°, a side 
a^acent, 67° 3', and the included angle, 49° 18', to find the other 
partik 

Anr. The remaining side is 63° 6' 46", the angle opposite the quad- 
rantal aide, 108° 32' 27", and the remaining angle, 60° 48' 64". 

4. In a quadrantal triangle, given the quadrantal side, 90°, one angle 
adjacent, 118° 40' 36", and the side opposite this last mentioned angle, 
113° 2' 28", to find the other parts. 

Ans, The remaining side is 64° 38' 67", the angle opposite, 61° 
2' 36", and the angle opposite the quadrantal side is 72° 26' 21". 

6. In a quadrantal triangle, given the quadrantal side, 90, and the 
two adjacent angles, one 69° 13' 46", the other 72° 12' 4", to find the 
other parts. 

Arts, One of the remaining sides is 70° 8' 39", the other is 73° 17' 
29", and the angle opposite the quadrantal side is 96° 13' 23". 

6. In a quadrantal triangle, given the quadrantal side, 90°, one adja- 
cent side, 86° 14' 40", and the angle opposite te that side, 37° 12' 20", 
to find the other parts. 

Am, The remaining side is 4° 43' 2", the angle opposite, 2° 61' 23", 
and the angle opposite the quadrantal side, 142° 42' 2". 

7. In a quadrantal triangle, given the quadrantal side, 90°, and the 
other two sides, one 118° 32' 16", the other 67° 48' 40", to find the 
other parts — ^the three angles. 

Ans. The angles are 64° 32' 21", 121° 3' 40", and 77° 11' 6"; the 
greater angle opposite the greater side, of course. 

8. In a quadrantel triangle, given the quadrantal side, 90°, the angle 
opposite, 104° 41' 17", and one adjacent side, 73° 21' 6", to find the 
other parts. 

Ans. The remaining side is 49° 42' 18", and the remaining anglea 
are 47° 32' 39", and 67° 66' 13". 



TRIOONOMETKT. 308 

OBLIQUE ANGLED SPHERICAL 
TEIGONOMETET. 

All cases of obliqae angled spherical trigonometry may be solved by 
right angled trigonometry, except two ; because every oblique angled 
spherical triangle is composed of the sum or difference of two right 
angled spherical triangles. 

When a nde and two of the angiks, or €tn angle and tufoef ihe ndet 
an given, to find the other parts, conform to the following directions : 

Let a perpendicular be drawn from an extremity of a given side, and 
opposite a given angle or its supplement ; this will form two right 
angled spherical triangles ; and one of them will have its hypotenuse 
and one of its adjacent angles given, from which aU its other parts can 
be computed ; and some of these parts will become as^known parts to 
the other triangle, from which all its parts can be computed. 

To facilitate these computattons, we here give a summary of the 
practical truths demonstrated in the foregoing propositions. 

1. The nnee of Uie eidee cf sfitervsdl triangki are propottumdl to ihe 
eines qf their opposite angles, 

2. The sines of the segment <^ the lMse,nuidehg a perpendicular fivm the 
opposite anglSf are proportionai to the ookmgenis of their adjacent angles. 

8. The cosines of the segments tf the base are proportional to the cosines 
of the adjacent sides of the triangle. 

4. The tangents of the segments of the base are proportional to the 
the tangents of the opposite segments of the verticdl angles. 

5. The cosines of the angles at the base, are proportional to the sines 
of (Ae corresponding segments of the verticdl an^. 

6. The cosines of the segments of the vertical angles are proportional 
to the cotangents of the adjoining sides of the triangle. 

The two cases in which right angled triangles are not used, are, 
1st. When the three sides are given to find the angles ; and, 
2d. When the three angles are given to find the sides. 
The first of these cases is the most important of all, and for that 

reason great attention has been given to it, and two series of equations^, 

(T) and (17), have been deduced to facilitate its solution. 
We now apply the following equation to find the angle A, of the 

triangle iiJffC, whose sides are a, h, e. a=no^ 4' 18". b=s&d9 21' 27". 

ess60o iQ' 33", II ig opposite A^ h is opposite £. and c is opposite C. 
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We write the eeoond naember of .this equation thiie : 



>/( 



f R \ I R 
, tin.h ) \ Bin.( 
■bowing foor distinct logfarithme. 

R 

The logarithm corresponding to -t~t is the 8in.& subtracted from 

R 

10; and --r--- is the Bin.e subtracted from 10, which we ca]l 
sin.c 

ftfi*cofn|Meffi6fif. 

BCh=a= 700 4' jg" 

AB=c=z 590 16' 23" sin.com. 0.065697 

ACh=b=s 63° 21' 2T sin.com. 0.048749 



2)192 


42 


8 


Sh^ 96 


21 


4" sin. 9.997326 


iS— a« 26 


16 


46 sin. 9.646158 
2)19.767930 


iil«:40 


49 


10 cos. 9.878965 
2 



A^ 81 38 20 
When we apply the equation to find the angle A, we write a first, at 
the top of the column ; when we apply the equation to find the angle 
B, we write h at the top of the column. Thus, 
To find the angle B 



IR^ sinJS Bin.(iS— 6) 

C0S.i J?=-v/ 1 r-^ ^ 

^ \ 8in.a 8UI.C 



=V( 


Bin.a ) ( 


^J(sin.S)«n.(S^ 


J= 63<' 21' 27" 






c= 59 


16 


23 


sin.com. 


. .065697 


fl= 70 


4 


18 


8in.com. 


. .026857 


2)192 


42 


8 






S=^ 96 


21 


4 


sin. . 


. 9.997326 


fiU.«= 32 


59 


37 


sin. . 


. 9.736034 
2)19.825874 


iJ7:=35 


4 49 


COS. . 


9.912937 






2 







JS= 70 9 88 
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By the otiher equation in formula (7^, we can find the angle C; but, 
for the sake of variety, we will find the angle C by the application of 
the third equation in formula (C/). 



wn.iC=^- 



/jR2 sin.fS— 6) 8in.(fiU^) 
^' 8in.& sin.a 



c= 69<^ 16' 23" . ^ . 
a= 70 4 18 sin.com. .02.6817 

6 = 63 21 27 sin.com. .048479 

2)192 42 8 



S= 96 21 4 
iS^-«= 26 16 46 sin. . 9.646158 
«— te= 32 69 37 sin. . 9.736034 

2)19.457758 

iC= 32° 23' 17" sin. . 9.778879 
2 

C= 64 46 34 - ' 

To show the harmony and practical utility of these two sets of 
equations, we will find the angle A, firom the equation 



-*W(sin.O(sin.c)--C^)--(^: 


fl— 70 4' 18" 




6= 63 21 27 sin.com. 


.048749 


c=z 59 16 23 sin.com. 


.065697 


2)192 42 8 




«== 96 21 4 




S—b:= 32 59 37 sin. . 


. 9.736034 


S-c= 37 4 41 sin. . 


. 9.780247 




2)19.630727 


iA= 40° 49' 10" sin. . 
2 


. 9.815363 


A= 81 38 20 





2. In a spherical triangle ABC^ given the angle A, Zd9 19' 18", the 
angle B, 48° 0' 1 0", and the angle C, 121^ 8' 6", to find the sides a, 6, e. 
Apply proposition 6, spherics. 
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Ass 88<) 19' 18" Bupplement 141<> 40' 48* 
Bss 48 10 Bupplmnent ISl 59 60 
0=121 8 6 supplement 68 61 64 

We now find the angles to the spherical triangle, whose sides are 
these supplements. 

Thus, 



1410 40' 42" 




131 69 60 sin.com. 


* .128909 


68 61 64 sin.com. 


.067661 


2)332 32 26 




166 16 13 sin. . 


9.376375 


24 36 31 sin. . 


9.619263 




2)19.191088 


66° 47' 37J" COS. . 


9.695643 


2 





angle s=133 35 15 

supp. =s 46 24 45s=a of the original triangle. 
In the same manner we find 6=60® 14! 26" cs=:89® 1' 14" 

EXAMPLES FOB EZEBCISK. 

1. In any triangle, AJ7C, whose sides are a, h, c, given 5=11892' 
14", c=120o 18' 33", and the included angle Aa=27<> 22' 34", to find 
the other parts. 

Ans. <i=23'> 6r 13", angle J?=9lo 26' 44", and Cb=102<> 6' 64". 

2. Given A=81« 38' 17", 5=70° 9' 38", and 0=64° 46' 32", to find 
the sides a, 6, and c. 

Ans. 0=70° 4' 18", 5=63° 21' 27", and c=69« 16' 23". 

3. Given the three sides a=£93'' 27' 34", 5=100<> 4' 26", and c=96o 
14' 50", to find the angles A, B, and C. 

Ans. A=94o 39' 4", -8=100° 32' 19", and 0=960 53' 36". 

4. Given two sides, 5=84® 16', 0=81® 12', and the angle O=80<> 
28', to find the other parts. 

Ans. The result is ambiguous, for we may consider the angle B as 
acute or obtuse. If the angle B is acute, then A=97® 13' 45'^ 
J?=830 11' 24", and «=96o 13' 33". 

If B is obtuse, then A=21o 16' 44", ^=96° 48' 36", and 
fl=2lo 19' 29" 

• The sine complement of 131^ 59' 50", is the same hs the sine complement 
of 480 0' 10". 
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5. Given one side, c=64^ 96', and the angles adjacent, A=:^&^, and 
J?=52o, to find the other parts. 

Ans. J=45o 66' 46", «=43'5 39' 49", and 0=98° 28' 6". 

6 Given the three sides, 0=90^, 6=90^, c=90^, to find the angles 
A, B, and C. Ans. A=90®, J?=90®, and 0=90°. 

7. Given the two sides, «=77o 26' II", and 0=128^ 13' 47", and' 
the angle C, to find tlie other parts. 

Ans. 6=84° 29' 24", il=69<^ 14', and 5=72° 28' 46'. 

8. Given the three sides, a, 6, c, fl=68o 34' 13", t=69« 21' 18, 
and 0=112^ 16' 32", to find the angles A, J7, and C 

Ans. il=:46<^ 26' 12", J?=41° 11' 6", C=134<> 64' 27" 



'K' \ 




rf— 



APPLICATION. 

Spherical trigononometry becomes a science of incalculable 
importance in its connecticm with geography, navigation, and 
astronomy; for neither of these subjects can be understood witihout 
it ; and to stimulate the student to a study of the science, we here 
attempt to give him a glimpse at some of its points of application. 

Let the Imes in the an- 
nexed figure represent cir- 
cles in the heavens above 
and around us. 

Let Z be the zenith, or 
the pdnt just overhead, Beh 
the horizon, PZB" the meri- 
dian in the heavens, P the 
pole of the earth's equator ; 
then Ph is the latitude of 
the observer, and PZ is the 
co.lalitude. Qcq is a portion 
of the equator, and the dotted, curved line, mS'S, parallel to the 
equator, is the parallel of the sun's declination at some particular 
time ; and in this figure the sun's declination is supposed to be 
north. By the revolution of the earth on its axis, the sun is 
apparently brought from the horizon, at 5, to the meridian, at m ; 
and from thence it is carried down on the same curve, on the other 
side of the meridian ; and this apparent motion of the sun (or any 
other celestial body) makes angles at the pole P, which are in 
direct proportion to their times of description. 
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The f^iparent straiglit line, 2c, is what is denomiiiated, in astro- 
nomy, Uie prime vertical; that is, the east and west line through the 
zenith, passing through the eaet and vfeH points in the horison. 

When the latitude of the place is norUi, ^nd the declination is 
also north, as is represented in this figure, the sun rises and sets 
on the horizon to the north of the east and west points, and the 
distance is measured by the arc cS, on the horizon. 

This arc can be found by means of the right angled spherical 
triangle cqS^ right angled at q. Sq is the sun's declination, and the 
angle Scq is equal to the co.latitude of the place ; for the angle cPh 
is the latitude, and the angle Scq is its complement. 

The side cq, a portion of the equator, measures the angle cPq, 
the time of the sun's rising or setting before or after six, apparent 
time. Thus we perceive that this little triangle cSq, is a very 
important one. 

When the sun is exactly eoMi or wesU it can be determined by the 
triangle ZPS'; the side PZ is known, being the co.latitude; the angle 
PZS' is a right angle, and the side PS' is the sun's polar distance. 
Here, then, is the hypotenuse and side of a right angled spherical 
triangle given, from which the other parts can be computed. The 
angle. ZPaS^' is the time from noon, and the side ZS* is the sun's 
zenith distance at that time. 

FORMULA FOR TIME. 

The most important problem in navigation is that of finding the 
time from the altitude of the sun, when the sun's declination and 
the latitude of the observer are given. 

This problem will be un- 
derstood by the triangle 
PZS. When the sun is on 
the meridian, it is then ap- 
parent noon. When not on 
the meridian, we can de- 
termine the interval from 
noon by means of the tri- 
angle PZS; for we can 
know all its sides ; and the 
angle at P, changed into 
time at the rate of 15^ to 
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one houTy will give the time Irom apparent noon, wHen any par* 
ticular altitude, as TS, may have been observed. PS is known 
by the sun's declination at about the time ; and PZ is known, if 
the observer knows his latitude. 

Having these three sides, we can always find the sought angle 
at the pole, by the equations already given in formulas (T), or 
( U); but these formulas require the use of the coJatUude and the 
coMltitude, and the practical navigator is very averse to taking the 
trouble of fincHng the cobaplements of arcs, when he is quite 
certain that formulas can be made, which comj^rise but the arcs 
themselves. 

The practical man, also, very prpperii^ demands the most concise 
practical results. No matter how much labor is spent in theoriz- 
ing, provided we arrive at practical brevity ; and for the especial 
accommodation of seamen, the following formula for finding time 
has been deduced. 

From the fimdamenta} equation of spherical trigonometry, taken 
from page 191 we have, 

cos.Z/S— COS.PZ eoB.PS 



cos.jP=- 



sin.i'Z an.PS 



Now, in place of cos.ZS, we take sin. ^2^, which is, in fact, the ^ 
same thing, and in place of co&PZ, we take sin.lat, which is also 
the same. 

In short, let A^=: the altitude of the sun, L= the latitude of the 
observer, and 2)= the sun's polar distance. 

__ „ sin.^ — sin.Zcos.2> 
Then, . • cos.P= j.—. — =- 

But, . 2 sin.* iP=z 1— COS.P (See eq. 32, page 1 43.) 
sin.-4 — sin.Z cos. D 



Therefore, 2 sin.' ^^=1- 



C0S.X sin.i> 



(cos.Z sin.2>+ sin.i/ coB.Jf>) — sin-^ 

"^ cQsJjsia,!) 

_^sin. (L+D)^ ^n.A 

"~ cos Jif flln.i> 
18 
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Considering (L+D) as a single arb, and applying eqnatioii 
(16), plane trigonometiy, we haye» after dividing by %, 

coB .(— ^-)»m.(— ^— ) 

sin.* A-P=s , . y. 

* COS.X sin.!/ 

But, = — A and if we assume 

2 2 

J, Z+i>+-4, we shall hare, 



2 . 

* t*na T. am 7) 



COS.Z sin^ 



O * AP— h^ ^*^^^ (S—A) 
• • T >/ coB^ sin.i> 



cosJi sin.2> 

This is the final result, when the radius is unity, and when the 
radius is greater bj B, then the sin. ^P^ will be greater by 
B; and, therefore, the value of this sine, corresponding to our 
tables is. 



This equation is known as the sailor's formula for time, and a 
very concise and beautiful formula it Ls ; it is used by thousands 
who have little knowledge of how it is obtained, or who know 
little of the amount of science there is wrapt up in iL 

When the observer has logarithmic tables that contain secants 
and easecanU, the above equation can be modified. 

Because, 8ec.Z= = and cosec J>= 



COS.Z sin.2> 

(See equations, plane trigonometry, page 138.) 



Therefore, sin4iP=^/ ?^^ ) I ^^^' - ) co&.SBixi.(S—A) 

Here, then, we have /ovr distinct logarithms to be added together 
and divided by 2, which is extracting square root 
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The first logarithm is the secant of the latitude, diminhhed hj 
the index 10 ; the second is the cosecant of the polar distance, 
diminished hy the index 10 ; the third is the cosine of the half 
sum of altitude, latitude, and polar distance ; and the fourth is the 
sine of an arc, found by diminishing this half sum by the altitude. 
Navigators retain this formula m memory by the following words : 
Altitude — latitude— pdoT distance — half sum — remainder; secant 
— cosecant — cosine-^sine, 

EXAMPLE. "" 

In latitude 39^ 6' 20" north, when the sun's declination was 
12® 3' 10", north, the true altitude* of the sun's center was 
observed to be 30° 10' 40'', nsinff» What was the apparent time ? 

Alt. 30** 10' 30" . 
Lat. 39 6 20 cos.com. .110146 
F.D. 77 66 60 sm.com. .009680 



2)147 


13 40 






S= 73 


36 60 


COS. 


. 9.460416 


(S—A)^ 43 


26 20 


sin. 


. 9.837299 
2)19.407641 


30 


22 6 
2 


sin. 


9.703770 



P= 60 44 10 

This angle, converted into time, at the rate of 16^ to one hour, 
or 4 minutes to P, gives 4h. 2m. 66s. from apparent noon ; and 
as the sun was rising, it was before noon, or 

7h. 67m. 4s. A. M 
If to this the equation of time were given and applied, we should 
have life mean time ; and if such time were compared to a clock, 
or watch, we could determine its error. A good observer, with a 
good instrument, can, in this manner, determine the local time 
within 4 or 6 seconds. 

* The instrument used, the manner .of takin|r the altitude, its correction 
for refraction, semidiameter, and other practical or circumstantial details, do 
not belong to a worlc of this kind, but to a work on practical astronomy or 
navigation. 
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The great imparta&ce of detemmung the exact time, at sea, m 
to detenniae the longitude, which is but the difierence of the local 
time between the obaerrer's meridian and the asaumed prime 
meridian. 

A timeiHece, of nice and delicate construction, called a chrono- 
meter, by its rate of motion and adjustment, will show the time at 
Greenwich, or at any other known meridian to which it refers ; and 
this time, compared with an observation on the sun, will determine 
the amount of difference in local times, which is, in substance, 
longitude. 

The same triangle, PES, gives the bearing of the-^un, which is 
is called its azimuth ; that is, the angle PZS is the azimuth 
from the north, and its supplement, ffZS, is its azimuth from the 
south. This is the true bearing ; and if the bearing per compass 
is the same, then the compass has no variation ; if different, the 
, amount of difference gives the amount of the variation of the 
compass. 

HOW TO MANAGE A LOCAL SOLAR ECLIPSj^. 

We shall touch this subject only so fjBor as to show the applica- 
tion and utility of. spherical trigonometry. 

The angular semidiameter of the sun is about 15', and that of 
the moon, about the same ; and, of course, when an eclipse of the 
sun commences or ends, the apparent distance between the sun and 
moon cannot be greater than about 32', or a little more than half 
a degree. 

The nautical almanac, or the astronomical tables, will give us 
the time when the sun and moon fall into line on the same meridian 
of ripht ascension, and give us, also, their difference in declinations, 
at the same time, together with all the other necessary elements, 
such as semidiameters, horizontal parallax, hourly motions, <&c. 

Now let us take the time when the moon is in conjunction with 
the sun in ri^ki ascension, and demand the apparent distance 
between the centers of the sun and moon, as seen from any 
particular locality. 

By the time as given in the nautical almanac, we know the 
sun's distance from the local meridian, either east or west. 
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Look at the last figure. Let S represent the position of the 
sun's center, P the pole, and Z the zenith of the observer. 

Then, in the triangle ZPS, we know the two sides, ZP and PS; 
and from the apparent time, we know their included angle, ZPS. 

The declination of both sun and moon is also given in the nau- 
tical almanac, corresponding to this time ; and their difference 
gives the space which we represent by Sm, on our figure. From 
the triangle PZm (two sides and angle included), compute Zm and 
the angle ZmP, 

The effect of parallax is to depress the body in a vertical direc- 
tion ; ahd if m is its true place, as seen from the center of the 
earth, n may represent its apparent place^ as seen by the observer, 
whose zenith is Z. , 

The arc mn is^ computed from the horizontal parallax, by the 
following proportion, p representing the^ lunar horizontal parallax. 

Bad. : cos. } app.altitude ^^p : mn. 

The angle 8mn^=^ZmP, and the angle ZmP is computed from 
the triangle PZm, Now, the triangle Smn is always very small ; 
the sides are never more than a degree in length, >and are generally 
much less ; and it therefore may be regarded as a plane triangle, 
with two sides, Sni and mn, and the angle Smn, between them, 
^ven. From these data we can compute the dist^ce betw0||| - S 
and n; and if that distance is less than the sum of the semidj|^e- 
ters of the sun and moon, the sun must then be in ^ ecupse— 
otherwise it is not. 

But whether the distance between S and n is less, equal, or 
greater than the semidiameters of the sun and moon, by it the 
computer can assume an approximate time for the beginning or end 
of the eclipse, as the case may be. 

In case the computer wishes to compute the apparent distance 
between mn and moon, corresponding to any other time than that 
of conjunction m right ascension, he may assume any interval before 
or after that period; and by the moon's motion from the sun during 
that interval, he can put tke moon in its true place, at m. 

Now, by the help of the spherical triangle PZm, and the moon's 
horizontal parallax, the distance mn can be computed as before ; 
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and by means of the liMe triangle nma, we compute the distances 
na and anu The distance na is parallax in right ascension, and ma 
is parallaz in declination. Parallax increases the mocm's right 
ascension when the moon is east of the meridian, and diminishes 
it when west of the meridian. 

Now, the difference be- 
tween PS and Fot is the 
apparent difference of dec- 
lination of the sun and moon; 
and ne is the apparent dif- 
ference of right ascension 
of the same bodies; ea is 
the real difference in right 
ascension. The distances 
Se and en,* expressed in 
uconds of are as linear units, 
form two sides of a right 
angled plane triangle; and 
the distance Sn, the hypotenuse, is the apparent distance between 
the center of the sun and the center of the moon ; and just at 
the commencement or end of an eclipse, that distance will be equal 
to the semidiameter of the sun, added to the semidiameter of the 
moon. 

But it would be only accident if an operator should assume the 
exact tvme of the beginning or end of an eclipse ; but the distance 
Sn, computed, would indicate whether the eclipse had already com- 
menced or ended, or would commence or end withm some very 
short interval of time. 

Astronomers, howerer, are in the habit of taking two intervals 
of time, about 10 or 15 minutes asunder, between which they know 
the eclipse will conmience, and compute the apparent ^istance, Sn, 
for these two periods ; one of them will be less, and the other 
greater than the sum of the two semidiameters ; and thus they find 
data to proportion to the commencement or end in question. 

By the same principles astronomers compute the beginning and 
end of occultations. 



* The nnmber of Beconds in en mvutt be multiplied by the coBine of tbe 
declination, becaoee en is an aic of a small circle. 
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MISCELLANEOUS ASTRONOMICAL EXAMPLES. 

1. In latitude 40"" 48' north, the sun bore south 79° 16' west, at 
3h. 37m. 59s. P. M., apparent time. Required his altitude and 

declination. SP'J^ S'Z.^" /^>'^J^Sj: 

Am. The altitude 50" 4 0^ and declination W-W northT 

2. In north latitude, when the sun's declination was 14° 20' 
north, his altitudes, at two different times on the same forenoon^ 
were 43° 7'+f* and 67° 10'+; and the change of his azimuth, in 
the interval, 46° 2'. Required the latitude. Am. 34° 20' uort^i^ 

- 3. In latitude 16° 4' north, when the sun's declination is 23° 2' 
'north. Required the time in the afternoon, and the sun's altitude 
and bearing when his azimuth neither increases nor decreases. 

Ans, Time 3h. 9m. 26s. P. M.« altitude 45° T, and bearing 
north 73° 16' west. 

4. The suu set south west ^ south, when his declination was 
16° 4' south. Required the latitude. ' Aim. 69° 1' north. 

5. The altitude of the sun, when on the equator, was 14° 28'+» 
bearing east 22° 30' south. Required the latitude and time. 

uln«. Latitude bQ"" 1', and time 7h. 46m. 12s. A. M. 

6. The altitude of the sun was 20° 41' at 2h. 20m. P. M, when 
his declination was 10° 28' south. Required his azimuth and the 
latitude. Ans. Azimuth south 37° 5' west, latitude 51° 58' north. 

7. If, on August 11, 1840, Spica set 2h. 26m. 14s. before Arc- 
turus, hight of the eye 15 feet, required the north latitude. 

Ans. 38° 46' north. 

8. If, on November 14, 1829, Uenkar rise 48m. 3s. before 
Aldebaran, hight of the eye 17 feet, required ^e north latitude. 

Ans. 39° 33' north. 

9. In latitude 16° 40' north, when the sun's declination was 
23° 18' north, I observed him twice, in the same forenoon, bearing 
north 68° 30' east. Required the tunes of 6bservation, and his 
altitude at each time. 

Ana. Times 6h. 15m. 40s. A. U., and lOh. 32m. 48s. A. M., 
latitudes 9° 69' 36"^nd 68° 29' 42". 

• Pint meant rising ; and, of coaiie» forenoon. 
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LUNAR OBSERVATIONS. 

The moon revolyes through a great circle of the celestial sphere 
in about 27 days and 8 hours ; and astronomers are able to desig- 
nate its exact position in respect to the stan, corresponding to any 
definite time. 

But the observer is supposed to be at the 
center of the earth. Hie moon is never seen 
by an observer in «rac^y Us true plane, unless 
the observer is in a line between the center of 
the earth and the center of the moon ; that is, 
unless the moon is in the zenith of the observer; 
in all other positions the moon is depressed by 
parallax, and appears nearer to those stais which are below her, 
and further from those that are above her, than would appear 
from the center of the earth. 

The true distance between the sun and moon, or between a star 
and the moon, can be deduced from the apparent distance, by the 
application of spherical trigonometry. 

The apparent altitudes of the two objects must be taken, and 
corrected for parallax and refracti<m. 

Let Z be the zenith of the observer, ff the apparent place of the 
sun or star, and S its true place ; also, let m' be the apparent place 
oi the moon^and m its true place, as seen fr<Hn the center of the 
earth. 

With the observed sides of the spherical triangle ZS'mf, we 
compute the angle at Z; then, in the triangle ZSm we have the two 
sides ZS and Zm, and the included angle at Z, from which we 
compute the side Sm, whicK is the true distance. 

To the definite, true distance, there is a corresponding definite 
Greenwich time, which the practical navigator can find with the 
utmost facility. This time at ih^JirH meridian, compared with the 
local time deduced from the altitude of the sun, will of course give 
the longitude. 

To deduce the true distance from the apparent, is called working 
a lunar, and is a subject of considerable perplexity to the young 
navigator; but, by means of auxiliary tables, and rules for delicate 
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approzimatioiis, science and art have nearly oyercome all difficul- 
ties, and a good operator can now work a lunar in about Jive 
niintUes. 

We here only give a view of the scientific principles involved. 
For complete practical knowledge we must consult books on 
navigation. 

APPENDIX TO TRIGONOMETRY. 

For the benefit of those who may desire to cultivate a taste for 
mathematical science, we give the following exercises, which are 
deaigiied to strengthen the powers for geometrical investigations. 

To demonstrate equations (7), (8), (9), 
and ( 10), geometrically, the pupil must be 
fully impressed with the following principles: 

1 . An angle in a semicircle is a right angle, 

2. ^ one side of a right angled triangle is 
made the sine of its opposite angle^ the other 
side will he the cosine of the same angle* 

(See proposition 3, page 147.) 

3. Any chord is double the sine of half the arc (See observation 
3. page 138.) 

4. Observe theorem 21, book 3. 

Now from A, any point on a circle, take ^ J?, the double of any 
arc designated by a, and A C, double of any arc designated by h. 
Draw ADf the diameter, and consider its value equal 2, twice 
the radius of unity. Join BD and 2>C7. 

Then, by reason of the quadrilateral in a circle, we have, 
AJ)'BO:=AB*J)C+AC'BJ) (1) 

But, . AB=iZsm.a) j^^ ^(7=2sin.5) 
i2>=2 cos.a ) ' i)C7=2 cos.6 J 

-5^C7==2 8in.(a+i), and ^i>=r2 
Substituting these values in ( 1 ), we have 

4 8in.(a+^)=s2 «in.a 2 co8,5+2 cosui 2 uaJ^ 
Dividing by 4, and 

8in.(a+5)s=sin.a oo8.5-l-co8.a sinA 
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Now let the are CAB^sM%a, and AB^fb; then ^(7s2a— 26 
And« • 0S=2BmM, AC=:tBm.(ar^), ^i)r=2co8.6 

AB^taxLb, DCssS co6.(a— 6) 
Substitiiting these values in equation (I)* we have 

48m.as2 sm^ 2 C06.(a — b)+2 saL.(a — h)ft coaj 
Diriding by 4, sin.as:8ia^ co6.(a — 6)+8in.(a — 5)co6^ 

To demonstrate equation (8.) Let the 
arc ABsxia, ACssi h; 

Then, . -ffC7»2(a--^) 

And, by reason of the quadrilateral, 
AB^DC^BC^AD-^-AC^BD (2) 




But, . AB^9, 8in.a 
BD 



-2»^-«iAlso, -*<^=2rin^) 
=2 C06.O) i>(7=2 C08.JJ 



AD^%, and BC^% 8]n.(a— ^) 

These values substituted above, and we have 

2 8in.a 2 cos.&=4 sin.(a — &)+2 ffln.5 2 cos^ 

Dividing by 4, transposing, Ac, 

And sin.(a— ^)s=8in.a oo6.d — sui.S C08.a 

Agam, let the are AC^2a, the are CB^fb; then the mra 
AOB:^t(a+h), 

And the chord AB=i2 sin.(a+6) ) ACss^ sm.a ) 
BD=^Z cos.(a+6) J 2X7=2 cos.a ) 

^2)=2, and jBC7=2 sin.ft 
Substituting these values in equation (2), we have, 

2 cos.a 2 sm.(a+6)=4sm.6+2 sin^ 2 co8.(a+6) 
Dividing by 4, 

cos.a sin.(a+ft)=sin.6-|-tttt«« co8.(a+^) 
To demonstrate the truth of equation (10), we use the last 
figure, conceiving the arc ^(7 to be 2a, the arc BD to be 25. 
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Then the arc ^C7 will be measured hj ( 1 B0**—2(a+b) ) ; its half 
will therefore be measured by 90** — (a+h). 

But, . 2sin.(90^-^+i)=:2cos.(o+^)=^C7 

On this hypothesis, 

The chord ^C7=2sm.a) ^..^ i>-B=2 sm.i ) 
(7i>=2 cos.a f ^*^' AB=2 coa.b f 

AD=:Z, and -ff C7s=2 cos.(a+6) 

Substitutmg these values m equation (2), we hare 

2 C0S.5 2 cos.a=4 cos.(a4-6)+2 ^^»^ 2 su^*^ 

Dividing and transposing, 

cos.(a+J)=cos.a cos.6 — sin.a sm.J 

To demonstrate equation (10). Draw 
the diameter AD, and on one side of it 
take the arc AB^Za^ and on the other side 
take the arc 2>^=s26. Job BD, AH, and 
BF: From B, draw BCF through the 
center of the circle; then the arc DJSF 
= the arc AB, and JSF is the difference 
of the arcs AB and DJS; it is therefore measured by 2(a— ^). 

Now, in the quadrilateral ABDE, we have 

AD^BE^AB^DE^DB'AE 

-4.8=2 sin.a) ., ^ 2>-fi^=2 sin.i > 
^i>=2cos.af -^^°' uiJF=2cos.6f 

-4i>=2, and BE=^2 cos.(a-^) 

These values, substituted in the last equation,, will give 

4 cos.(a — 6)=s2 sin.a 2 sm.H~2 cos.a 2 coe.ft 

♦cos.(a — 6)=sin.a sin.^+oos.a cos.6 

PROBLEMS FOR EXERCISE. 

1. SloiO^, geofmarically, that rad.*(rad.+co8.^)8B2 cos^; that 

rad.*(rad-— cos.^)=2 sin'—; that rad.*sin.2 ^=2 sm.^'cos.^/ 




290 APPENDIX TO 

2. Prove that taii.^-{-tan.J9= — —t^ — L radius beinir umtr. 

3. DemonBtrate, gmjmttneMy^ that rad.*8ec2^8taii^ tan.2^ 
+rad». 

4/ Show that m any plane triangle, the base is to the sum of the 
other two sides, as the sine of half the Tertical angle is to the cosine 
of half the difference of the angles at the base. 

5. Show that the base of a plane triuigle is to the difference of 
the other two sides, as the cosine of half the rertical angle is to 
the sine of half the difference of the angles at the base. 

6. The difference of two sides of a triangle, is to the difference 
of the segments of a third side, made by a perpendicular from the 
opposite angle, as the sine of half the vertical angle is to the cosine 
of half the difference of the angles at the base ; required the 
proof, 

NOTE. 

Wlien we give our attention to the relations existing between the 
arc of a circle and its aine, cosine, and tangent, it becomes very denr- 
Eib!e to find some kw which will invariably and unconditionally ntitne- 
ricdOy conned the arc with its trigonometrical lines ; and the object 
has been accomplished, though not in as elementary a manner as is 
desirable for a work like this. 

In the calculus the process is clear and simple ; but simple as it 
may be, the reader must first understand the calculus beforetit can 
be even comjurehensible to him. 

We give the following investigation, independent of the calculus, 
taken from the French works of Legendre, with our own modifica- 
tions and illustrations. By a little careful study, any one can thoroughly 
comprehend it, who is familiar with algebraic equations, and under- 
stands the 6tn(imui2 theorem, 

LEMMA*. 

If there he an aigdfraie equation in which the members consist of quan^ 
tities, part real and part imaginary, then the real quantities in (he two 
members are equals ani the imaginary quantities are equal. 

N. B. Imaginary quanUties contain the factor, V — h and such 
quantities are, emphatically, tma^nary; they have no real existence. 
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Suppose we kayff ui e^pmttoti ia trhi eh the earn ^ Ihe teal quantities 
lA the first membw is represented hy A ; and the sum of the like 
quantities in the second member by i. Also, the sum of the imagi- 
nary quantities in the first member, suppose represented by S ^-r-\, 
and the sum of the like quantities in the second member by T^ — 1; 
that isj suppose the following equation to exist. 

A+SlJ^^B+TJ^ 
Then, . A=:B, and fif^lTis-r^ZJ 

If A is not equal to B, one must be greater than the other ; and as 
they are supposed to be real and definite quantities, their difference 
must be real and definite ; aad, therefore, we ean represent it by the 
definite quantity Z>. 

That is, suppose A greater than B by Z>; then the equation 
t»ecomes 

Strike out B from both members, and transpose 8J~l 

, Then, JP==K/^--^ • 

That is, a real quantity equal to an imaginary one— -a perfect absurdihf; 
and this absurdity is in consequence of supposing A not equal to Bj 
therefoie, wemust admit that A=rB» 

It necessarily follows that 



Let a represent any arei the ?adiiia imiqr; then^ 

cos.'o^^'^'^^'^^^ 
CoBoeive tfaa first number aa cdmpoaed of the two fiicton» 

coB,a^h mnM, aad cos.«— ^ 8ia.a 
The product of these two factors, is 

cos.'a— %' sin.'a; and, by hypothesis, this 
prodaet must equal the first member of the equation ; that is, 
cos.'o — h^ sin.^a=:cos.^a-)-sin.^a 
Dropping cob.^ii from both membeie, there remaias 
— ik*Bin.VesBin.*ii 
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DividiBg bj aia.^ and dmigiiig aigiM, we htm 

*'==— 1. or k=s+jlli, which shows that tiie 
eoefllcient, ft, is imaginary.* 

The different powers of ft are 

and so on. Observe that all the eren powers of ft are rational quan- 
tities ; in short, units, with the signs pki$ and mmiu alternating. 

Thus. . hh=z —1, ft4=r +1, ft«= —1, A«« +1, and so on. 

All the odd powers are imaginary^ and the signs alternating. 
[f we multiply the two similar factors, 

eos.a-|-ft sin.ii 
And, . . . COS.H-A 8in.6 

Product will be, cos.a tMJh\-{mn.a cos.^4-eos.« sin.ft)ft+Aasin.« sin.ft 
Now let ft=:V— 1» wad ft»BB —1 ; then this product is 
(cos. a cos.6— sin.a sin.5)-f(8in.a cos.^-cos.a i&xi.l)J^ 

Compsring this expression with equations (9) and (7), page 141, 
we perceive that it is the same as 

cos.(«+»>fBin.(a+») V^ ; 
Hence, (cos.«+ft sin.«)(cos.6+A Bin.fl)=cos.(a-H>fft Bin.(a+6) 
In case we give to ft its particular imaginary value, J^l 
liis very remarhO^ (kat Uie prcdua 
timjiy adding the arcs, whick is a property amdagmu to logarithms. 

If we make ite^ in the preoeding equation, we have 

(cos.a+ft sin.a)(co8.«4.ft wn.a)=:cos.3«+* sinAi (1) 
(cos.a+ft sin.«Xco8.a«+ft sin.aii)=sco8.aa+A sin.Sa (a) 
(cos.«+ft sin.a)(cos.8a4.ft 8in.3a>«cos.4iH-ft "in^a (3) 
and so on. 
The first member of equation (1), is 

(cos.a-|-ft 8in.a)» 



• Thig investigation shows, also, that the sum of any two sqnans mav be 
regarded as the product of two bmemial fBotan. 
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The first member of equatioii (3)« is 

(co8.ii-f-A 8in.a)', and so on. Therefore, in 
general, if » is taken to represent any entire number whatever, we 
shall have, 

cos.iui-|-^ 8in.niicB(cQS.a4>A 8in.a)' 
But, • (cos.a4-A Bin.a)*=co8."a(l4-A tan.a)* 

^ sin.a 

Because. . . . -— -"=tan.tf 
cos.a 

Hence, . cos.na4-A 8in.n<i=ico8.''ii(l4-& tan.a)^ (4) 
Expanding the binomial in the second member, we have 

(l+AUn.a)'s=l4-iiAtan.fl4-n-^i«tan'a-fn-2 ^-V tan'a, &c. 

Substituting the expanded binomial in equation (4), it becomes 
cos.na-^& 8in.iia=: 

cos."a(l-{-fi^ tan.fl+n-^A* tan.'ii-l-n-g o^A* tan.*fl, &c.) 

Calling to mind the principles explained in the preceding lemma, 
and recollecting that all the terms containing the odd powers of h must 
be imaginary, and all the other terms real, therefore, we may pot 
cos.iia equal to all the real quantities in the series, multiplied by the 
factor cos."a; and the imaginary quantity k sin.na, must be put equal to 
all the terms in the series containing the odd powers of A, and the 
whole multiplied by the factor cQs."a. 

But as every term of this equation will contiun h, we can divide by 
&, and thus convert every odd power into an even power, and change 
the equation from imaginary terms to real terms. 

Thus, by equating the parts of the preceding equation, we have 

cos.na=: 

n^-l n-— 1 fir— 2 9^— >3 
cos*a(l-(-» -^ *' tan.'fl+n -^ 5 r- h^ tBJi^a+ &c.) 

6in.nii=cos."a(n tan.a-|-it -^ r- h' tan.»ii-f-n -—z r- — 



J- A* tan.»fl+ &c.) 



X 

Put x=^na. Then »=-. Also observe that &'= — 1, and A*=l, 

and so on, ahemately. Making these substitutions, the preceding 
eqnatioiie become 
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1 « "" 

a/o? — tf)(a>— 2a)(ap — 3a){a>— 4fl) tan.'d' 



V 1 a 1«2*3 a' 



l*a*3»4-6 a» ^* / 

In these equations the arc a may he taken of any yalae whatever, 

tan .a 
and when a represents a very small arc, — — is very near nnity, and 

is exactly unity when assO. 

Also, when a=0, cos.asl, and any power of 1 is 1; therefore, 
C08.*a=:l. Making these substitutions, the final results will be, 

^•*=^"" Ta + 1^^3^ "" l*a-3-4-M + ^• 

sin u»==»— 1^.3 + 1^.3.4.^ — 1.2*3*4«6-6*7 + ^^ 

To apply these equations, and show their practical utility in the pri- 
maiy computions for the natural sines and cosines, we require the 
natural sine and cosine of 3^. 

When radius is unity, the arcof IB0° is 3.14159265. 

Therefore, the arc of 3^ is .052359877. 

Hence, . . --^-rs —0.001370733 

X* 

And, . . . :i,-r== +0-000000313 

Therefore, from . . . 1.000000313 
Take . . . . . 0.001370733 



COS.a::=: 


0.998629580 


a= 


0.052359877 


x^ 
"^"~ 


0.000023928 


a:* 
120*" 


0.000000003 



Bin.x^ 0.052335957 the sin. of 3^. 

In like manner we may compute the sine and cosine of any other 
arc. But the greater the arc, the slower the series will converge; «nd» 



in ease of large arcs, a greater nomber of teirma mat be taken to obtain 
a reaalt of eqnU exactness ; the series, however, is neyer used for 
large arcs, but the combinations of other formulas are then used. 
These formulas are more practical than any <^ther hitherto given for 
the same object ; but their theoretical investigation is supposed to 
require more power than a learner can at first possess. 
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CONIC SECTIONS. 

DEFINITIONS. 

♦ 

1. Como SicTXoxrs are the figures made by a plane, catdng a 
C(me. 

2. There srejlve different figures that can be made by a plane 
entting a cone, namely : a tfkmgU, a cMe^ an dUpse^ a parabola^ 
BxA 931 hyp0ffMa. 

Baai4BK« The three last mentioned are commonly regarded as 
embradng the whole of come sections ; but with equal propriety 
the triangle and the drcle might be admitted into the same family. 
On the other hand we may examine the properties of Hie ellipse* 
the parabola, and die hyperbola, in like manner as we do a triangle 
or a circle, without any reference to a cone, whatevert 

It is important to study these cunres on account of their ezten- 
sire applioati<m to astronomy and otiier sciences. 

3. K a plane cut a cone through its vertex, and terminate in 
any part of its base, the section will eyidently be a triangle. 

4. If a plane cut an upright cone parallel to its base, the section 
win be a circle. 

5. If a plane cut a cone obliquely through Jboth ndes of the 
cone, the section will represent a curve, called an ellipse. 

6. If a plane cut a cone paraUd to one side of the cone, or 
what is the same thing, if the cutting plane and the side of the 
cone make equal angles with the base, then the section will represent 
a parabola. 

7. If a plane cut a cone, making a greater 
angle with the base than the side of the cone 
makes, then the section \$ an hyperbola. 

8. And if all the sides of a cone be continued 
through the vertex forming axx opposite equal 
cone, and the plane be also continued to cut 
the opposite cone, this latter section will be the 
opposite hyperbola to the former 
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9. The rerlices of any section are the pointe . 
where the cuttiiig plane meets the opposite sides 
of the cone, or the sides of the vertical trian- 
gular section, as A and B. 

Hence the ellipse, and the opposite hyperbolas, 
have each two vertices ; but the parabola only 
one; unless we consider the other as at an 
infinite distance. 

10. The axis, or transverse diameter of a conic section, is the 
line or distance AB between the vertices. 

Hence, the axis of a parabola is infinite in length, AB being only 
a part of it. 




THE ELLIPSE. 

When we kno^ how to describe a circle, we can give a definition 
of it ; and without conceiving it to be a conic section, we can go on 
and investigate its properties. 80 with the ellipse. When we 
know how to describe it^ we can give a definition of it, and go on 
and investigate its properties ; and we shall do so without conceiving 
it to be a conic section. 



PROBLEM. 
To describe an JSUipse. 

Take any two points, as F and F\ 
Take a thread, long^sr than the dis- 
tance between F and F', and fiBisten 
one; extremity at the point F, the other 
at F\ Then take a pencil and put it 
in the loop, and move the pencil entirely 
round the fixed points, keepmg the 
thread at equal tension in every part. The pencil thus passing 
round .the,points F and F\ describes a curve, as is represented in 
the adjoining figni^, and it is ^ed an ellipse ; hence an ellipse 
may be defined as on the following page : 
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1. An ellipse is a plane cunre, confined by two fixed points ; and 
the suB^of the distances from any fcmi in the conre to the fixed 
points, is constantly the same. 

2. The two fixed points are called the foci. 

^' 3. The center is the pcunt 0, the middle p(unt between the foci. 

4. A diameter is a straight line through the center, and termi- 
nated both ways by the curve. 

5. The extremities of a diameter are called its vertices. 
Thus, DD' is a diameter, and D and iX are its vertices. 

6. The nu^or axis is the diameter which passes through ihe/bci. 
Thus, AA' is the nu^ar axis. 

. 7. The minor axis is the diameter at right angles to the major 
axis. Thus CE is the semi minor axis. 

8. The distance between the center and either focus is caUed 
the excerUricify when the semi major axis is unity. 

That is, the excerUricify is the ratio between CA and CF; or it 

OF 
is y^; and, of course, always less than unity. The leas the 

excentricityy the nearer the ellipse approaches the circle. 

9. A tangent is a straight line which meets the curve in one 
poiAt, only; and, being produced, does not cut it. 

10. An ordinate to a diameter is a straight line drawn from any 
point of the curve, parallel to a tangent^ passing through one of the 
vertices of that diameter. 

N. B. A diameter and its ordmate are not at right angles, 
unless the diameter be either the major or mwior axis* 

11 > The points Into which a diameter is divided by an ordinate^ 
are called abmssas. 

12* T1i6 parmmter of a diameter is the double ordinate which 
passes through one of the foci. 

13. The parameter of the major axis is oalled the prindpal 
parameter, or lattts-rectum, ThviB, FG is (me half of the principd 
parameter. 

14. A subtangent is that part of the axis produced, which is 
bcluded between a tangent and the ordinate drawn from the point 
of contact. 




THE ELLIPSE. 

PROPOSITION 1. THEOREM. 

l%e major axis is altoayi equal to the 9um of the two lines drawn 
from any point in the curve to the foci. 

Suppose tbe pencil at i> to reyolre 
along in the loop, holding tbe threads 
F'D and jPi> at equal tension ; and 
when 2) arriyes at A, there will be 
two lines of threads between i* and A 
fienee, Ifte entio^e length of the threads 
win be mefyrared by F F+^FA. 
Also, when J) arrires at A', the length of the threads is measured 
by FF'+ZF'A\ 

Therefore, . FF'+iFA=^FF'+iF'A 

Hence, . . . . FA^F'A' 

From the expression FF'-^^tFA, take away FA, and add F'A'^ 
and the sum will not be changed, and we hare 

ff'-\-'^fa^=za:f'^ff'^fa^aa 

Hence, . . .F'D^FIh^AA Q.F.J). 

PROPOSITION J. THEOREM. 
The dit^ncefrom ei^ber focus to the extremity ofMte minor axis, is 
equal to half the maffor axis. 
As F'e=sCF (s^ last figure), and (7i> is at right angles to 
. .F'JD^FD. 
.F'J)+FIh=A'A 
Or, . . . .2FIhs^A'A 
Or, . . . . FB^hslf A' A, or CA. Q. F. D. 

^^^GK^^^Iktaok'^^eB^ihe minor axis is a m>ean proportional between 
the distance from either focus to the principal vertices. 

In the right angled tria^gled FGJ) we hare 

OIP=:FIP—F(P 
But, .... FD^AO 
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Therefore, 



Or,. 
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^{AC+FC){AC—FC) 
^AF'XAF 
AF\ OD^CD.FA' 



PROPOSITION 8. THEOREM. 
Every diameter is bisected in the center. 

Let D be any point in the curve, 
and C the center. Join DO, and 
pi^uce it From F' draw D' parallel 
to FD; and from F draw FJy parallel 
toJ"i>. The figure i>Fi>'jF" is a par- 
allelogram by construction ; and there- 
fore its opposite sides are equal. 

Hence, the sum of the two sides F'D' and D'F is equal to F'D 
and DF; therefore, by definition 1, the point i>' is in the ellipse; 
But the two diagonals of a parallelogram bisect each other ; there- 
fore, JDOss Cjy, and the diameter DJy is bisected at the center, 
C, and Djy represents any diameter. Therefore, (fee. Q. F. D. 




PROPOSITION 4. THEOREM. 

A tangent to the ellipse makes equal angles frith the two straight 
lihes drawn from the point of contact to the/oci. 

Let F and F' be the foci, and J> 
any point in the cunre. Joui F'D and 
^2>,'and produce FD to ff, making 
DH^DF, and jom FK Bisect FH 
in T, Join TD and produce it to U 

Now by theorem 15, book 1, the 
angle FDT^ the angle HDT, and 
HDT^ its opposite vertical angle, FDt. 

Therefore, . . FDT^F'Dt 

It now remains to be shown that 71 is a tangent, and only meets 
the curve at the point 2>. 
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If possible, let it meet the curve in some other point, as A and 
joini^, <^, andjP7. 

By theorem 16, book 1, J?»=:U5r 

To each of these add F'i; 

Then, . . F*i'\'tH^F't'\'Ft 

But F't+iJET are, together, greater than FB, because a. straight 
line is the shortest distance between two points ; that is, F'i-i-M, 
the two lines from the foci, are, together, greater than FB,f>r 
greater than F'D+FD; therefore, the point t is without the 
ellipse, and / is any point in the line Tt, except J); therefore, Tl is 
a tangent, touching the ellipse at D, and it makes equal angles 
with the lines drawn from the point of contact to the foci. 

Q. F. D. 

Car, The tangents at the vertices of ^ther axis are perpendicular 
to that axis ; and as the ordinates are parallel to the tangents, it 
follows that all ordinates to the major or minor axis must cut one 
axis at right angles, and be parallel to the other axis. 

Scholium. Any pomt in the curve may be conadered as a pomt 
in a tangent to the curve at that point 

It is found by experiment that liffhi, heat, and sound, when they 
approach to, are reflected off, from any surface at equal angles;, that 
is, any and every single ray makes the angle of reflection equal to 
the angle of incidence. 

Therefore, if a light is placed at one focus of an ellipse, and the 
sides a reflecting surfiice, the reflections will concentrate at the 
other focus. If the sides of a room be elliptical, and a stove is 
placed at one focus, it will concentrate heat at the other. 

Whispering galleries are made on this prindple, and all theaters 
and large assembly rooms should more or less approximate to this 
figure. The concentration of the rays of heat from one of these 
pomts to the other, b the reason why they are called the /oct, or 
burning points. ^ 

PROPOSITION S. THEOREM. 

Tanffents to the eUipee, at the vertkei cffkt diametir, orepdrMl to 
one another. 
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Let DJy be the diameter, and F' and 
jP the foci. Jom F'D,F'iy,FD,9sA 
FD'. 

Draw the tangents, H and 8i, one 
through the point 2>, the other through 
the pomt Jy. These tangenCs inD be 
parallel. 

By proposition 3, F'lyFD is a parallelogram, and the angle 
F'D'F is equal to its opposite angle, F'DF. 

But the sum of all the angles that can be made on one side of a 
line, is equal to two right angles. 

Therefore, by leaving out the equal angles which form the 
opposite angles of the parallelogram, we have 

siyF'+SiyF'^^tDF'+TDF. 

But, by proposition 4, sD^F'^^SJ/F; therefore, their sum is 
double of ttther one of them, and the above equation maybe 
changed to . • 2SJ)'F:=^2tDF 

Or, . . . SI/F^iDF' 

But DF\ and lyF are parallel ; therefore, SIXF and tDF' are, 
in effect^ alternate angles, showing that Ti and Ss are parallel. 

Q. Jg. D. 

Cor. If tangents be drawn through tiie vertices of any two 
conjugate diameters, they vrill form a parallelogram circumsciibing 
the ellipse. 

PROPOSITION 6. THEOREM. 

If ^ from the vertex of any dicaneter, etraighi lines are drawn thnmgh 
iheffxi, meeting the conjugate diameter, the part interacted ly the 
conjugate, U ^gual to half the nmjor axis.r 

LetDjy be the diameter, and Tt 
the tangent. Draw FF' parallel to 
Ti. Jc»n F'D and DF, and produce 
I>F to £; and from F draw F0 
parallel to FF' or li. 

Now, by reason of the parallels, 
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^ liare {he fblloii^ eqvntions among (be aisles. 

tdf^jdfgI * tdf^dkhI 

But, by proposition 4, tDO^TDF 
Therefore, by equalily, D&F^DFQ 
And^ . . . DHK^DKH 

Hence, the triangle DQF is uoiceUi; also, the triangle DHK 
is isosceles. Whence, • DCh^DF, and DH^DK 
Because HO is parallel to FQ, and i^'(7= OF, 

Therefore, • . F'Ba^HQ 

Add . . DF^Pg 

F'H+DFt=.DH 

But the sum of the lines in both members of this equation is 
F'D']rPF, which is equal to the major axis of the ellipse ; 
therefore, either member is half the major axis ; that is, DH, or 
its equal, DK^ is each equal to half the major axis. Q. E. D. 

PEOPOSITION 7. THEOREM. 

Ferpmdictdars/rom the/cei (/ an dUpss npoa a tan^tetU, meet Hie 
Umgetd in the circumference cf a ctrofe, mhose diameter is the major 



Let F'Fhe the foci, C the center, and 2> a point in the ellipse, 
through which passes the tangent Tt. Join F*D and FD, and 
produce F'D to JST, makmg DH^FB, and produce FD to Q, 
makmg D&^F'D. Then F'H and F& are each equal to the 
major axis, A' A* 

Join FH^ meeting the tangent in 2*, and join F'Q, meeting it 
fai U Draw the dotted lines, OT and Ot. 

By proposition 4, the angle FDTss. the angle F'Lt; and observ- 
ing that opposite vertical angles are equal, therefore, the four angles 
ibrmed by lines crossmg at 2), are all equal. 

The triangles DF'G and DBF ace isoscdes by construction, and ^ 
as their ▼ertical angles at i> are bisected by the fine li, therefore, 
F't^te,B!iid.FT^TH, ' 
20 
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Comparing the triangles F'OF and 
F'Ct, we find FG equals the half of 
F'F, and F't the half of FG; therefore, 
CiPisihehalf of -Pa "BmI A'A^FO; 
hence, Ot^^A'A^GA. 

Comparing the triangles FF'B a&d 
FGT, we find the sides FH and FF' 
cut proportionally in T and G; therefore, 
they are equiangular and similar, and 
GT is parallel to F'H, and equal to half of it That is, CTis 
equal to CA; and GA^ GT, and (% are all equal ; and hence a 
circle described from the center, G, at the distance of OA, will pass 
through the points T and i. Therefore, perpendiculars, &c. 

Q. KD. 

PROPOSITION 8. THEOREM. 

The product of the perpendictdart from thefod upon a tangent, is 
e^al to the square of hailf the minor axis* 

Produce TG and OF' (see figure to the last proposition), and 
they will meet in the circle, at S; for FT and F^t are both per- 
pendicular to the same line, IH; they i^re, therefore, parallel ; and 
the two triangles GFT and GF'S, having a side, FG, of the <Hie, 
equal to GF', of the other, and their. respective angles equal, 
therefore GS^GT, and iS^ is in the cfa-cle, and SF'^FT. 

Now, as A' A and St are two lines that intersect each other in 
a circle, therefore, (th.l7, b. 3) 

8F'X.F't^A'F'XF'A 
FTXF't=A'F'XF'A 

But, by the scholium to proposition 2, it is shown that 

A'F'X F'A^ the square of half the minor axis. 

Hence, • • JTTX i^'^:= the square of half the minor axis. 

Therefore, the product, &c. Q. K D. 

Got. The two triangles, FTD and F'tB, are similar, and from 
them we have . TD : Dt^FD : DF'; that is, perpemUculars 
kt fall from the foci upon a ta^ngent, are to each other as the diHances 
of the point of contact from the foci. 
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PROPOSITION ». PROBLEM. 

Given the fnajor axii and ih^ di8iane0bekifemthe foci of any ellipM^ 
to find the relation between an abadssa of the major axis and its cor- 
responding ordinate. 

Let F'md F he the fixji, O the 
center, and put CF', or OF^sc, and 
QAtsz^A, Then F'D^A, and in the 
triangle F'DC or FDC, if the hypo- 
tenuse FD and FC are both known, 
then DO is known; therefore, we may 
put CJh=sB, and consider A, B, and 
e^ known quantities. 

Take any point on the major axis, as ^^ and draw iP at right 
angles to A' A. 

Measuring from the point A\ A'i is the abscissa, and /P is the 
corresponding ordinate. 

The problem requires us to find the mathematical relation 
between these two lines. We oan find it by the aid of the two 
right angled triangles F'tP and FtP. 

Put . . A't=^z, aai tjP=:y 

Then . • F'tz=A't^A'F'=:x—(A—c)t=zx+e^A 

And . . M=^A't^A'F^x^(A+c)^x--<—A 

Put . • i^'P=n and i?"P=/ 

Then, . F'P+FP^r^+r^2A (1) 

In the triangle FPt we hare 

(x+c^Ay+f^r^^ (2) 

In the triangle FPt we have 

^^c-c-Ay+y'^f^ (3) 

By subtracting (3) firom (2), expanding and reducing, we obtain 

4ci»— 4c^=r'»— r' (4) 

Or, . . • 4c(«— ^)=(r'+r)(r'— r) (6) 
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Bat the fint fiitclor in the Beoond member of eqnation (6) is 
equal to 2 A; henoe we ksr^ 

But, . . . r'+r^2A (7) 

By addiag (6) Mid (7), then diriding by % and then subtracting 
(6) from (t), and dividing by %, we have the two following 
equations : 

r'u.A+^(s-A) (8) 



-A-±(»-A) (9) 



It should be obserred that equations (8) and (9) are expiessions 
for lines, one of which is called rector in astronomy. 

By squaring equation (9); and comparing it with equation (3), 
equatmg the two ralues of r*, we shall then hare 

Or, . «»+<?— 2^4y»^|(«»—2«il+^>) 

Or. A?x'+c'A*—2A*x+AY^(^^'-^x^+^^^ 

Or, . ^y+{^W>r»=(^^UH?»)2^ 

Obserying that A^-^-c^^B^, \ke square of the semi minor axis, 
and substitttting this ralue, the preceding equation becomes 

Ay+JB'x'^ZAB^e 

Hence, . . . . ^^jJ^ZAjh-^) (10) 

^ 

Or . . . • y«:dbJ-^2^a^— «* (U) 

. We cannot reduce this equation to lower terms, or condense it 
to a more simple form; and, therefore, it must rest as the final 
result; and, in the language of analyUcal geometry, it is called 



.r-; 



1?^ 
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Any deflnile value may be aorigned to x, not greateir ikmi StAf 
and when any particular Talue is assigned, the equation will give 
the corresponding value of ikecrdMudef y, and as y has the double 
sign, it shows that y may be drawn both above and below A' A, or 
shows that the curve is symmetrical on botn sides of A' A. 

Now let us ezamme the result when particular values are given 
to X. At the pomt A' i?a^O; and this value ^df x put in the equa- 
tion, gives y=0; obviously the proper result. Again/ suppose 
xssZA, and this value of x put in the equation, gives • 



B, 



That is, ys=d, for that pomt, also. 

If we suppose x=3A, y will come out imaffinart/;- showing that 
fliere is no real value to y beyond the point A; and in this way 
imaginary equations have real practical utility. 

If we suppose x=iA, then y will become CDs=iB, 

If we make A'F':=zx, then x^szA — e; and this value put in the 
B 



equation, gives . ys==h-j^(2-4 — x){A — G) 



B" 



By the d^mtion, the double <a^dinate from either locus, is called 
the parameter; and we pereeive by tiiis equation that the semi 
piurameter is the tibird proportional to the tua^ and nmor axes ; 

For, . . A\ BssS : y; a proportion that gives the 
preceding equation. 

It is sometimes most convenient to take C, the center of the 
ellipse, for the gerp pointy in place of the point A\ one extremity 
of the major axis. 

If we make this change, it will cause no changes in the ordinate 
y, but X, in the equation for the ellipse, must be diminished by A; 
and X, a measure from that point, can never be greater than A, 
but it can have the double sign plus or minus. At the point A', if 
will be equal to minus A, and at the other extremity of the major 
BSiB, X win he equal to plus A. 

' To change the equation y^ss'^^(2A»''^) into its equivalent 
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i ihe ongm of # is eh«ig»d bout A' to C, we stnst 
pat 9-^A^9l^ H«iiee« 9 sad ^ deiigpate the uam poiM on the 
ftiii ; sad if # it laM than Af then ^ is negitire. 

If . »—A^^. then x^A-^-^ 

Hence, y^^^JiA^^^)^ff^ 

Or, • . . uiy+JV«=^«J5« 

We may omit the accent of «, for «» or a;', is only a di&rent 
symbol for oayjwfilon the major aids eoirespondiiig toihe ordinate 
y. The accent was only taken to avoid confnaon while changiog 
the wero point ; therefore, the following equation is the eqnaticHi for 
the ellipse, the aero point being the center. 

In case A^B^ the ellipse becomes a circle, and the equaticm 
bec(»nes . . Ah^+AV=:J^ 
Or, • . . . y»+«»«^« 

This last equation is obviously the equation of the drGle,y bdng 
the sine of any arc, 9 its cosine, and A the radius* 

The change in the aero point firom the rertez of the major axis 
to the center, diai^ges equations (8) and (9} into 






(«) 



€SB , ^ CX 



Or, without the accent^ r'=-4+-r, and r=:-4 — j- 

A A 



PROPOSITION !•« THEOREM. 

TAe squares of the ordinate of the mt^or axU are to each other a» 
the rectangles of their corresponding^ ahsctssas. 



x^x^ — r 
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Let y be any ordinate, and x its eonres- 
ponding abscissa. Then, by the last pro* 
position, we shall have 

Let / be any other ord^ate, and a/ its 
corresponding abscissa, and by tiie same proposition we must have 

Dividing one of these equations by the other, omitting common 
fiustors in the numerator and denominoUnr of the second member of 
the new equation, we have 

Hence, • y* : y^=:(2^— «)« : (2^--«'>r' 

By simply inspecting the figure, we cannot fail to perceive that 
(ZA — a;), and x, are the abscissas corresponding to the ordinate y, 
and (2A — ^) and ^, are the two corresponding to /• Therefore, 
the squares of the ordinates, Ac. Q. K D. 



PROPOSITION 11. THEOREM. •' 

If a cirde be de9cribed on the major axis of an ellipse, and any 
ordinate be drawn common to both ths circle and the ellipse, the ordinats 
corresponding to the circle is to the part corresponding to the ellipse as 
the major axis of the ellipse is to its minor axis. 

On A' A (see figure to last proposition), as a diameter, describe 
a circle. Draw any ordinate, as OK The part J)E is y, of the 
last propositioHv 

The proportion in the last proposition is true, and y and y* may 
be any two ordinates, whatever. And now suppose / represents 
the semi minor axis ; then x^ will equal A, and 2A — x'ssA. 
Taking this hypothesis, the proportion referred to becomes 
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Gha^giBf tlie means, ^md obaerring Oat 

(2^— «>r= am (Ul 17, b. 3, schoKiim.) 

We have, . y" : QH^^V : A* 

Taking extremes for means, and extracting the square root of 
every term, we have 



GHiymmAiB 



Q. K J). 



PROPOSITION 12. THEOREM. 

the one deeeribed an the minor ^ and the other on the mejar axU. 

On the major axis jdescribe a drcle, as 
m the figure, and draw GJfft any ordinate, 
and conceive it to be a iraad Une^ covering 
portions of both the circle and the ellipse. 

By the last proposition we have 






A\B—GH :y 

^GH"\^' 

Th^ is, Gff', /; GH", y'\ &c., are other ordmates, all in the 
same iyx>portion of ^ to B: and thus we can conceive the whole 
areas of both circle and ellipse, made up of ordinates, each and 
all of which are in the proportion of -4 to J5. Now, by applying 
theorem 7, book 2, we have 

A : B=^GB+Gff', Ac. : y+y', &c. 
That is, • A: B=i area circle : area ellipse 
But the area of the circle on the major axis, is hA^ (th. 1, b. 5.) 
Substituting this, and the proportion becomes 

A : B=shA^ : area ellipse. 

Or, . . area ellipsessftw^J? 

Which is the mean propcHrtional between (ftA^) and (hB^), the 
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Ml 



expressions for the areas of the two circles, one on the major 
diameter, and the other on the minor diameter. Q. ^. D. 

Schdium. Hence the rule in mensuration to find the area of an 
ellipse. 

BuLs. Multiply together the semi major and semi mmor axes, 
and multiply that product hy 3.1416. 



PROPOSITION 18. THEOREM. 

Jf a cone he cut by a plane, making an angle tnth the base less than 
that made by the side of the cone, the section is an ellipse. • 

Let VOff, be a plane passing through the axis of a cone, Anmo, 
another plane perpendicular to the former, cutting both sides of the 
cone but not parallel with the base of the cone, then the figure 
AnmA'o, will be an ellipse, AA' being its major axis. 

Take any point, tf and in the plane AnA^ draw tn, at right angles 
to AA\ and as the plane AnA' is perpendicular to the plane VGS, 
^ is at right angles to all lines that can be 
drawn in the plane VGff, from the pc»nt 
t ; therefore, tn is at right angles to BJ). 
Through the point t, • conceive JBD 
dirawn parallel to the base of the cone, 
and it will be a (fiameter to a circular 
section of the cone passing through the 
point n. 

In the same manner take any other 
point in A A' as I, and draw Im at right 
angles to A' A, Ac ; and OmR will be 
a circular section passing through the pc»nt m. 

Now by the shnilar triangles AtD, AlH, -47 ff, A' tB, we hare 

At:AI=iDt:£ri 

A'tzA'l^Btim 

By multiplying these proportions together (th. 11, b. 2), term, 
by term, we have 

AfA't : M*A'l^IH*Bt xEl^Ol 
21 
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But by reason of &e circle BnJ}^ Bi^IH=zfyf . 

^ I (fli. 17,b.2). 

** circle Gmff, El^Ol—ln^S 

Hence, . . AfA't:Ja-A'l=tn'\lm^ 

This last proportion shows Ihe same property as demonstrated in 
Proposition 10 ; therefore, this section of the cone is an ellipse. 

Q, E. D 

Scholvmi* Hence the propriety of calling an ellipse a coiMt 

PROPOSITION 14. PROBLEM. 

Gwen the mqjor axU, the disUmee beiween the eerier and eUher focus 
qf an dlipee, €md the angle made beiween the nu^'or axis cmd a radii 
drawn from either foeue to anty point in the e&ipee to find an expression 
for thai radiu 

Let J^ be a focus, and FP any radii, 
and put the angle PFD^t>. 

From proposition 9, equation (m) we 
find that 

an equation in which A represents the semi major axis, e the dis- 
tanoe FC, and x the distance CD. 
Now by trigonometry we have 

1 : co6.v=r : c+a? 

Whence, . , . x=r cos.v — c 

Substituting this ralue of j» in the equation for the radii, we 
have 

cr cos.w— c? 




A 

ulf==^*+crcos.v — c' 
Hence, . {A—c cos.v)r3=^»— c* 

A^—(? 



Or, 



fXBB. 



COS.tf 
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Tbk equation shows the ralue of r in known quantities, and of 
course it is the expression required. 

SchoHum, Theexcentricilyof an ellipse is the distance from the 
center to either focus, when the semi major axia is taken as unity. 
Designate the excentricity by e, then 1 : e=iA : c 

Hence, • • • • • e=seA 

Substituting this yalue of c in the preceding equation, we liare 

"*-4 — eA cos.v 1 — * cos.v 



This equation gires an expression for FP, when the angle PFD 
is less thim 90^ ; when greater than 90^, the expression is 

A(l^-^) 
l+e COS.V 



PROi^OSITION 15. PROBLEM. 

€Hven the relative values of three d^erent radii, drawn from th$ 
/ocu8 of an ellipse, together with the angles between them, to find the 
relaiim mc^or axis of the eiUpse, the excentrieify, and the position of 
the mqfor axis, or its anplefrom one of the given radU. 

Let r, /, and r", represent the three 
given radii, the angle between r and r^ 
equal m, and between r and /' equal n. 
The angle between the radii r and the 
major axis is supposed to be imknown, 
and we therefore, call it x. 

From the last proposition, we have 




l^^ecos.x 



1 — e cos(a?+f») 



(1) 
(«) 
(») 
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Equating ul(l — #*) obtained froDi (1) and (2), and we hara 
f cosurssr' — ¥e co8.(«+w) 



In like manner fron^ (1) and (3), 

fw^ coej?a=r"— r"« co§.(a?+«) 



^rcosjp — f"cos.(ap+n) ^ ^ 



Eqnatbg (4) and (5), we have 



r cos jp — /co8.(«+m) rcos.aj — r"cos.(«+«) 

r cosup — r'cos.(«+m) 
~*r COS.* — r"co8.(x4-«) 

r co8^ — r'cosup cos.m+r'sm^ 8m.m 
"rcosji^— K'co6^co8.n4-r"ainuc 8m.n 

r — r'co8.m4Vsin.f» tanui: 



"cos.»+r"sin.n tan.j 



For the sake of perspicaitj and brevity, put r — /=<?, 
And r — r"=srf\ The known quantity r — /cos^mssa. 

And r — r^'eos.nssS. Then the preceding equation becomes^ 
d a4*/8in.mtan^ 
I rf' *+r"m,n tan^ 

rf6+cfr"Bin.n tanur=ac? '+rf Vsinjw tanup 
fdir''fm.ia^^r'iizLfn)tanupsra(;' — ^ 

The value of a? found by this last equation, determines the 
position of the major axis. 

Having x, equation (4) or (5), will give the excentricity e. 
Equations (1), (2), and (3), contain A, the semi major axis as a 
common factor, it does not therefore affect the relative values of r, /, 
and r", and as A disappears in the subsequent part of the investi- 



gslioii, il dums dialliie^Biig^ »»M the ei^e^t^teieity «« are entirely 
indepiiendent of the magnitude of the ellipse ; thej only detennine 
its figure. To apply the preceding formulas, we propose the 
foUowing 

On the Jint day of August 1846, an oHrcnomer observed the eun*e 
langkude to he 128^ AT 31", and hy companng this observation with 
cbservations tnade on the. previous qnd subsequent days, he found its 
nifition in longitude was then at the rate of BT 24" 9 per day* By 
like observations f made on ^ first of September, he determined the 
sun's longitude to be .158'' 37' 46", and iU mean daily motion for 
that time 58' 6" 6; and at a third time, on the lOth of October, the 
observed longitude urns 196'' 48^ 4", and mean daUy motion 59' 22" 9. 
Jivm these dtda ie required the longitude of the solar apo^, and 
the excetdricity of the (y^parent solar orbit. 

It is demonstrated in astronomy, t^t the relatihre distances to the 
aim, when the earth is in di£ferent parts of its orbit, must be to 
each other inversely as the square root of the sun's apparent angu- 
lar motion at the several points ; therefore, (r)', (/)', and (r")*, 
must be in proportion to 

> and- 



57' 24" 9' 58' 6" 6 
Or as the numbers. 



1 ^ A ^ 



3444.9' 3486.6' 3562.9* 

Multiply by 3562.9 and the proportion will not be changed, and 
we may put 

/ 3562.9 N^ , / 3562.9x4. , „ , 

*-=(3444:9) ' •'^(siFeTe) ' ^^'"^'^ 

By the aid of logarithma, we soon find 

r=1.016982 /«1.010857 and •'«!. 

Hence, r—r'=dr=:0.006 125, f^-V'sarf '=0.016982 

158*> 37' 46" 196° 48' 4" 
128 47 31 128 47 31 



29 50 15 9i» 68 33 



COKIC SBOTIONS. 

To eorreipimd wUh iiie fonmibi, we must tike the 
and coBiiie of m end n, 

m=:29^ 60' 15'' sm. .497542 . ooeme .867440 

ii»68 88 rill. .927238 . ooone .374472 

r'co8jM»a»:0.140172 

'co8.ii«6«0.6425t0 

otf '»(0.140172)(0.016982)»0.0023796 

&f »(0.64261 )(0.006126)«0.0039368 

yyaiUfisO.0086406 

<;r"8m.i>»o.0056793 

df^'miLn — €trmn.m d'f^tan.m^dr'emjn 

_ .0015562 _ 166.62 
'^.0028612'~286.12 

This numerical result corresponds to radius unity ; to compare it 
with our tables and take out the are, we must take out the loga- 
rithm of the numerator, increase its index by 10, and subtract the 
logarithm of the denominator. 

Thus, . 166.62 log. . 12.192080 
286.12 log. . 2.466648 

jr« 30^ 23' 40" tan. 9.736632 
From, .... 128^ 47' 31" 

Take, x . . . • 28^ 32' 24" 

, Longitude of the apogee, • 100 14 67 

The true longitude at that time was 99** 40^. 

The result of any one set of obsenrations, are but first approxi* 
mations, of course ; but we did not adduce this example to teach 
astronomy, but to teach the properties of the ellipse. 

To find the excentricity, we apply equation (6), observing that 
f"cos.(jr4-n) must be subtracted, but when (jr-|-n) is greater than 
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♦ 

90<* (as it is in tUs case) it becomes aegatlre^ and subetradang a 
negative quantity gives an increase, 

_ r—/^ .016982 .016982 

Thus, c-^ cos.a>--r" cos.(«+n)"".887+.U4"" 1.001 

This gives e=:0.01696 ; its true value is, 0.01678. 
Our value of « is a little too small which is the principal cause 
of the difference. 



THEPAEABOLA. 

DEFINITIONS. 
'^ 1. A parabola is a plane curve, every point of which is equally 
distant from a fixed point and a given straight line. 

2. The given point is called the/oc«f , and the given line is called 
ihe directrix. 

To describe a parabola. 

Let CD be the given line, and F a given 
point Take a square, as DBG, and to 
one side of it, 0£, attach a thread, and 
let the thread be of the same length as the 
side GB qf the sguare. Fasten one end of 
the thread at the point &, the other end vXF, 

Put the other side of the square against the given line, CD, and 
with a pencil, P, in the thread, bring the thread up to the side 
of the square. Slide one side of the square along the line CD, 
and at the same time keep the thread close against the other side, 
permitting the thread to slide round the pencil P. As the side of 
the square, BD, is moved along the line CD, the pencil will describe 
the curve represented as passing through the points V and P. 

GP+PF^ the thread 
GP+PB:=^ the thread 
By subtraction PF—PB^O or PF^^PB 

This result is true at any and every position of the point P; that 
is, it IS true for every point on the curve corresponding to definition 1. 
Hence, • . FV^VB 
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If the square be tamed over and mored in tibe qypodte diroctioD, 
the other part of the parabola, the other aide of the Ime FH^ may 
be deeeribed. 

3. A diameUr to a jparabola is a straight line drawn through any 
point of the curye perpendkular to the directrix. Thns, the line 
BF is a diameter; also, £G isA diameter; and all diameters are 
parallel to one another. 

4. The point in which the diameter cuts the curve, is caHed the 
vertex of that diameter. 

6. The diameter which passes through the focus, is called the 
principal diameter, and sometimes it is called the axis of the 
parabola. 

A tanpent is a line touching the cunre at a 
point, and if produced, does not cut the curve. 
Thus, AC is tL tangent, at the point B. 

7. An ordinate to a diameter is a straight line 
drawn from any point in the curve to meet the 
diameter, and is parallel to a tangent passing 
through the vertex of that diameter. Thus, BD 
is a diameter, and ED an ordinate from the pdnt 
JE. JED is parallel to the tangent ABp drawn t]m>agh the vertex B 

It will be proved in proposition 15, that ED^=^DO; and hence, 
EQ is called a doMe ordinate, 

8. An dbedesa is the part of a diameter between the vertex and 
an ordmate. Thus, BD is an abscissa, and DE is its correspond- 
ing ordinate. 

9. The parameter of any diameter is the double ordinate which 
passes through the focus. Thus, Iff, which is parallel to AB, and 
passes through the focus F, is the para$n^er of the particular 
diameter BD, 

10. The parameter to the principal diameter is called the prin- 
cipal parameter, or laius-redum. 

In a general sense, the parameter, or laiue-rectum, means the con- 
stant quantity that enters into the equation of a curve. In a parabola 
it IS a third proportional to any abscissa, and the square of its 
ordinate. 
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11. A nomud is a Hoe dtaim pcarpeBdioii- 

lar to a tangent from itipoiiit of oontM* and 
is terminated by the axis^ 

12. A mbnormal is th» part of the aisia 
intercepted between the normal and the oar- 
responding ordinate. . 

Thus, PC is a normal, and DO Is fte corresponding Mi^aomidf, 
or Ime undef the normal. Similarly, BD is a line nader the tangent^ 
and is called a wblangeni. 



PROPOSITION 1. THEOREM. 

The latus-redum is four times the distance from the focus to the 
vertex. 

Let PVffhe a parabola, J'.the focus, and V 
the principal vertex. Pff, at right angles to DF, 
through the point F, is the latus-rectum. 

We are to prove that PH^\FV. 

Because PH is parallel to CO, and CP, Gff, 
parallel to DF, the two figures, OF and FGy are 
parallelograms. 

Therefore, . CP^DF, and OH^DF 

Or, . CP+GH=^ZDF (1) 

But by the definition of the curve, 

DF^tVF, CP==PF, and OH^RF 

Substitute these values in equation (1), and we have 

PF-^FH^PH^iiFV. Q.F.D. 

Cor. As CP^PF, and the angles at F, D, and C, right angles, 
PFDC is a square. 

PROPOSITION I. THEOREM. 

An^ point within a parabola is nearer to the focus than to the 
directrix; and any point without a parabola is at a ffreaier distance 
from the focus than from the directrix. 
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Jj^ A be oy^point wiOiii tlia emrnt and 
from it dn^w AB perpendicnlar to ike direetriz. 

As ^ is within the curve, AB must neces- 
sarily cut the curve in some point. Let P be 
that point, and j<Mn PF and AF. 

By the definition of the curve, PB^^PF. 
To each of these add PA, and AB^AP+PF. 
But AP+PF are, together, greater than AF, because a straight 
line is the shortest distance between two points ; therefore, AB is 
greater than AF. 

Again, let j1' be a point without the curve— it is nearer to the 
directrix than to the focus. 

Draw A'F; and as ^' is without the curve, this line must 
necessarily meet the curve in some point, as P. Draw PB and 
A'B' perpendicular to the directrix, and join A'B. 

A'P+PB=zA'F 

But, . A'P+PB yA'B; that is, A'F>A'B 

But A'B, being the hypotenuse of the right angled triangle 
A'B'B, it is greater than A'B'. But A'F' is greater than A'B; 
much more then is A'F greater than A'B'; therefore, any 
point, <&c. Q. E. JD. 



PROPOSITION 3. THEOREM. 
The line which bisects the atiffle which is formed by the two lines 
drawn from any paint in the curve, one to the focus, the other perpen^ 
dicular to the directrix, is a tangent to the curve at thai point. 

Let P be any point in the curve. 
Draw PF to the focus, and PB per- 
pendicular to the directrix. Let FT 
be so drawn as to bisect the angle 
BPF. Then PT wilj touch the para- 
bola at the point P, and be tangent to 
the curve. 

Join BF, and PBF is an isosceles triangle ; therefore, the angle 
P^/« the angle PFI. The angle J5iPi= the angle FPI, by 
hypothesis ; hence, the two triangles BPI and PIF, being equi- 
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•i^ar« and baring PI common, are in all respects. eqoal, and 
PI is perpendicular to BF, and BI^FI. 

It now remains to be sbown tbat anj otber pdnt tban P» m ibe 
line APT^ is witbout Ibe cnnre. 

Take any otber pomt in tbe line TP, as A, and draw tbe dotted 
lines ^i^and AB. Ibey are equaL (Tb. 15, b. 1, scbolium.) 

But AB bemg tbe bypotenuse of tbe rigbt angled triangle AB^B 
it is greater tban AR; tbat is, AF is greater tban ^jS'; conse- 
quently A is witbout tbe curve, as proved by tbe last proposition. 

In tbe same manner it may be proved tbat any otber pohit ia 
ibe line AT is witbout tbe curve, except tbe point P. AT is,- 
tberefore, a tangent to tbe curve at tbe point P, Q. E. D. 

Cor. 1. A line of ligbt, parallel to tbe axis, striking tbe point of 
tbe parabola at P, will be reflected to F; because tbe angle of 
incidence is equal to tbe angle of reflection ; and tbe same wUl be 
true at every point of tbe curve ; bence, if a reflecting mirror bave 
a parabolis sur&ce, all tbe rays of ligbt tbat meet it parallel witb 
tbe axis, will be reflected to tbe focus ; and for tbis reason many 
attempts bave been made to form perfect parabolic mirrors for 
reflecting telescopes. 

If a ligbt be placed at tbe focus of sucb a mirror, it will reflect 
all its rays in one direction ; bence, in certain situations, parabolic 
mirrors bave been made for ligbtbouses, for tbe purpose of tbrow- 
ing all tbe ligbt seaward. 

Oor. 2. Tbe angle BPF continually increases, as tbe pencil P 
moves toward V^ and at V it becomes equal to two rigbt angles ; 
and tbe tangent at F is perpendicular to tbe axis, wbicb is called 
tbe vertical tangent. 

Cor, 3. Since an ordinate to any diameter is parallel to tbe 
tangent at tbe vertex, an ordinate to tbe axis is perpendicular to 
the axis. 

PROPOSITION 4. THEOREM. 

J^ a tangent he drawn from af^pointin the curve to the axis pro- 

duced, the extremiiiee of the tangent are eqwdly distant from the focus. 

Let PT (see figure to tbe last proposition) be a tangent, meet- 

ing the curve at P, and tbe axis at T Hien we are to prove tbat 

PF^FT 
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PB if pwaOd to FT; Oiarefave, the angUi JP2U die aagto 
PTF. But BPT^TPF, (Prop. 3.) 

Hence, the angle PTF^ the angle TP/V eonseqnent&y, the 
triangle TFP is isosceles, and PF^TF. Q. JB. J). 

PROPOSITION 5. THEOREM. 

I%0 mUanffeni to the crit tf biteded hy ths vertex. 

From the point P (see last figure) draw PD, an ordinate to the 

axis. DT is a subtangent, and it is bisected at Fl As PD is 

parallel to BC, and PB parallel to CD, PBOJ>ib a parallelograin. 



Therefore, 


. PB=CD 


But. 


. PB^PF, by the defiaitioa of Hm cnrre. 


And, . 


. PF^FT. (Prop. 6.) i 


Therefore, 


. CD^FT 


That is, . 


DV+rC^Tl^+VF 


Bat, . . 


rc=^VF 


By subtraotioD, 


Dv=^Ty q.B.i>. 



Cor, Hence, to draw a tangent to any point P, draw the ordinate 
PD, and take VT^ YD, and join TP; it will be a tangent at P. 



PROPOSITION 6. THEOREM. 

If^frmn, anypoitU in a parabola, a tangent and a normal he drawn, 
both terminaUd in the axis, these two lines teill be chords of a circle, 
of which the focus is the center, and the distance to the poisU P, the 
radius. 

Let P be the point, F the focus, and 
TVC the axis. Draw PD perpen- 
dicular to the axis, and take TV=i VD 
(cor. to last prop.) and join TP, which 
is the tangent from P. From P draw 
PC, at right angles to TP; then PC, 
is the normal. (Def. 11.) 

BnwPF. By proportion 4, P^«J?T. Now, if ^P be made 
radius, and a semicircle described, the points T, P, and C, wfll be 
in the circumference, and TO will be the diameter. 
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Hence 3'PC^is.ariglit angle/ and FP^FO^ksATP and 
PC^ are ebords to this circle ; therefore, if itam any pomt drc. 



PROPOSITION I. THEOREM* 

The subnormal is equal to half the lotus rectum. 

Take the figure to the last proposition. By the definition of the 
curre. FP^^DV+VF^zFD+^VF 

Or, . ^VF^FP—FB (1) 

CB^FC—FB (2) 

By subtracting (2) from (1), and observing that FPzsFO, ire 
have, 2VF—0J)^0 

Or, . . CB^tVF 

But CD is the subnormal, and ftVF is half the./oM rectum; 
therefore, the sulmHTOal ^c. Q»K D. 

R^^POSITION 8. THEOREM. 

j^ ap^enettcular he drawn from the focus to any tangent, the 
poiniqf interaeetkm will he in the vertical tangent. * 

From the ibcns J^ (see last figure), draw FB perpendicular to 
FT, and ^ the triangle PFT is isosceles (Prop. 4), and PF and 
FT the equal sides ; the line from the vertex F, perpendicular to 
the base, bisects the base ; therefore, TJBsbBP, 

As VB and PD are both perp^diddar to the axis, they are 
therefore parallel. 

Hence, . . TV: VD^TB : BP (th. 17, b. 2). 
But, . . . TV^ VB 

Therefore, . -. TBs=BP 

That is) a line from F perpendicular, to PT, and a line from V 
perpendicular lo^e axi^, both cut the tangent PT into tiro equal 
parts, and therefore, meet in the same pointy B. 

H«nce : If ti pupendieular, 4e^ Q. E. B. 
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Obr. 1. ThetwD triftngles VBFwAPBF, are amilar, forihej 
are both right angled triangles, and the angle PFBss^ angle 
VFB. 

Hence, • . VF: FB=FB : PF 

That 18, th$ perpendieidarfiom the foots to anytangmU^U a mean 
proportional between the dietaneee qf the focue /rom the vertex, and 
from thepomt of contact. 

Scholiium. FrcHn the preceding proportion, we hare 

JTFPF^FB^ 

But VF, remuns constant for the same parabola; therefore, the 
distance from the focus to the point cf contact varies, as the square 
of the perpendieuiar drawn from the focus upon the tangent, 

PROPOSITION 9. PROBLEM. 

Find Atf equation ^ the curve, or the mathemaiietd relaticn between 
any absdssd on the axis, and its correeponding ordinate. 

Let V be taken as the zero point. 
Put VD^x, P2>=y, and let 9p repre- 
sent the parameter. As TPO,'\s a 
right angled triangle, right angled at 
P, PD is a mean proportional between 
TJ) and J>0. (Scho. to th. 17, b. S). 

But, TD^2x (Prop. 6). 

And, JDO^p (Prop. 7). 

Therefore by multiplieation, TD*D0^=9px 

Bj taking the square root, y^=^dzjipx, the double sign shows 
two equal values to y, the one above, the other below the axis ; 
hence, the curve is symmetrical in respect to its focus and axis. 

PROPOSITION 19. THEOREM. 

The. squares of ordinaies to the axie are to one anod^, as. their 
corresponding abscissas. 
By the last proposition, any ordmate represented by y, and its 
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oorrespondiDg abedssa repreeented by «, are oonBoeted together by 
the foUowmg equation. 

y'^tpx (1) 

Any other ordinate represented by y', and its oorrespdnding ab- 
scissa represented by jt', have a like connection. 

That is, . . y'»=2p«' (2) 

Dividing (2) by (1), omitting the common jfieu^r ^^ and we 
have 

y* « 
Or, . . y'»:y»=:«':« Q. K D. 



PROPOSITION 11. THEOREM. 

As the parameter of the axU is to the sum of amiy two ordinateSt to 
is the d^erence of those ordinates to the deference <^ their abscissas, 

^ Let CV^ be & porti(m of a parabola, V 
the vertex, VP the axis, VB and VJ> ab- 
scissas, and PB and £D their correspond- 
ing ordinat^js. 

(fPut rB=r, YD^=^, PB^y, . 

And ED^ 

Then, AR—^'—x, SJE^y'^y, and OB^y^+f 

From PropoaitioE 10. 

y^=2p«' 

By subtraction, y'»-yr=2p(«'— «) 

Or, . . (y^+y)(y'-^)=2i>(^-«) 

Or, . . . ftp : y'+y=y'— y • «'— « . ^ „ ^ 

Or, . . . ftp'.RJB^CR'.AB 




} 
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CW . Take the product of the eztrraaes aad means of this last 
proportion and we have 

{Zpy^f (Prop. 10). 



But, . 
Bj division, 



AE CE*EE 



Or, 
Or, 



VD 



AR_ CR*EE 

; AE^DE^ : CE-EE 
That is, any abscissa of the axis, is to any other lesser axis, so is 
tne square of the ordinate to the rectangle of the segments of the 
double ordinate. 

PROPOSITION 11. THEOREM. 

If a tangent he drawn from atiy point of a parabola, and from anf 
poini in the tangeni a line be drawn parallel to the axis, attd termi- 
naied in the double ordinate, this Une will be cut by the curve in the 
iame proportion g4 the line cute the double ordinate. 

Let CT be a tangent for the point 0, V the 
vertex, VD the axis, and OE the double ordi- 
nate CD=y VD^is 

Take any point I, in the tangent, and draw 
IE parallel to VI>, cutting the corye at A. 
Then we are to show 

That . . IA:AE=^OE\EE 

Produce SV to t, and observe, that 

DV^VT, 




Or, . . . 
By similar As, 

By eq. of the curve 
By equality, . 
Proposition 11, 



I>T^%DV (Prop. 5). 

CE'.EI^CDiDT 

2p : 2yr=y : 2a? 
CE : EI^Zp : (fy)CE 
fpxEE^CEiAR 



Prod, term, by tern, *p« CE : EI^EE^fp* CE : CE^AE 
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In this last proportion the antecedents are equal ; therefore, the 
tonsequents are equal.. 

Hence, . BI*EE^CS*AR 

Or, . • BIiAE^CEiEE 
By divisicm, (BI—AB) : AB^{ CS^BE) : BE 
That is, . IA:AB:^CBiBE Q. E. D. 

Cor, The same is true, if a line be drawn from any other point 
of the tangent. 

Therefore, . SP : PG^OG i GE 

PROPOSITION IS. THEOREM. 

Jff an^pcinia he taken on a tangent^ ofndfrom whence lines he dravm 
paralld to the aasie to meet the curve, the length of such lines wiU he to 
each other ae the equaree qf the dietanees of the points from, the point 
if contact measured on the tangent. 

Let €Jff be a tangent to a parabola, and / and if any points 
taken upon it. Let DF be the axis produced to T. Draw IB 
parallel to VD, meeting the curve at A; and also, draw JIG par- 
allel to F2>, meeting the cunre at P. 

We are now to prove, thai 

IA:EP=^Cr:Cff^ 

By the last proposition, we have 

- IA:AB::=^CB:BE 

Multiplying Ihe last couplet by CB, and substituting the value 
of CB*BE taken from corollary to Proposition 1 1, and 

AB^CD' 



IA:AB:=^OB^ 



VD 



Dividing the second and fourth terms by AB, and afterward 
multiplying the same terms by VD, observing that VD^ VT, then 
we have 

^ lA : VT^OB^ : CD^ 

33 
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But by nnular triangles. 

Therefore, by equality, 

lA : TV^ar : CT* 
In the same manner, we may prore that 

HP I TV^CH^ : CT^ 
Dmding one of these proportions by the other, term by term. 

And, . • ]ffip=^=Cfl«'^ 

Or, . . . lA .HP^Cni C£P Q. E, L. 

ApplicaHon. Conceive Cff to be the direction of a projectile, 
and nndistiirbed by the resistance of the air, or the force of g^ravity, 
it would n>oye along the line CB, passmg over equal distances in 
equal times. Now let gravity act in the direction of IB, and as 
bodies fall in proportion to the squares of the times of descent, 
therefore, lA, TV, HP, he, must be to each other, as the squares 
<rf CI\ GT\ 0H\ Ac ; that is the real path of a projectile un- 
disturbed by atmospheric resistance must have the same property, 
as just demonstrated in this proposition. In other words, the path 
of a projectile is some parabola, more or less curved according to 
the direction and intensity of the projectile force. 

PROPOSITION 14. THEOREM. 

1^ abscissas of amf diameter are to each oiher as ike squares cf 
their corresponding ordinates. 

By the definition of a diameter, it must be 
the axis, or parallel to the axis ; and ordinates 
to any diameter must be parallel to the tangent 
drawn through the vertex of that diameter. 
Hence, if CS is a diameter, and OP a tan- 
gent, and I, !r,,and O, any points on the tan- 
gent, and from thence lines drawn parallel to the axis to meet the 
curve, and from thence lines parallel to the tangent to meet the 
diameter, the figures so formed will be parallelograms, and their 
q>po8ite sides equal. 
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By the last proposition, IE, TA, &o., are to each other as CI\ 
CT\ Ac; that is, OQ, OB, <kc, are to each oOier as QE^, BA\ 
6sc,; or the abscissas are as the squares of their corresponding 
ordtnates. Q, E, D. 

Rbiusk. This is the same property as was piy>Ted in relation 
to the axis and its ordinates in proposition 10. 



PROPOSITION 15. THEOREM. 

If a line be drawn parallel to any tangent, and cut the curve in two 
points, and from these points ordinates be drawn to the axis, and 
another from the point of contact of the tangent, Aen the three ordinates 
will be in arithmetical progression. 

Let CT be a tangent, and BE paral- 
lel to it. Draw the ordinates EG, CD, 
andffl. 

Then, . EG+ffl^ZOD 

From the similar triangles, MKE, 
CDT, we have 

HE : KE^ 03 : DTz=ziAD 

Bj prop, tl, . ip : KL^HK : KE 

Therefore, by (th.6,b.) ^p : KL^OD : 2AD 

By eq, of the curve, 2p : 20D=^0D : 2AD 

By comparing the two preceding proportions, we find that EZ 
must equal ZOD. But by inspecting the figure, we perceive that 

EL=zLI+IE:=:^m=:EO 

That is, . . BI+EG^ZCD Q.ED. 

Scholium, As CD is the arithmetical mean between OE and 
BI, if we draw CM parallel to AI, and draw iflV parallel to CD, 
it will equal CD; hence, My being midway in value between EG 
and HI, and parallel to them, it must meet the lines ffE and GI 
in their midway p<Hnts. That is, the diameter CM ctds its ordinate 
HE in two equal paris; and as HE if any ordtnaU, therefore, the 
diameter cuts aU its ordinates into two equal parts. 
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PROPOSITION If. THEOREM. 

ioU9 9id$. 

Let the cone be eat, or eonoeiTed to be cut, by 
the plsn^ VMy passing through its axis, and 
then conceiTe this plane cut by the plane DAI, 
perpendicular to the first plane» and so inclined 
that Aff shall be parallel to VM. 

Draw JHf and KL perpendicular to the axis 
of the cone, and make them diameters of parallel circles, whose 
planes are at right angles to the plane VJHy, 

From the points F and B, where uliT meets iTL and My, 
draw FO and Ml at right angles to Aff; and because the plane 
J>AI is at right angles to the plane VMNt FQ- is at right angles 
to KL, and HI is at right angles to MN. 

Now, from the mmilar triangles, AFL^ AHK^ we have 
AF'.AH^FLiBN 

By reason of the parallels, KFss^MB; therefore, by mulfiplying 
the last couplet we have 

AF : AH^FUKF'. HN^MH 
But, by reason of the semidrcles MIN, KOL, 

KF-FL^FGP, and MH^HN^SI^ (th. 17, b. 3.) 
Consequently, . AF : AE^F(P : HP 

This is the same property as was demonstrated in proposition 10; 
therefore, the nature of the curve is the same. Q. E. D. 

^ „ FG^ HI .FG^ HI . ,, . . 

C/ar. Hence, -j-= =-t^ and -jp-, or -j=- is a third propor- 
tional, and a constant quantity, which we have called Zjp^ the 
parameter by definition 10. 

Rbmabx. We might have commenced the subject of the para- 
bola by assuming it a conic sectioa of this land, and then sought 
out its other propertiea* 
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PROPOSITION 17. THEOREM. 

Every s^fmeni of a parabola at right angles anth Us axie, ie twom 
thirds of its circumscribing rectangle. 

Let P be any pomt in the ^ curve, and PT 
a tangent. Draw the PD and J)T. Take 
any very small portion of the tangent, as P/— 
so small as to consider it as coinciding with the 
curve, without sensible errors. Draw 10, Ig^ 
making the two rectangles BR, ED, 

Let us now investigate the relation between 
these two rectangles* 

As customary, put PD^sszy^ VD^x; then, PB^x, and 
J)T=2x. (Prop. 5.) 

The rectangle . BB^x(PB), and J93>=y(J?/) 

By similar triangles 

PM : -R/=y : 2x 

Multiply the first and Mrd terms of this proportion by x, and 
the second B,nd/ourth by y. We then have 

x(PB) : y(i2/)=ay : 2ay 

= 1 :2 

The whole rectangle BVDP is divided into two spaces by the 

^ curve — the one within the curve, the other external to it. And we 

perceive by the above proportion that the small rectangle, BB, 

external to the curve, is to its corresponding rectangle, ED, within 

the curve, as 1 to 2. 

By taking any other small portion of the curve, as well as PI, 
and drawing its external and internal rectangle, we can prove in the 
same manner that they will be to each other as 1 to 2; and thus 
we can fill up the whole external and internal spaces, and they will 
be to each other as 1 to 2. Hence, the space within the curve is 
two-thirds of th^ whole rectangle BJ>, and the same is true of the 
spaces on tb0 other side of the axis. Therefore, jevexy o^pment^ 

4o. g.£.i>. 
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PROPOSITION 18. THEOREM. 

^ a parabola revolve on ilt axit, the eolid gen/eraied ie equal to 
am he^ of %U e ir eam e eribhig efiieider. 

Take the figure to the last proposition, and conceive tlie parabola 
to TOTolTe on the axis YD, and find the relation between the two 
solids generated by the two paraUelograms BR and HD. The 
parallelogram BD will generate a cylinder, whose diameter is 2y, 
and lengdi RL 

The parallelogram BR will generate a drcnlar band, whose length 
b Xt and thickness PR* 

The solidity of Oie cylinder ^ftf{RI) 

The soHdity of the band ^{fty^-^{y—PRY)x 

These two quantities are in the proportion of 

(2y(PR)+PR')x 

By rejecting the very small quantity (PRY as being yery in* 
eontiderable in connection with the otbar term, ire have 
Sol. of cylmder : sol. of band ^f{Rl) *. 9xy{PR) 
But» as in the preceding proposition, 

PR : Rl^y : ftr 
Or, . . • 2«(PjB)«y(jBi) 
Or, . .. .Stxy{PR)^f{RI) 

This equation shows that the last terms in the preceding propor- 
tion are equal ; therefore, 

sol. of cylinder : sol. of band si : 1 

Or the solidities of the cylinder and band are equal ; and the 
same is true of every pair of corresponding solids ; and the sum 
of the parabaUnd is all tiie mimOe cylinders ^hich make up ihe 
solid generated by the revolution of the parabola, (called a 
parabaldd); and the sum of all the mmaU bands makes up the 
solid exterior to the parabaloid. Hence, the parabaloid is equal to 
half its circumscribing cylinder. Q. E. D, 
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THE HYP£BBOLA. 

DEFINITIONS. 

1. An hyperbola is a plane curve, confined by two fixed points 
called the fociy and the difference of the distances of each and 
every point in the curve from the two fixed points, is constantly 
equal to a given line, 

Rema&x 1. The distance between the foci, is also supposed to be 
known ; and the given line must be less than the distance between the 
fixed points ; that is) less than the distance between the foci. 

Remark 2. The ellipse is a curve, confined by two fixed points 
called the foci, and the sum of two lines drawn from any point in the 
curve, is constantly equal to a given line. In the hyperbola, the differ^ 
ence of two lines drawn from any point in the curve, to the fixed points, 
IS equal to the given line. The ellipse is but a single curve, and the 
foci are within it ; but it will be shown in the eourse of our investiga* 
tiouy.that the hyperbola oonsists of two efuoZ and cfpoMfe ftroncto, and 
the least distance between them is the given line. 

2. The line joining the /oa, and produced, if necessary, is 
called the axis of the hyperbola. 

3. The middle point of the straight line which joins the /bet, is 
called the center of the hyperbola. 

4. The excentriciig, is the distance from the center to either focus. 

5. A diameter is any straight line passing through the center and 
tenmnated by two opposite hyperbolas. - 

6. The extremities of a diameter are called its vertices. 

7. A tangent is a straight line which meets the curve only in one 
point, and being produced, does not cut the curve. 

8. An ordinate to a diameter, is a straight Ime drawn from any 
point of the curve to meet the diameter produced, and is parallel 
to the tangent at the vertex of the diameter. 

9. An abscisia, is the distance between the tajog^t point and its 
correspondmg ordinate, measured on the diameter produeed. 
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10. The paramder is a doable ordinate, psssiiig through the 
focus. The principal paramder passes through the focus at right 
angles to the axis. 

Bbmabx. Thus, let F'F be two fixed pcmits. 
Draw a line between them* and bisect it in C 
Take OA, CA\ each equal to half the given 
line, and OA may be any distance le$$ than CF; 
A' A is the given line, and is called the iMfar* 
<m$ of the hyperbola. Now let us suppose the 
curve already found and represented by ^DP. Take any point, as 
P, and join PF and PF'; then by Definition 1, the difference be- 
tween PF' and PF must be equal to the given line A' A, and 
conversely if PF' — PF:=sA'A, then JP is a point in the curve. 

By taking any point, P, in the curve, and joining PF and PF , 
a triangle PFF' is always formed, having F'F for its base and A' A 
for the difference of the sides ; and these are aQ the conditions ne- 
cessary to define the curve. 

As a triangle cim be formed di/recUy qppoiiie to PF'F, which 
shall be in all respects exactly equal to it, the two triangles having 
F'F for a common side ; the difference of the other two sides of 
this opposite triangle will be equal to A' A, and correspond with the 
condition of the curve ; hence, a curve caa be formed about the 
focus F' exactly similar and equal to the curve about the focus F, 

In short, F' and A' have the same situation 
in respect to C,aa F and A have to C, and the 
line FF' is common to all the points ; therefore 
if a curve can pass about the focus F, a like 
curve can pass about the focus F', and this is 
illustrated by the adjoining figure, representbg 
a plane cutting vertical cones. 

Any line drawn through C, and terminated 
by the opposite curves, is called a diameter; 
thus, J)J)' is a diameter, and by a very simple demonstration we 
can prove that it is bisected in C. 



•The tenn major ttxU ImpUet tiuit there ii u minor axi§, but where it is, we 
euaot al imMat detonalae ; when we find nieh a Une, we wiU fire It Its 




THE HYPERBOLA 



985 




PROPOSITION 1. PROBLEM. 

To deicribe an hyperbola. 

Take a ruler F*H, and faste^ 
one end at the point F\ on which 
the ruler may turn as a hinge. At 
the other end of the ruler attach a 
thread, and let it be less than the 
ruler by the given line A A. Fasten 
the other end of the thread at F* 

With a pencil, P, press the thread against the ruler and keep it 
at equal tension between the points H and F, Let the ruler turn 
on the point jF", keeping the pencil close to the ruler and letting 
the thread slide round the pencil ; the pencil will thus describe a 
<^urve on the paper. 

If the ruler be changed and made to revolve about the other 
focus as a fixed point, the opposite branch of the curve can be 
described. 

In all positions of P, except when at A or A\ PF' and PF will 
be two sides of a triangle, and the difference of these two sides is 
constantly equal to the difference between the ruler and the thread ; 
but that difference was made equal to the given line A' A; hence, 
by Definition 1, the curve thus described, must be an hyperbola. 

PROPOSITION 2. THEOREM. 

If two straight lines he draum from a point toithotU an hyperbola 
to the fociy the excess of the one alxyoe the other will be less than the 
major axis; btU if the two straight lines b^ drawn from a point within 
an hyperbola to the foci, the excess of one above the other will be greater 
than the major axis, 

ExFLAKATosT NoTE. In thls 
and all subsequent propositions, 
we shall consider hut one branch 
of the curve ; that about the 
focus F, 

The distance between any 
point, P, on the curve, and the focus F, will he raptasdbited by r, and 
between P and the fooui F' by rV 
23 
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Let / be a point without the curve ; jcnn IF^ IF\ and as ^ is 
wiUiin the curve, the Ime IF necessarily cuts the curve at some 
point P, Let the line without the curve be represented by A. 

Put F'Izsiift and corresponding to the nature of the curve, put 
r' — r^sia^ or /=r+«* 

Add h to both members of this last equation, and 

But the first member of this equation is the sum of two sides of 
a triangle, and of course greater than its third side z'; therefore, 
mcrease ^^ by / to make it equal to /+^ 

Then, . . . «'+/=(r+A)+a 

Or, . • «'— (r+A)=a-< 

That is, the difference between IF'sx^ IF, is less than a, the 
major axis. In a similar manner, we may demonstrate that 
HF—HF is greater than a. €• ^- -0- 

PROPOSITION 8. THEOREM. 

A tan^efd tothehypefMa bisects the euiffls contained by lines draum 
from the point of contact to the foci. 

Let F\ F be the foci and P any point on the curve, draw PF' 
PF and bisect the angle F'PF by the line TT'; this Ime will be 
a tangent at P, 

If TT' be a tangent P, every other 
point on this line will be without the 
curve. 

Take PG^PF and join OF, TT' 
bisects OF, and any point in the line 
TT' is at equal distances from jPand 0- 
(th. 15 b. 1). By the definition of the curve F'ChsA^A the 
given line. Now take any other point than P in TT' as E, and 
join EF\ EF and EQ, EF^EG. 

Therefore, . EF'—EF^EF'—EG. . But EF'—EG, is less 
than F'G, because the difference of any two sides of a triangle is 
less than the third side (th. 18 b. 1 ). That is, EF'—EF is less 
than A' A: consequently the point E is without the curve (Prop. 2), 
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and as J^ is any point on the line TT' except P; therefore, the 
Ime, TT\ which bisects the angle at P, is a tangent to the curve at 
that point. Q. £. J). 

Scholium, It should be observed, that the variable point in the 
curve, as P joined to the two invariable points F' and P form a 
triangle, and that the tangent of the curve at the point P, bisects 
the angle of that triangle at P, 

But when any angle of a triangle is bisected, the bisecting line 
cuts the base into segments proportional to the other sides 
(th. 23 b. 2). 
Therefore, . . FT : PF^F'T : T'F 
Or, ... . r' ir^F'T' :T'F 
But as / must be greater than r by a giyen quantity a. 
Therefore, . . r+a : r^F'T' : TF 

Or, . . . \^^\\^F'T' \T'F 

. Let it be observed, that a is a constant quantity, and r a variable 
one, which can increase without limit, and when r is tmmen^e/y 

great in respect to a, the fraction - is extremely minute, and the first 

term of the above proportion, does not in any pradkal sense differ 
from the second ; therefore, in that case, the Hdrd term does not 
essentially differ from the fourth; that xa^F'T' does not essefUiaUy 
differ from FT' when r, or the distance of P from F is immensd^ 
great Bence, the tangent at any point P, qf the hyperbola, am never 
cross the line FF' ai its middle point, but it may approach within 
the least imaginabh distance to that foint 
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THE ASYMPTOTES. 

The direction of a line passing through the center of opposite hy- 
perbolas to which a tangent may approach within the least imoffinabie 
distance is called an asymptote. 

PROPOSITION 4. PROBLEM. 

7b draw an asympMs to an hyperboia and find its angle with the axis. 

het FF' be the foci of an hyperbola 
and A* A the major axis, and C the 
center. From F' as a center with a 
radius equal A'A, describe a circle. 
From the other focus F, draw FH a 
tangent to this circle, and from the 
center F' and through the point of 
contact H, draw the line F'H, and let 
it be indefinitely produced. From C, draw CP parallel to FH, and 
from F, draw FI also parallel to F'H; then the three lines F'H, CP 
and FI, are all perpendicular to FH, and therefore, will never meet, 
however far they may be produced. 

Now suppose F 'H and FI to make the slightest possible inclination 
toward CP, and if they equally incline, it is evident that they would 
meet in the same point P, and the less the inclination from right angles, 
the greater tht distance to P, and PHF would form an isosceles triangle, 
having FH for its base, and PH, PF for its equal sides, and if PH 
and PF are anything less than infinity, the point P will be in the 
hyperbola ; for, by our supposition the infinitely slight inclination at H, 
does not prevent us from taking PF 'F as a triangle, and the difference 
of the sides PF', PF, is FH^A'A. 

Hence CP is a line to which the curve can constantly approach, but 
nev2r meet, or can meet it only at an infinite distance, and this line is 
called an asymptote. 

To obtain an expression for its angle with FF' we observe that the 
triangle F'HF is right angled at H, and FF' and A' A are always con- 
sidered as known lines, but A'A=F 'H, 

Hence, . F'F : A'A=:sin. 90® : sin.ilFF', or cos.PCF 

In analytical geometry A'A=a, and AF=c; 

Therefore, . . . FF'=(i+2c, F'H— a 

And, .... FH= V4ac+4 c2=2 J^il+c' 
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If from the point A^ we draw Ak at right angles to FC^ the two 
triangles F'HF, CAh, will be similar, and give the proportion 
F'HiHF^CAiAh 

That is, . a : 2^'ac^=^\a : AK=^jJfl^\^ 

From the preceding equation, we perceive that Ah is a mean propor- 
tional between FA and AF\ 

The double of the line Ah, drawn at right angles to FF' through the 
point C, is what mathematicians have arbitrarily termed the minor axis. 
Hence, they give this rule for drawing an asymptote. 

Rule. — From either vertex of the major axis dramM line at right angles 
to that axis equal to half the minor axis, connect the center C to the other 
extremity, and the connecting line produced is the asymptote, 

PROPOSITION S. PROBLEM. 
To describe an hyperbola by points. 

Let F,F' be the foci and A' A the 
major axis, and C the center. 

Prom F' as a center with A' A ra- 
dius, describe a portion of a circle as 
represented in the figure. From F', 
draw any line as F'P, cutting the 
circle in H and join FH, From F, 
draw the line FP, making the angle 

HFP=rPHF 

It is obvious, then, that P must be in the curve. In the same 
manner we find P*, or any other point. By joining the points P and 
C, and producing it so that PC=C!p, we shall have p, a point in the 
opposite branch of the hyperbola, and in the same manner we can find 
other points in the opposite branch. 

PROPOSITION 6. PROBLEM. 

Find the equation of the curve in relation to the center and major axis. 

Let F' F, be the foci, C the center, and A' A the major axis. Take 
any point, P, on the curve, and draw the perpendicular PA^ join PF PF\ 

Put ei4=a, AF\ AFz=c, CF=zd, 
CH=x, PH=y, PF=r, PF'=:r', 

Then FH=sx-^, or if* H falls be- 
tween A and'F, then FH=d — x, but in 
either case the result will be the same, 
because (a^-<i)'=(d— ar)^ 
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By the definitioii of the onrve, we hare 





/— r=2a 


(1) 


The A PHF'g^YW 


• r'»=(d+*)>+y« 


(a) 


The A PHF' fsiyeu 


. r»=(a>-iQ»+y» 


(8) 


By subtraction, 


r'«-r3=r4ifa? 


(4) 


Divide (4) by (1) and 


r'+r^ 


(6) 


Subtract (1) from (6) i 


2dx 
ind 2r =— — ^« 


(e) 


Or, • • • 


ix 


0) 



Combining (7) and (3) -^ -3&Nf «>=»'— 2ib-HH-y* 

Or, . . . (J2-^»>r'=(^»— fl>»+«y (8) 

But the quantity (i2^ — a') is called the square of half the minor ajits 

by common consent, and it is desi^ated by &V ^ is half the major 

axis; therefore, 

Or, • • . fl^'— *2afc=— a'fc' the e^fuoHcn of the curve. 

By giving different values to x, the corresponding values of y may be 
found. If we make x=a, y becomes o, which shows that the curve 
commences at the point A, If we make x==a, y again becomes o, 
showing the opposite point in the other branch of the curve. If we 
make x less than a, y becomes imaginary, showing that there is no 
curve in a perpendicular direction between A' and A, 

If in equation (8) we make x=d, PH or y will be half the param- 
eter by the definition of parameter. • The equation then becomes 

di — a^d^=za^d^—-a^'\-ahf^ 
Or, . • 4l<— 2fl2i«+tf*=ay 
Or, . . • d^'-^^=uiy 

Or, . • . . j==y . 
Hence, . . • . fl : h=b : y 

That is, the parameter is a third proportional to the major and minor 
axes. 

There are many other properties of the hyperbola not here demon- 
strated, but being of little or no practical importance, we omit them. 
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6633 


6042 


7860 


7767 


8164 


8671 


8978 


107 


9384 


9789 


.196 


.600 


1004 


1408 


1813 


2216 


2619 


8031 


106 


038434 


3826 


4337 


4638 


6029 


6430 


6830 


6230 


6639 


7028 


109 


7436 


7836 


8328 


8630 


9017 


9414 


9611 


.207 


.603 


.998 


110 


041896 


1787 


2183 


2676 


2969 


8863 


8766 


4148 


4640 


4933 


111 


6833 


6714 


6106 


6496 


6886 


7376 


7664 


8063 


8443 


8830 


113 


9218 


9606 


9998 


.880 


.766 


1168 


1638 


1924 


3309 


3694 


118 


063078 


3463 


3846 


4380 


4613 


4996 


6378 


6760 


6143 


6534 


114 


6906 


7386 


7666 


8046 


8426 


8806 


9186 


9663 


9943 


.830 


116 


000696 


1676 


1463 


1839 


2206 


3883 


2968 


8888 


8709 


4068 


116 


4468 


4833 


6306 


6680 


6963 


6836 


6699 


7071 


7448 


7816 


117. 


8186 


8667 


8938 


9998 


9668 


..88 


.407 


.776 


1146 


1614 


118 


071882 


3260 


3617 


3966 


8862 


8718 


4066 


4461 


4816 


6183 


119 


6647 


6913 


6376 


6640 


7004 


7868 


7781 


8094 


8467 


8819 


ISO 


9181 


9648 


9904 


.366 


.626 


.967 


1847 


1707 


3067 


3436 


121 


062786 


3144 


8603 


8861 


4219 


4676 


4934 


6291 


6647 


6004 


123 


6860 


6716 


7071 


7436 


7781 


8186 


8490 


8846 


9198 


9663 


128 


9906 


.368 


.611 


.963 


1316 


1667 


2018 


2370 


3731 


8071 


124 


008422 


8773 
7367 


4133 
7604 


4471 
7961 


4820 
8396 


6169 
8644 


6618 
8990 


6866 
9386 


6316 
9681 


6663 
1026 


126 


6910 


196 


100871 


0716 


1069 


1403 


1747 


3091 


2434 


2777 


8119 


3463 


127 


8804 


4146 


4487 


4838 


6169 


6610 


6861 


6191 


6631 


6871 


138 


7210 


7649 


7888 


8227 


8666 


8908 


9241 


9679 


9916 


.363 


129 


110690 


0936 


1368 


1699 


1984 


3370 


3606 


2940 


8376 


3609 


130 


8943 


4377 


4611 


4944 


6378 


6611 


6943 


6276 


6608 


6940 


181 


7271 


7608 


7984 


8366 


8696 


8936 


9366 


9686 


9916 


0246 


133 


120674 


0903 


1331 


1660 


1888 


3316 


3644 


2871 


8198 


3626 


183 


8862 


4178 


4604 


4830 


6166 


6481 


6806 


6131 


6466 


6781 


184 


7106 


7439 


7768 


8076 


8899 


8733 


9046 


9866 


9690 


..12 


186 


180884 


0666 


0977 


1396 


1619 


1989 


8960 


2680 


3900 


8219 


186 


8639 


3868 


4177 


4496 


4814 


6188 


6461 


6769 


6086 


6403 


187 


6721 


7087 


7864 


7671 


•7967 


8303 


8618 


8934 


9249 


9664 


188 


9679 


.194 


.608 


.833 


1186 


1460 


1763 


2076 


2389 


2702 


139 


148016 


3837 


8630 


8961 


4363 


4674 


4886 


6196 


6607 


6818 


140 


6138 


6438 


6748 


7068 


7367 


7676 


7966 


8294 


8603 


8911 


141 


9319 


9637 


9886 


.143 


.449 


.766 


1068 


1870 


1676 


1982 


142 


163388 


3694 


2900 


8306 


8610 


3816 


4120 


4424 


4728 


6032 


148 


6836 


6640 


6943 


6346 


6649 


6863 


7164 


7457 


7759 


8061 


144 


8863 


8664 


8966 


9366 


9667 


9668 


.168 


.469 


.769 


1068 


146 


161868 


1667 


1967 


3366 


2664 


8868 


8161 


8460 


3768 


4066 


146 


4363 


4660 


4947 


6344 


6641 


6888 


6184 


6430 


6726 


7032 


147 


7317 


7613 


7908 


8303 


8497 


8793 


9086 


9380 


9674. 


9968 


148 


170S63 


0666 


0648 


1141 


1484 


1736 


2019 


2311 


2603 


2896 


149 


8186 


3478 


3769 


4060 


4861 


4641 


4982 


5333 


6612 


6802 



LOGARITHMS 



N. 



160 
151 
163 
163 
164 

165 

166 
157 
168 
150 

160 
161 
163 
168 
164 

166 

166 
167 
168 
169 

170 

171 
173 
173 
174 

176 
176 
177 
178 
179 

180 
181 
183 
183 
184 

186 
186 
187 
188 
189 

190 
191 
193 
193 
194 

196 
196 
197 
198 
199 



176091 
8977 

181844 
4691 
7631 

190883 
8135 



8657 
301897 

4130 



9515 

313188 

4844 

7484 
330106 
3716 
6309 
7887 

380449 



5638 

8046 

340549 

8038 

5613 

7973 

360430 



6373 
7679 
360071 
3461 
4818 

7173 

9513 

371843 

4168 



8764 
381033 
3301 
5567 
7803 

390035 
3356 
4466 
6666 



6881 
9364 
3139 
4975 
7803 

0613 
8408 
6176 



1670 

4891 
7006 
0788 
3464 
5109 

7747 
0870 
3976 
6568 
8144 

0704 
3350 
5781 
8397 
0799 



6759 
8319 
0664 
8096 

6614 
7918 
0810 



5054 

7406 
9746 
8074 
4889 



1361 
3527 
6783 



0367 
3478 
4687 
6884 
9071 



3 



6670 
9553 
3415 



8084 

0698 
8681 
6458 
9306 
1948 

4068 
7865 
..61 
3730 
6878 

8010 
0681 



8400 

0060 
8504 



8648 
1048 

8584 
6006 
8464 
0906 



6765 
8168 
0648 



6390 

7641 
9660 
3806 
4680 
6981 

9311 
1488 
3753 
6007 



0480 



4907 
7104 



VHfOV 

9689 
3700 
6643 
8866 

1171 
8969 
6789 
9481 
3316 

4984 
7684 
.319 



6688 

8378 
0693 
8496 
6084 
8667 

1316 
8757 



8799 
1397 

8783 



8709 
1151 



O99O 

8888 
0787 
8163 
5535 

7876 
.313 
8538 
4860 
7151 

9439 
1715 
8979 



8473 

0703 
8930 
6137 
7323 
9607 



7348 
.136 



5835 
8647 

1461 
4387 
7005 
9766 



6904 
7904 
.686 
8353 
5003 



1153 
8755 
6343 
8918 

1470 
4011 
6687 
9049 
1546 

4080 
6499 
8954 
1396 



6387 
8687 
1026 
3899 
6761 

8110 
.446 
2770 
6061 
7380 

9667 
1943 



6456 
8696 

0935 
3141* 
5347 
7643 
9735 



7686 
.418 
8370 
6106 



1780 
4614 
7881 
..39 
3761 

6476 
8178 
.868 
8618 
6166 

87108 
1414 
4016 
6600 
9170 

1734 
4M4 
6789 



1796 

4377 
6746 
9198 
1688 



6477 
8877 
1363 
8686 



KQOA 
OWIO 

8844 
.679 
3001 
6811 



nontt 
WKfO 

3169 
4481 
6681 
8980 

1147 



5667 
7761 
9943 



7B26 
.609 
8666 

6891 
9809 



3010 
4793 
7666 
.808 
8088 

6746 
8441 
1131 
8788 
6480 

9060 

1676 
4374 



9486 

1070 
4617 
7041 
9660 
8044 

4636 
6991 
9448 
1881 
4806 

6718 
9116 
1501 
8873 



8678 
.913 



5543 
7888 



.133 
8896 
4656 
6906 
9143 



1869 
8684 
5787 
7979 
.161 



8118 

.966 



6674 
9400 

9389 

6069 
7883 
.677 



6016 
8710 
1888 
4048 
6604 



1086 
4688 
7116 



5X984 

4770 
7393 
9600 



4773 
7387 
9687 
8136 
4648 



9866 
1789 
4109 
6467 

8813 
1144 
3464 
6773 
8067 

.861 



7180 



1601 
8804 
6007 
8196 
.878 



8 



8401 
1373 
4183 
6966 
9771 

3567 
6846 
8107 
.860 

8677 



8979 
1664 
4814 
6867 



3196 
4793 
7873 
9988 

9488 
6038 
7644 
..60 
8641 

6019 
7483 



3366 
4790 

7196 
9694 
1976 
4846 
6703 



9046 
1877 



6003 



.678 
8849 
5107 
7854 



1818 
4086 



8416 
.685 



1668 
4407 
7389 
..61 

9646 



1194 
8848 



9347 
1981 
4679 
7881 

9646 
8466 
6061 
7630 
.198 

3743 
6376 
7796 
.800 
3790 



7798 
.176 
8610 
6081 

7439 
9638 
8814 
4688 
6987 

9979 
1609 
3937 



.806 
3076 
6883 
7678 
9819 

3034 
4246 
^6446 
8636 
.813 



OFNUMBERS. 5 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


300 


801030 


1247 


1464 


1681 


1898 


2114 


2831 


3647 


2764 


2980 


201 


3196 


8412 


3628 


3844 


4059 


4275 


4491 


4706 


4921 


6136 


SOS 


6851 


6666 


6781 


6996 


6211 


6^6 


6639 


6864 


7068 


7282 


5203 


7496 


7710 


7924 


8137 


8851 


8664 


8778 


8991 


9204 


9417 


204 


9680 


9848 


..66 


.268 


.481 


.693 


.906 


1118 


1830 


1642 


206 


311764 


1966 


2177 


2889 


3600 


2812 


3023 


8284 


8446 


3666 


206 


3867 


4078 


4289 


4499 


4710 


4920 


6130 


6840 


6661 


6760 


207 


6970 


6180 


6390 


6699 


6809 


7018 


7227 


7436 


7646 


7864 


208 


8063 


8272 


8481 


8689 


8898 


9106 


9314 


9622 


9780 


9938 


209 


820146 


0364 


0662 


0769 


0977 


1184 


1391 


1698 


1806 


2012 


210 


2219 


2426 


3688 


3889 


8046 


3362 


3468 


8665 


8871 


4077 


211 


4282 


4488 


4694 


4899 


6106 


6310 


6616 


6721 


6926 


6131 


212 


6336 


6541 


6746 


6960 


7166 


7369 


7663 


7767 


7972 


8176 


213 


8380 


8688 


8787 


8991 


9194 


9398 


9601 


9605 


...8 


.211 


214 


380414 


0617 


0619 


1032 


1225 


1437 


1630 


1882 


3084 


2286 


215 


2488 


2640 


2842 


8044 


8346 


8447 


8649 


3860 


4061 


4863 


216 


4464 


4666 


4856 


6057 


6267 


6468 


6668 


6869 


6069 


6360 


217 


6460 


6660 


6860 


7060 


7260 


7469 


7659 


7868 


8068 


8367 


218 


8466 


^ 


8856 


9064 


9263 


9461 


9660 


9849 


..47 


.346 


219 




0641 


1039 


1237 


1436 


1632 


1880 


3028 


2336 


220 


2423 


2630 


2817 


3014 


8213 


3409 


3606 


3802 


8999 


4196 


221 


4392 


4689 


4786 


4961 


6178 


6374 


6570 


6766 


6963 


6167 


222 


6353 


6649 


6744 


6939 


7135 


7830 


7526 


7720 


7916 


8110 


223 


8306 


8600 


8694 


8889 


9083 


9278 


9472 


9666 


9860 


..64 


224 


860248 


0443 


0636 


0829 


1U23 


1316 


1410 


1603 


1796 


1989 


226 


2183 


2376 


2668 


2761 


2954 


3147 


3339 


3632 


8724 


8916 


226 


4108 


4301 


4493 


4686 


4876 


6068 


6260 


6462 


5643 


6834 


227 


6026 


6217 


6408 


6699 


6790 


6981 


7172 


7363 


7664 


7744 


228 


7936 


8126 


8316 


8606 


8696 


8886 


9076 


9266 


9466 


9646 


229 


9836 


..26 


.216 


.404 


.593 


.783 


.972 


1161 


1360 


1539 


230 


861728 


1917 


2106 


2294 


3482 


2671 


2869 


8048 


3286 


3434 


231 


8612 


3800 


8988 


4176 


4368 


4651 


4739 


4926 


6113 


6301 


232 


6488 


6676 


6862 


6049 


6286 


6423 


6610 


6796 


6983 


7169 


233 


7366 


7642 


7729 


7916 


8101 


8287 


8473 


8659 


8846 


9030 


234 


9216 


9401 


9687 


9772 


9968 


.143 


.828 


.518 


.698 


.888 


236 


371068 


1268 


1437 


1622 


1806 


1991 


2176 


2860 


2644 


2788 


236 


2912 


8096 


8280 


3464 


3647 


8831 


4016 


4198 


4382 


4666 


237 


4748 


4932 


6116 


5298 


6481 


5664 


6846 


6029 


6212 


.6894 


238 


6677 


6769 


6942 


7124 


7306 


7488 


7670 


7862 


8034 


8216 


239 


8898 


8680 


8761 


8943 


9124 


9306 


9487 


9668 


9649 


..80 


240 


880211 


0392 


0678 


0754 


0934 


1116 


1296 


1476 


1656 


1837 


241 


2017 


2197 


2377 


2667 


2787 


2917 


8097 


8277 


3456 


8636 


242 


3816 


3996 


4174 


4368 


4633 


4712 


4891 


6070 


6249 


6488 


243 


6606 


5786 


6964 


6142 


6321 


6499 


6677 


6866 


7084 


7312 


244 


7390 


7668 


7746 


7928 


8101 


8279 


8466 


8634 


8811 


8080 


245 


9166 


9343 


9620 


9696 


9676 


..51 


.338 


.406 


.682 


.769 


246 


890936 


1112 


1288 


1464 


1641 


1817 


1998 


2169 


S345 2621 


247 


3697 


2873 


3048 


8224 


3400 


3575 


8761 


8926 


4101 I 4277 


248 


4462 


4627 


4803 


4977 


6162 


6326 


6501 


6676 


6860 6086 


249 


6199 


6874 


6648 


6722 


6896 

SSSSS3 


7071 


7346 


7419 


7602 7766 



LOGARITHMS 



N. 



360 
361 
363 
368 
364 

366 

366 

367 
368 
369 

360 
361 
363 
368 
364 

366 
366 
367 
368 
360 

370 
371 
373 
373 
374 

376 
376 
377 
378 
379 

380 
381 



284 

386 
286 
287 
288 



290 
391 
392 
298 
394 

396 
296 
297 
298 



807940 
9674 

401401 
8131 
4884 

6640 



411620 
3800 

4073 
6641 
8801 
9966 
431604 

8346 



6611 
8136 
9762 

481864 
2969 
4669 
6163 
7761 



440909 
2480 
4046 
6604 

7168 
8706 
460249 
1786 
3318 

4846 



7883 

9392 

460898 



8347 

9823 
471292 
2766 
4216 
6671 



8114 
9847 
1678 



6006 

6710 
8410 
.102 
1788 
3467 

6140 
6807 
8467 
.131 
1788 

8410 
6046 
6674 
8397 
9914 

1636 
3180 
4729 



7909 

9491 
1066 
2637 
4301 
6760 

7313 
8861 
0403 
1940 
3471 

4997 
6618 
8033 
9643 
1048 

3648 
4042 
6633 
7016 
8496 

9969 
1438 
2903 
4362 
6816 



8387 
..30 
1746 
3464 
6176 

6881 
8679 
.371 
1966 
8636 



6807 
6973 



1988 
8674 



8469 
..76 



1686 
3390 



6481 
8067 

9648 
1224 
2793 
4367 
6916 

7468 
9016 
0667 



8624 

5160 
6670 
8184 
9694 
1198 

2697 
4191 
6680 
7164 
8648 



.116 
1686 
8049 
4608 



8461 
.192 
1917 



6846 

7061 
8749 
.440 
2134 
8803 

6474 
7189 
8798 
.461 
2097 

8787 
6871 



8631 



1846 
3460 
6048 
6640 



9806 
1381 
3960 
4613 
6071 



9170 
0711 
2347 
3777 

6303 
6821 
8336 
9846 
1348 

2847 
4340 



7312 
8790 



1732 
3196 
4663 
6107 



8684 
.866 



8807 
6617 

7231 
8918 



3970 

6641 
'4806 



.616 
3361 

8901 
6634 
7161 
8783 



3007 
3610 
6207 
6800 
8884 

9964 
1638 
3106 



7778 



0866 
3400 
8930 

6464 
6973 
8487 
9995 
1499 



3997 
4490 
6977 
7460 



.410 
1878 
3341 
4799 
6363 



8808 
.688 

3361 
8978 



7891 
9087 
.777 
3461 
4187 

6806 
7473 
9139 
.781 
2426 



4066 

6697 
7324 
8944 
.669 

2167 
3770 
6867 
6967 
8643 

.133 
1696 



4826 
6383 

7933 
9478 
1018 
2663 
4083 



6606 

7126 



.146 
1649 

3146 



6126 
7606 
9086 



.667 
2026 
8487 
4944 
6397 



6 



8961 
.711 
2488 
4149 
6668 

7661 
9267 
.946 



4806 

6974 
7638 



.946 
3690 



7486 
9106 
.730 

3828 



7116 
8701 

.279 
1862 
3419 
4981 
6637 

8068 
9633 
1172 
2706 
4236 

6768 
•3276 
8789 
.296 
1799 

3296 

4788 
6274 
7766 



.704 
2171 
3633 
6090 
6642 



9164 
.883 
2606 
4820 



7781 



1114 
2796 
4472 

6141 
7804 
9460 
1110 
3764 

4393 
6023 

7648 

3488 
4090 
6685 
7276 



.437 
2009 
3676 
6137 



9787 
1326 
2869 
4887 

6910 
7428 
8940 
.447 
1948 

3446 
4936 
6423 
7904 
9380 

.861 
2318 
3779 
6236 
6687 



1066 
2777 
4492 
6199 

7901 
9696 
1283 
2964 



6306 
7970 



1276 
2818 



4666 
6186 
7811 
9429 
1043 



2649 
4249 
6844 
7433 
9017 

.694 
2166 
3732 
6293 
6848 

8397 
9941 
1479 
3012 
4640 

6063 
7679 
9091 
.697 



3694 
6066 
6671 
8062 
9627 

998 
2464 
8926 
6381 



^9601 
1228 
2949 
4663 
6370 

8070 
9764 
1461 
3132 
4806 

6474 
8136 
9791 
1439 



4718 
6349 
7973 
9691 
1203 



4409 
6004 
7592 
9176 

.762 
ic323 
3889 
6449 
7003 

8663 
.,96 
1633 
31ti6 
4692 

6214 
7731 
9242 
.748 
2248 

3744 
6234 
6719 
8200 
9676 

1146 
2610 
4071 
6626 
6976 



OF NUMBERS. 7 


N. 





I 


3 8 


4 


6 


6 


7 


s , 1 


300 


477131 


7366 


7411 


7655 


7700 


7844 


7989 


8133 


8378 


8433 


301 


8566 


8711 


8855 


8999 


9143 


9387 


9481 


9575 


9719 


9863 


302 


480007 


0151 


0394 


0438 


0582 


0725 


0669 


1012 


1156 


1399 


303 


1443 


1586 


1739 


1873 


3016 


2159 


2303 


2445 


3588 


3731 


304 


3874 


3016 


3159 


3303 


3446 


3587 


3730 


3873 


4015 


4167 


306 


4800 


4443 


4686 


4737 


4869 


5011 


5163 


5396^ 


5437 


5679 


303 


6731 


5868 


6006 


6147 


6389 


6430 


6573 


6714 


6855 


6997 


307 


7138 


7380 


7431 


7563 


7704 


7845 


7986 


8137 


8369 


8410 


308 


8551 


8693 


8833 


8974 


9114 


9265 


9396 


9537 


9667 


9818 


309 


9959 


..99 


.339 


.380 


.530 


.661 


.801 


.941 


1081 


1323 


810 


491363 


1503 


1643 


1783 


1933 


2083 


3301 


2341 


3481 


3631 


311 


2760 


3900 


3040 


3179 


3319 


3458 


3697 


3737 


3876 


4015 


313 


4155 


4394 


4433 


4573 


4711 


4850 


4989 


5138 


5267 


6406 


313 


5544 


6883 


6833 


6960 


6099 


6238 


6376 


6515 


6653 


6791 


314 


0930 


7068 


7306 


7344 


7483 


7621 


7759 


7897 


8035 


8173 


315 


8811 


8448 


8586 


8734 


8863 


8999 


9187 


9375 


9413 


9550 


316 


9687 


9834 


9963 


..99 


.336 


.874 


.511 


.648 


.785 


.933 


317 


501059 


1196 


1333 


1470 


1607 


1744 


1880 


2017 


2164 


2391 


318 


3427 


2664 


8700 


3837 


3973 


3109 


3246 


3383 


3518 


8655 


319 


8791 


3937 


4063 


4199 


4336 


4471 


4607 


4748 


1878 


5014 


320 


6150 


5386 


5431 


6557 


6603 


6838 


6964 


6099 


6234 


6370 


m 


6506 


6640 


0776 


6911 


7046 


7181 


7316 


7451 


7586 


7731 


333 


7866 


7991 


8136 


8360 


8395 


8530 


8664 


8799 


8934 


9006 


323 


9303 


9337 


9471 


9606 


9740 


9874 


...9 


.143 


.277 


.411 


324 


610545 


0679 


0813 


0947 


1081 


1316 


1349 


1483 


1616 


1750 


836 


1883 


3017 


3161 


3384 


3418 


3561 


2684 


2818 


2951 


8084 


836 


8318 


3351 


3484 


3617 


3750 


3883 


4016 


4149 


4383 


4414 


337 


4548 


4681 


4813 


4946 


5079 


5311 


5344 


5476 


5609 


5741 


328 


5874 


6006 


6139 


6371 


6403 


6535 


6668 


6800 


6933 


7064 


339 


7196 


7338 


7460 


7593 


7734 


"1855 


7987 


8119 


8351 


8383 


880 


8614 


8646 


8777 


8909 


9040 


9171 


9303 


9434 


9666 


9697 


331 


9838 


QQxn 


..90 


.231 


.853 


.484 


.615 


.745 


.876 


1007 


333 


531138 


1369 


1400 


1530 


1661 


1793 


1922 


3053 


3183 


3314 


333 


3444 


3675 


3705 


3835 


3966 


3096 


3226 


3356 


3486 


3616 


334 


8746 


3876 


4006 


4136 


4366 


4396 


4526 


4656 


4786 


4915 


836 


5046 


5174 


6304 


5434. 


5668 


5693 


6833 


5961 


6061 


6310 


336 


6339 


6469 


6598 


6737 


6866 


6985 


7114 


7343 


7373 


7501 


837 


7630 


7769 


7888 


8016 


8145 


8374 


8403 


8631 


8660 


8788 


838 


8917 


9046 


9174 


9303 


9430 


9559 


9687 


9815 


9943 


..73 


839 


530200 


0338 


0456 


0584 


0713 


0840 


0968 


1096 


1333 


1£51 


840 


1479 


1607 


1734 


1863 


1960 


3117 


3346 


3873 


3500 


2637 


841 


3764 


3883 


3009 


3136 


3364 


3391 


3618 


3645 


3773 


8899 


343 


4036 


4163 


4280 


4407 


4634 


4661 


4787 


4914 


6041 


5167 


343 


5394 


5431 


5547 


5674 


6800 


5937 


6053 


6180 


6306 


6433 


844 


6558 


6686 


6811 


6937 


7080 


7189 


7315 


7441 


7567 


7693 


846 


7819 


7945 


8071 


8197 


8333 


8448 


8674 


8699 


8836 


8951 


346 


9076 


9203 


9337 


9453 


9678 


9703 


9829 


9964 


..79 


.204 


347 


540329 


0465 


0680 


0706 


0830 


0955 


1080 


1205 


1330 


1454 


348 


1579 


1704 


1839 


1953 


3078 


3303 


2327 


2453 


3576 


2701 


. 849 


3835 


3950 


3074 


8199 


3333 


3447 


3571 


3696 


3830 


3944 



8 


LOGARITHMS 




N. 





1 


9 


8 


4 


6 


6 7 


8 


9 




860 


644068 


4193 


4816 


4440 


4664 


4688 


4813 


4936 


5060 


5183 




851 


5307 


5481 


6665 


6678 


6805 


6935 


6049 


6172 


6396 


6419 




803 


6643 


DDOO 


6789 


6913 


7036 


7159 


7283 


7406 


7539 


7663 




868 


7775 


7896 


8031 


8144 


8367 


8889 


8613 


8635 


8758 


8881 




864 


9008 


9196 


9348 


9871 


9484 


9616 


9739 


9861 


9984 


.196 




866 


660938 


0861 


0478 


0B06 


0717 


0640 


0903 


1064 


1306 


1838 




866 


1460 


1673 


1684 


1816 


1988 


9060 


9181 


2803 


9425 


3647 




867 


9668 


3790 


3911 


8038 


8155 


8376 


8893 


8519 


8640 


3763 




868 


8888 


4004 


4136 


4347 


4368 


4489 


4610 


4781 


4863 


4978 




869 


6094 


6816 


6846 


5467 


6678 


6699 


6830 


5940 


6061 


6183 




860 


6808 


6438 


6544 


6664 


6786 


6906 


7036 


7146 


7967 


7887 




861 


7507 


7637 


7748 


7868 


7968 


8108 


8338 


8349 


8460 


8589 




862 


8709 


8839 


8948 


9068 


9188 


9806 


9428 


9548 


9667 


9787 




863 


9907 


.36 


.146 


.965 


.885 


.604 


.634 


.748 


.863 


.983 




864 


661101 


15L31 


1840 


1469 


1578 


1696 


1817 


1936 


3066 


3178 




865 


9393 


9419 


3681 


3660 


3769 


3887 


8006 


8126 


8944 


3363 




866 


8481 


8600 


8718 


8837 


3955 


4074 


4193 


4311 


4439 


4548 




867 


4666 


4784 


4903 


5031 


5139 


5357 


5376 


5494 


5613 


5730 




868 


6848 


6966 


6084 


6303 


6330 


6487 


6655 


6673 


6791 


6909 




869 


7096 


7144 


7969 


7879 


7497 


7614 


7783 


7849 


7967 


8064 




870 


8903 


8819 


8486 


8554 


8671 


8788 


8906 


9033 


9140 


9357 




871 


9874 


9491 


9608 


9735 


9883 


9959 


..76 


.193 


.809 


.436 




873 


670548 


0660 


0776 


0893 


1010 


1136 


1348 


1359 


1476 


1593 




373 


1709 


1835 


1949 


3058 


3174 


3291 


2407 


2533 


2689 


2766 




874 


9879 


3988 


3104 


8930 


3836 


8463 


3568 


8684 


8800 


8915 




876 


4081 


4147 


4963 


4379 


4494 


4610 


4796 


4841 


^^7 


5073 




876 


5188 


5303 


5419 


5534 


6650 


6766 


5880 


5996 


6111 


6226 




877 


6341 


6467 


6573 


6687 


6803 


6917 


7032 


7147 


7363 


7377 




878 


7493 


7607 


7793 


7836 


7961 


8066 


8181 


8896 


8410 


8525 • 




879 


8639 


8754 


8868 


8963 


9097 


9313 


9336 


9441 


9565 


9669 




880 


9784 


9898 


..13 


.136 


.941 


.866 


.469 


.683 


.697 


.811 




881 


680935 


1039 


1153 


1367 


1381 


1495 


1608 


1733 


1886 


1950 




383 


3063 


3177 


3391 


3404 


3518 


3681 


3745 


3858 


3973 


3065 




383 


8199 


3313 


3436 


3539 


3663 


3766 


3879 


3993 


4105 


4318 




884 


4881 


4444 


4567 


4670 


4783 


4896 


5009 


5123 


5385 


5348 




886 


6461 


5674 


6686 


5799 


5913 


6094 


6187 


6960 


6863 


6476 




386 


6687 


6700 


6813 


6935 


7037 


7149 


7363 


7874 


7486 


7699 




387 


7711 


7833 


7935 


8047 


8160 


8973 


8384 


8496 


8608 


8720 




388 


8833 


8944 


9066 


9167 


9379 


9891 


9503 


9615 


9736 


9634 




389 


9960 


..61 


.173 


.384 


.896 


.507 


.619 


.780 


.8^ 


.963 


1 


890 


591066 


1176 


1287 


1399 


1610 


1631 


1783 


1848 


1^66 


2066 


391 


3177 


2388 


3399 


3510 


9631 


3733 


2843 


2954 


3064 


3175 




393 


3386 


3397 


3606 


8618 


8739 


8840 


3950 


4061 


4171 


4383 




393 


4393 


4503 


4614 


4734 


4884 


4945 


6055 


5165 


5276 


5386 




394 


5496 


6606 


6717 


5837 


6937 


6047 


6157 


6367 


6377 


6487 




395 


6697 


6707 


6817 


6937 


7087 


7146 


7256 


7866 


7476 


7686 




396 


7695 


7806 


7914 


8034 


8134 


8343 


8353 


8463 


8573 


8681 




397 


8791 


8900 


9009 


9119 


9338 


9337 


9446 


9556 


9666 


9774 




398 


9683 


9993 


.101 


.310 


•819 


.438 


.637 


.646 


.755 


.864 




399 


600973 


1083 


1191 


1399 


1408 


1517 


1625 


1784 


1843 


1951 





OF NUMBERS. 9 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


400 


603060 


3169 


2277 


2386 


2494 


2603 


2711 


3819 


2928 


3036 


401 


3144 


3353 


3361 


3469 


3573 


3686 


3794 


3903 


4010 


4118 


403 


4236 


4334 


4442 


4550 


4658 


4766 


4874 


4983 


5089 


5197 


403 


6305 


5413 


5521 


5628 


5736 


5844 


5951 


6059 


6166 


6274 


404 


6381 


6489 


6596 


6704 


6811 


6919 


7026 


7133 


7341 


7848 


405 


7455 


7563 


7669 


7777 


7884 


7991 


8098 


8305 


8312 


8419 


406 


8536 


8633 


8740 


8847 


8954 


9061 


9167 


9374 


9381 


9488 


407 


9594 


9701 


9808 


9914 


..21 


.138 


.234 


.341 


.447 


.554 


408 


610660 


0767 


0873 


0979 


1066 


1193 


1298 


1405 


1511 


1617 


409 


1733 


1839 


1936 


2042 


2148 


2254 


2360 


3466 


2572 


2678 


410 


3784 


3890 


2996 


3102 


3207 


3313 


3419 


8535 


3630 


8736 


411 


8843 


3947 


4053 


4159 


4364 


4370 


4475 


4681 


4686 


4792 


413 


4897 


5003 


5108 


5213 


5319 


6424 


5529 


5634 


5740 


5845 


413 


5950 


6055 


6160 


6265 


6370 


6476 


6581 


6686 


6790 


6895 


414 


7000 


7105 


7210 


7315 


7430 


7526 


7629 


7734 


7889 


7943 


415 


8048 


8153 


8257 


8362 


8466 


8671 


8676 


8780 


8884 


8989 


416 


9393 


^198 


9302 


9406 


9511 


9615 


9719 


9824 


9938 


..82 


417 


630136 


0140 


0344 


0448 


0553 


0656 


0760 


0664 


0068 


1073 


418 


1176 


1280 


1384 


1488 


1593 


1695 


1799 


1903 


3007 


2110 


419 


3314 


2318. 


3421 


2525 


3638 


2732 


2836 


2989 


3043 


8146 


430 


33^ 


3353 


3456 


3569 


3663 


8766 


8869 


3978 


4076 


4179 


431 


4383 


4385 


4488 


4591 


4695 


4798 


4901 


6004 


5107 


5210 


433 


5313 


5415 


5518 


5621 


5734 


5827 


5929 


6033 


6136 


6238 


433 


6340 


6443 


6546 


6648 


6751 


6863 


6956 


7058 


7161 


7263 


424 


7366 


7468 


7571 


7673 


7775 


7878 


7980 


8083 


8185 


8287 


435 


8389 


8491 


8593 


8695 


8797 


8900 


9002 


9104 


9206 


9308 


436 


9410 


9512 


9613 


9716 


9817 


9919 


..21 


.133 


.224 


.326 


437 


630428 


0530 


0631 


0733 


0835 


0936 


1038 


1139 


1241 


1342 


438 


1444 


1545 


1647 


1748 


1849 


1951 


2062 


2153 


2255 


2356 


439 


3457 


2559 


2660 


2761 


2862 


2963 


3064 


3165 


3266 


3367 


430 


3468 


3569 


3670 


3771 


3872 


3978 


4074 


4175 


4276 


48*^1 


431 


4477 


4578 


4679 


4779 


4880 


4981 


5081 


5182 


6288 


5388 


433 


5484 


5584 


6685 


5785 


5886 


6966 


6087 


6187 


6287 


6388 


433 


6488 


6588 


6688 


6789 


6889 


6989 


7089 


7189 


7290 


7390 


434 


7490 


7590 


7690 


7790 


7890 


7990 


8090 


8190 


8290 


8389 


435 


8489 


8589 


8689 


8789 


oOcX) 


8988 


9088 


9188 


9287 


9387 


436 


9486 


9586 


9686 


9785 


9885 


9984 


..84 


.183 


.283 


.882 


437 


640481 


0581 


0680 


0779 


0879 


0978 


1077 


1177 


1276 


1375 


438 


1474 


1673 


1672 


1771 


1871 


1970 


3069 


2168 


2267 


2366 


439 


2465 


2563 


2662 


2761 


2860 


2959 


3058 


3166 


3265 


3354 


440 


8453 


3551 


3660 


3749 


8847 


8946 


4044 


4143 


4242 


4340 


441 


4439 


4537 


4636 


4734 


4832 


4981 


5039 


6127 


5226 


5324 


443 


6433 


5521 


5619 


5717 


5815 


5913 


6011 


6110 


6206 


6306 


443 


6404 


6502 


6600 


6698 


6796 


6894 


6993 


7089 


7187 


7285 


444 


7383 


7481 


7579 


7676 


7774 


7872 


7969 


8067 


8165 


8262 


445 


8360 


8468 


8555 


8653 


8760 


8848 


8946 


9043 


9140 


9237 


446 


9335 


9432 


9530 


9627 


9724 


9821 


9919 


..16 


.113 


.210 


447 


650308 


0405 


0502 


0599 


0696 


0793 


0890 


0987 


1064 


1181 


448 


1378 


1375 


1472 


1569 


1666 


1762 


1869 


1956 


2053 


2150 


449 


3246 


2343 


2440 


2530 


2633 


2730 


3836 


2923 


3019 


8116 



10 



LOGARITHMS 



N. 



450 
461 
453 
453 
454 

465 

456 
457 
458 
458 

460 
461 
462 
463 
464 

466 
466 
467 
468 
469 

470 

471 
472 
478 
474 

475 
476 
477 
478 
479 

4M 
481 
482 
483 
484 

486 
486 
487 
488 
489 

490 
491 



494 

495 
496 
497 
496 
499 



663213 
4177 
5138 



7056 



8011 



9916 

660665 

1813 

2768 
8701 
4642 
6581 
6518 

7453 



9317 

670241 

1173 

3096 
8021 
8942 
4861 
6778 

6694 
7607 
8618 



680386 



1241 
2146 
8047 
3947 
4854 

6743 
6636 
7529 
8430 



690196 
1081 

' 1965 
2847 
3727 

4605 
6482 
6356 
7289 
8101 



3309 
4273 
5236 
6194 
7152 

8107 
9060 
..11 
0960 
1907 

2863 
3795 
4736 
5675 
6613 

7546 
8479 
9410 



1366 

8190 
3118 
4034 
4953 
6870 

6786 
7696 
8609 
9619 
0436 

1383 
8385 
3187 
4037 



6831 
6736 
7618 
8509 



0286 
1170 
2053 



3815 



5669 
6444 
7817 
8188 



3 



3405 
4369 
5331 
6290 

7247 

8303 
9155 
.106 
1055 
2002 

3947 



4830 
5769 
6705 

7640 
8573 
9603 
0431 
1368 



8306 
4136 
5046 



6876 
7789 
8700 
9610 
0617 

1433 



8337 
4137 
5036 

6931 
6815 
7707 
8596 
9486 

0373 
1358 
2142 
3028 



4781 
6657 
6531 
7404 
8275 



8503 
4466 
6427 



7343 



9260 
.201 
1150 



8041 
8963 
4924 
5862 
6799 

7783 



9596 
0634 
1451 

3375 
8397 
4318 
6137 



7881 
8791 
9700 
0607 

1513 
3416 
8317 
4317 
5114 

6010 
6904 
7796 
8687 
9576 

0863 
1347 
2230 
3111 
3991 

4868 
5744 
6618 
7491 



8696 
4562 
6526 
6482 
7438 



9346 
.396 
1345 
3191 

8186 
4078 
5018 
5956 



7636 
8769 



0617 
1543 

3467 
8890 
4310 
6338 
6146 

7069 
7973 



9791 
0696 

1603 
3606 
3407 
4307 
6204 

6100 



7886 
8776 
9664 

0550 
1435 
2318 
3199 
4078 

4956 
6832 
6706 
7578 
8449 
=3E= 



4658 
5619 
6577 
7534 



8486 
9441 
.891 
1339 
2286 

8230 
4173 
5113 
6060 



7930 



9783 
0710 
1636 



3660 
8483 
4403 
5330 



7151 
8063 
8973 



0789 



3696 
3497 
4896 
5394 

6189 
7063 
7975 



9753 



1624 
2406 
8287 
4166 

6044 
5919 
6793 
7665 
8535 



8791 
4754 
5715 
6673 



6684 
9536 
.486 
1434 
3880 

8334 



6306 
6143 
7079 

8018 
6946 
9875 
0603 
1738 



8574 
4494 
5413 



7343 
8154 
9064 
9978 
0679 

1784 



3587 
4466 
5368 

6379 
7173 
8064 
8953 

9841 

0738 
1613 
3494 
3375 
4264 

5181 
6007 



7753 



4850 
5810 
6769 
7725 

8679 
9631 
.681 
1629 
2475 

3416 
4360 



7173 

8106 
9038 
9967 
0695 
1831 

2744 



4686 
6603 
6419 

7333 
6346 
9156 
..68 
0070 

1674 
3777 
8677 
4576 
6473 



7261 
8153 
9042 



0616 
1700 
2583 
3463 
4342 

5210 
6094 



7839 
8709 



8 



8964 
4946 
6906 
6864 
7820 

6774 
9726 
.676 



8613 
4454 
5893 
6381 
7366 

8199 
9131 
.60 



1913 



3686 
8768 
4677 
5595 
6511 



7434 
8336 
9346 
.164 
1060 

1964 
3667 
8767 
4666 
5663 



6466 
7361 
6343 
9181 
..19 

0905 
1789 
3671 
3661 
4430 

6307 
6163 
7065 
7936 
8796 



9 

4060 
6043 
6003 
6960 
7916 

8870 
9831 
.771 
1716 
3663 

8607 
4648 
5487 
6434 
7360 



.158 
1060 
3006 



8860 
4769 
6667 
6603 

7616 
6437 
9837 
.246 
1151 

3055 
3967 
8857 
4766 
5653 

6647 
7440 
8331 
9320 
.107 



1877 
2759 
3639 
4517 

6394 
6269 
7142 
8014 



OF NUMBERS. 



11 



N. 



600 
601 
603 
603 
604 

605 
606 
607 
603 
609 

610 
611 
612 
613 
614 

616 
616 
617 
618 
619 

690 

631 
633 



636 

636 
637 
638 



631 
633 
633 
634 

636 

636 
637 
638 
639 

640 
641 
643 
643 
644 

646 
646 
647 
548 
649 



698970 
9838 

700704 
1568 
3431 

3391 
4161 
6008 
6864 
6718 

7670 

8431 

9370 

710117 



1807 
3660 
8491 
4330 
6167 

6008 



7671 
8603 
9331 

730169 



1811 
8634 
3466 

4376 
6096 
6913 
6737 
7641 

8364 
9166 
9974 
730783 
1589 

3394 
3197 
8999 
4800 
6699 

6397 
7193 
7987 
8781 
9573 



9067 
9934 
0790 
1654 
3617 

8377 



6094 



7665 
8606 
9366 
0303 
1048 

1893 
3734 
8676 
4414 
6361 

6087 
6931 
7754 
8686 
9414 



1068 
1893 
3716 



4868 
6176 



8486 
9346 
..66 



1669 

3474 
8378 
4079 
4880 
6679 

6476 

7273 
8067 



9661 



3 



9144 
..11 
0877 
1741 
3603 

8468 
4833 
6179 
6035 



7740 
8691 
9440 
0387 
1133 

197fr 
8818 
8669 
4497 
5885 

6170 
7004 
7837 



9497 



1161 
.976 
3798 



4440 
6358 
6075 



7704 

8516 
9337 
.136 
0944 
1750 

3655 



4160 
4960 
5759 

6666 
7853 
8146 



9781 



8 



9381 
..96 
0963 
1827 



8549 

4408 
6366 
6130 
6974 

7836 
8676 
9634 
0871 
1317 

3060 
8903 
3743 
4581 
5418 



7088 
7930 
8761 
9580 

0407 
1838 
3058 
8881 
8703 

4633 
5340 
6166 
6973 
7785 

8697 
9403 
.317 
1034 
1830 



8685 
3438 
4340 
5040 



7431 



9018 
9810 



9317 
.184 
1060 
1913 
3775 



8686 

4494 
5850 



7069 

7910 
8761 
9609 
0466 
1301 

3144 



4665 
5508 

6837 
7171 
8003 
8834 



0490 
1816 
3140 



8784 

4604 
6433 



7053 
7866 

8678 
9489 
.398 
1105 
1911 

8715 
3518 
4330 
5120 
6918 

6715 
7511 
8305 
9097 



OTPHi 



9404 
.371 
1136 
1999 
3861 

3731 
4579 
5436 
6391 
7144 

7996 
8846 
9694 
0540 
1385 



8070 
3910 
4749 
5686 

6431 
7354 
8086 
8917 
9745 

0573 
1398 
3322 
3045 
8866 

4685 
5603 



7134 
7948 

8769 
9570 
.378 
1186 
1991 

8796 
8598 
4400 
5200 



6796 
7690 
8384' 
9177 



6 



9491 
.358 
1222 



8947 

8807 
4665 
5622 
6376 
7229 

8081 
8931 
9779 
0625 
1470 

2313 
3154 
3994 
4833 



6504 
7338 
8169 
9000 



0655 
1481 
2305 
3127 



47G7 
6585 
6401 
7216 
8029 

8841 
9651 
.469 
1266 
2072 

3876 
3679 
4480 
5279 
6078 

6874 
7670 
8463 
9266 
..47 



9578 
.444 
1309 
2172 



4751 
5607 
6462 
7315 

8166 
9016 
9863 
0710 
1554 

8897 
8238 
4078 
4916 
5753 



7421 
8253 
9063 
9911 

0738 
1663 
2387 
3209 
4030 

4849 
6667 
6483 
7297 
8110 

8922 
9732 
.440 
.1347 
2162 

2956 
3769 
4660 
5369 
6157 

6954 
7749 
8543 
9886 
.126 



8 



9 



9664 
.531 
1396 
2268 
8119 

8979 
4837 
5693 
6547 
7400 

8351 
9100 
9948 
0794 
1639 

8481 
8326 
4162 
5000 
5833 

6671 

7604 
8336 
9165 
9994 

0821 
1646 
2469 
3291 
4112 

4931 
5748 
6564 
7379 
8191 

9003 
9813 
.621 
1428 
2233 

3037 
3839 
4640 
5439 
6237 

7034 
7829 
8622 
9414 
.206 



9751 
.617 
1482 
2344 
3205 

4065 
4922 
5778 
6G32 
7485 



9185 
..33 
0679 
1723 

2666 
3407 
4246 
5064 
5920 

6764 
7687 
8419 
9248 
..77 



1728 
2552 
3374 
4194 

.5013 
6830 
664S 
7460 
8273 

9084 
9893 
.702 
1506 
2313 

8117 
3919 
4720 
6619 
6317 

7113 
7908 
8701 
9493 
.284 



Bsae 



13 



LOGARITHMS 



I 



660 
661 
663 
663 
664 

666 

656 
657 
668 

659 

660 
661 
663 
668 
664 

666 

666 
667 
668 
660 

670 

671 
672 
673 
674 

676 
676 
677 
678 
679 

680 
681 
683 
683 

684 

685 
686 

687 
688 
689 

690 
691 
693 
693 
694 

696 
696 
697 
696 



740968 
1163 
1939 
3736 
8610 



6076 
6866 

6684 
7413 

8188 
8963 
9786 
760608 
1379 

3048 
3816 
8683 
4348 
6113 

6676 
6636 
7896 
8166 
8913 

9668 
760433 
1176 
1938 
S679 

8438 
4176 
4933 
6669 
6418 

7166 
7898 
8638 
9377 
770116 

0863 
1687 
3333 
3056 
3786 

4617 
6246 
6974 
6701 
7427 



0443 
1330 
3018 
3804 
8668 

4871 
6163 
6033 
6713 
7489 



9040 
9614 
0666 
1866 

3136 



4435 
6189 

6061 
6713 
7473 
8330 



9748 
0496 
1361 
3003 
3764 

3608 
4361 
4998 
5743 
6487 

7230 
7973 
8713 
9451 
0189 

0936 
1661 
3395 
3138 
3860 

4690 
6319 
6047 
6774 
7499 



3 



0631 
1309 
3096 



8667 



6381 
6011 
6790 
7667 

8848 
9118 
9891 



1488 



3970 
8786 
4601 
6366 

6087 
6788 
7648 
8806 
9068 

9619 
0673 
1326 
2078 



3678 
4326 
6072 
6818 
6663 

7304 
8046 
8786 
9535 
0263 



1734 
3468 
3201 
3933 



6393 
6120 
6846 
7572 



0660 



1888 
2175 
3961 
8746 

4688 
6800 
6089 



7646 

8481 
9196 
9968 
0740 
1610 

8879 
8047 
8813 
4678 
6341 

6108 
6864 
7624 
8882 
9180 

9604 
0649 
1402 
2168 
2904 



8668 

4400 
5147 



7879 
8120 



0336 



1073 
1808 
3642 
3274 
4006 

4786 
6465 
6193 
6919 
7644 



0678 
1467 
9864 
3089 
8838 

4606 
6387 
6167 
6046 
7733 

8408 
9373 
..46 
0617 
1687 

3866 
8138 



4664 
6417 

6180 
6940 
7700 
8468 
9314 

9970 
0734 
1477 



3978 

8737 
4476 
6321 
6966 
6710 

7458 
8194 
8934 
9673 
0410 

1146 

1881 
2615 



4079 

4809 
5588 
6265 



7717 



0757 
1646 
3883 
8118 
8908 

4684 
6466 

6846 
7038 
7800 

8V76 
9860 
.138 
0694 
1664 

3488 
8800 



4780 
5494 



7016 
7776 
8583 
9890 

..45 
0799 
1553 
8303 
8068 



8808 
4560 
6396 
6041 
6786 



7637 



9006 
9746 
0484 

1830 
1956 
3688 
3421 
4162 



6610 



7064 
7789 



1634 
8411 
3196 
8960 

4768 
5548 



7101 
7878 

8668 

9437 
.300 
0071 
1741 

3509 
8377 
4048 
4807 
6670 



7093 
7861 



.131 
0675 
1627 
2878 
8128 

8877 
4624 
5370 
6115 
6859 

7601 
8342 
9082 
9820 
0557 

1298 

2038 
2762 
3494 



4966 



6411 
7137 

7862 



0016 
1708 
8489 
8875 



4840 
6631 
6401 
7179 
7966 

6781 
9604 
.977 
1048 
1818 



8853 
4119 



6646 



6406 

7168 
7987 



9441 

.196 
0950 
1702 
2453 



3962 
4699 
5445 
6190 



7675 
8416 
9166 
9694 
0631 

1367 
2102 
2836 
8567 
4296 

6038 
6766 
6483 
7209 
7934 



1782 
8668 
8868 
4186 

4819 



6479 
7366 
8088 



9689 
.854 
1136 
1896 



3668 

3430 
4195 
4960 
5723 



6484 
7344 
8003 
8761 
9617 

.873 
1025 
1778 
2629 
3278 

4027 
4774 
6520 
6864 
7007 

7749 
8490 
9230 



0706 

1440 
2176 
2908 
3640 
4871 

5100 



6556 
7282 
8006 



107S 
1860 
8646 
8481 
4816 

4997 
6777 
6566 
7834 
8110 



9669 
.431 
1803 
1978 

8740 
3606 
4372 
5036 
6799 

6660* 

7890 

8079 



.847 
1101 

1863 
2604 
3353 

4i(n 

4848 
5594 
6338 
7082 

7883 
8564 
9303 
..42 
0778 

1514 
2248 
2981 
3713 



6173 
5902 
6629 
7364 
8079 



OF NUMBERS. 



13 



N. 



GOO 
601 
603 
603 
604 

605 
606 
607 
60d 
609 

610 
611 
613 
613 
614 

615 
616 
617 
618 
619 



631 
633 
633 
634 

636 
636 
637 



631 
633 
633 
634 

686 
636 
687 
638 
639 

640 
641 
643 
643 
644 

646 

646 
647 
648 

649 



778161 
8874 
9696 

780317 
1037 

1766 
3473 
3189 
3904 
4617 

6330 
6041 
6761 
7460 
8168 

8875 
9681 
790385 
0968 
1691 

8893 
3093 
3790 
4488 
6185 



6574 
7368 
7960 
8661 

9841 

800036 

0717 

1404 



3774 
3467 
4139 
4831 
6601 

6180 
6868 
7636 
8311 



9660 
810333 
0904 
1675 
2346 



8947 



1109 

1837 
3544 
3360 
3976 



6401 
6113 



7631 



8946 
9651 
0366 
1059 
1761 

2463 
3163 
3860 
4568 
6364 

6949 
6644 
7337 



8730 

9409 
0098 
0786 
1473 
3168 

3843 
3625 
4308 



6669 



7603 
8379 
8968 



0300 
0971 
1643 
3313 



9019 
9741 
0461 
1181 

1899 
3616 



4046 
4760 

6473 
6183 



7603 
8310 

9016 
9783 
0436 
1139 
1831 



3331 



4637 
5334 

6019 
6713 

7406 
8096 
8789 

9478 
0167 
0664 
1541 



3910 
3694 
4376 
4967 

5687 

6816 
6994 
7670 
8846 
9031 

9694 

0367 
1089 
1709 
3879 



9091 
9618 
0533 
1353 

1971 



8403 
4118 
4881 

6648 
6864 
6964 
7673 
8881 



9087 
9793 
0496 
1199 
1901 

2603 
3301 
4000 
4697 
»6398 

6088 
6783 
7476 
8167 



9647 



0923 
1609 



8979 
3663 
4854 
6036 
6705 



6884 
7061 
7738 
8414 
9088 

0763 
0434 
1106 
1776 
8446 



8441 
9168 



0606 
1884 

3043 
2759 
8475 
4189 
4002 

6616 
6825 
7036 

7744 
8461 

«167 



0667 
1269 
1971 

2672 
8871 
4070 
4767 
6468 

6168 
6852 
7646 
8286 
8927 

9610 
0806 
0992 
1678 
2863 

8047 
8780 
4412 
6093 
6773 

6461 
7139 
7806 
8481 
9166 



0501 
1178 
1843 
3513 



8613 



9967 
0677 
1396 

3114 
3831 
3546 
4361 
4974 

6686 



7106 
7816 



0637 
1340 
3041 

2743 
3441 
4139 
4886 
6582 



6227 
6921 
7614 



9686 
0378 
1061 
1747 
2482 

8116 
8798 
4480 
6161 
6841 

6619 
7167 
7873 
8649 



9896 
0696 
1240 
1910 
2579 



6 



8686 
9308 
..29 
0r49 
1468 

2186 



8618 
4332 
6046 

5767 
6467 

7177 
7886 



...4 
0707 
1410 
2111 

2812 
3511 
4309 
4906 
6603 



7683 
8374 
9065 

9754 
0443 
1139 
1816 
3500 

8184 
8867 

4648 



6687 
7264 
7941 
8616 



9964 
0686 
1807 
1977 
9646 



8668 
9880 
.101 
0821 
1640 



2974 
3689 
4403 
5116 



7248 
7956 



..74 
0778 
1480 
2181 



3681 
4279 
4976 
6672 



70^0 
7752 
8443 
6184 



0611 
1198 
1884 
2668 

8263 



4616 
6297 
6976 

6656 
7883 
8008 
8684 



..81 
0708 
1374 
2044 
3718 



8 



8730 
9463 
.173 



1613 



3046 
8761 
4476 
5187 



7319 
8037 
8784 

9440 
.144 
0848 
1550 
3352 



3651 
4349 
6045 
6741 

6436 
7129 
7821 
8513 



9693 
0680 
1266 
1952 
3637 

3331 
4003 
4685 
5365 
6044 

6783 
■7400 
8076 
8751 
9436 

..98 
0770 
1441 
3111 
3780 



9 



8803 
9534 
.346 
0965 
1684 

2401 
3117 
3833 
4546 
6369 

6970 
6680 
7390 
8098 
8804 

9610 
.215 
0918 
1620 
2322 

3032 
3721 
4418 
6116 
5811 

6603 
7198 
7890 
8582 
9272 

9961 
0648 
1335 
2021 
2706 



4071 
4763 
5433 
6112 

6790 
7467 
8143 
8818 
9493 

.166 
0837 
1608 
3178 
3847 



14 



L0GAAITHM8 



N. 



660 
661 
663 
658 
664 



666 
667 
668 
669 

660 

661 
663 
663 
664 

666 

666 
667 



670 
671 
673 
673 
674 

676 
676 
677 
678 
679 

680 
681 



684 

686 
686 

687 



691 
693 
693 
694 

695 
696 
697 



813918 
8681 
4348 
4913 
6678 

6941 
6004 

7666 



9544 
830301 
0858 
1514 
3168 



8474 
4136 
4776 
5436 

6075 
6733 
7369 
8016 
8660 

9304 
0947 



1230 

1870 

• 

3609 
8147 
8784 
4421 
5066 

6691 
6334 
6967 
7688 
8319 



9478 

840106 

0733 

1369 

1965 
3609 
3333 

3865 
4477 



1 



3960 
8648 
4314 
4980 
6644 

6806 
6970 
7631 
8393 
8951 

9610 
0367 
0934 
1679 
3338 



3539 
4191 
4841 
5491 

6140 
6787 
7434 
8060 
8734 



..11 
0653 
1294 
1934 

3673 
3311 
3848 
4484 
5130 

5754 
6387 
70SM) 
7662 



8912 
9541 
0169 
0796 
1433 

3047 
3673 
3295 
3918 
4539 



3 



8047 
8714 
4381 
5046 
5711 

6874 
7096 
7686 
8858 
9017 

9676 
0833 
0969 
1645 



3605 
4356 
4906 
5566 



6304 
6853 
7499 
8144 
8789 

9483 
..76 
0717 
1858 
1996 

3687 
3375 
8913 
4548 
5183 

5817 
6451 
7083 
7716 
8346 

8975 
9604 



0859 
1486 

3110 
8784 
3357 
3980 
4601 



8 



8114 
3781 
4447 
5113 
5777 



7103 
7764 
8434 
9068 

9741 
0899 
1056 
1710 
3364 

8018 
8670 
4331 
4971 
5631 



6917 
7663 
8209 



9497 
.139 
0781 
1433 
3063 



3700 



3975 
4611 
5347 

6881 
6514 
7146 
7778 
8408 

9038 
9667 
0394 
0931 
1647 

3173 
3796 
3420 
4043 
4664 



8181 
8848 
4514 
5179 
6848 



7169 
7880 



9149 



0464 
1130 
1775 
8480 



8785 
4886 

6036 
6686 

6884 
6981 



8273 
8918 

9661 
.304 
0646 
1486 
3136 

3764 
3403 
4089 
4675 
5310 

6944 
6677 
7310 
7841 
8471 

9109 
9739 
0357 
0964 
1610 



8483 
4104 
4726 



8947 
8914 
4681 
5346 
6910 

6G78 
7383 
7896 
8566 
9816 

9678 
0580 
1186 
1641 
3495 

8148 
8800 
4461 
5101 
6751 



7046 
7693 
8838 



9685 



1550 
3189 



3466 
4103 
4739 
5373 

6007 
6641 
7373 
7904 
6584 

9164 
9793 
0430 
1046 
1673 

3397 
3931 
8544 
4166 
4788 



6 



8814 
8961 
4647 
5813 
6976 



6689 

7801 
7963 



9881 

9069 
0696 
1861 
1906 
3660 



8818 
8866 
4516 
5166 
6815 



7111 
7767 
8403 
9046 

9690 
.833 
0973 
1614 
3368 



8530 
4166 
4803 
6487 

6071 
6704 
7336 
7967 
8597 

9337 
9656 
0483 
1109 
1735 

3860 



4850 



8861 
4048 
4714 
5878 
6043 

6706 
7867 



9846 

...4 
0661 
1317 
1973 



3379 



4581 
5331 
5880 



7175 
7831 
8467 
9111 

9764 
.896 
1037 
1678 
3317 

3966 
3593 
4380 
4866 
5500 



6184 
6767 
7399 
8030 



9918 
0545 
1173 
1797 

3433 
8046 



4391 
4912 



8 



8448 
4114 
4780 
6445 
6109 

6771 
7433 
8094 
8754 
9413 

..70 
0737 
1383 
3037 
3691 

8844 
3996 
4646 
6396 
6945 



7340 
7886 
8631 
9175 

9818 
.460 
1103 
1743 
8381 



8080 
3657 
4394 



5664 

6197 
6830 
7463 
8093 
8733 



9981 
0608 
1284 
1860 

3484 
3106 
3731 
4363 
4974 



3514 
4181 
4847 
6511 
6176 



7499 
8160 
8890 
9478 

.186 
0793 
1448 
3106 
3756 



4061 
4711 
5361 
6010 



7305 
7951 
8596 



.635 
1166 
1806 
3445 



8731 
4357 



6637 



7585 
8166 
8786 

9415 
..43 
0671 
1297 
1988 

2647 
3170 
3793 
4415 



OFNUMBERS. 15 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


700 


846098 


6160 


6222 


6284 


6346 


6408 


6470 


6632 


5594 


5666 


701 


6718 


6780 


6842 


6904 


6966 


6028 


6090 


6161 


6318 


6276 


702 


6337 


6399 


6461 


6623 


6685 


6646 


6708 


6770 


6833 


6894 


703 


6965 


7017 


7079 


7141 


7303 


7264 


7338 


7388 


7449 


7611 


704 


7673 


7634 


7676 


7768 


7819 


7831 


7943 


8004 


8066 


8128 


705 


8189 


8261 


8312 


8374 


8435 


8407 


8569 


8630 


8683 


8748 


706 


8806 


8866 


8928 


8989 


9051 


9112 


9174 


9335 


9397 


9358 


707 


9419 


9481 


9642 


9604 


9666 


9726 


9788 


9849 


9911 


9972 


708 


860033 


0096 


0166 


0217 


0279 


0340 


0401 


0463 


0634 


0586 


709 


0646 


0707 


0769 


0880 


0891 


0963 


1014 


1076 


1136 


1197 


710 


1268 


1320 


1381 


1442 


1603 


1664 


1635 


1686 


1747 


1809 


711 


1870 


1931 


1992 


2063 


3114 


3176 


3236 


3397 


3868 


2419 


712 


2480 


2641 


2602 


2663 


2734 


3786 


2846 


3907 


3968 


3029 


718 


3090 


3160 


3211 


3272 


8388 


3894 


3465 


3516 


8677 


3637 


714 


3698 


3759 


3820 


3881 


3941 


4003 


4063 


4134 


4186 


4246 


716 


4306 


4867 


4428 


4488 


4549 


4610 


4670 


4731 


4793 


4853 


716 


4913 


4974 


6034 


6096 


6166 


5216 


6277 


6387 


6898 


6469 


717 


6619 


6680 


6640 


6701 


6761 


5823 


6882 


6948 


6008 


6064 


718 


6124 


6186 


6245 


6806 


6366 


6437 


6487 


6648 


6608 


6668 


719 


6729 


6789 


6860 


6910 


6970 


7031 


7091 


7153 


7313 


7373 


720 


7332 


7393 


7463 


7613 


7674 


7634 


7694 


7765 


7815 


7876 


721 


7936 


7996 


8066 


8116 


8176 


8336 


8297 


8867 


8417 


8477 


722 


8537 


8697 


8667 


8718 


8778 


8838 


8898 


8968 


9018 


9078 


723 


9138 


9198 


9268 


9318 


9379 


9439 


9499 


9659 


9619 


9679 


734 


9739 


9799 


9869 


9918 


9978 


..88 


..98 


.168 


.318 


.378 


726 


860338 


0398 


0468 


0518 


0578 


0637 


0697 


0757 


0817 


0877 


726 


0937 


0996 


1066 


1116 


1176 


1336 


1295 


1365 


1416 


1476 


727 


1634 


1694 


1654 


1714 


1773 


1833 


1898 


1963 


3013 


2073 


728 


2131 


2191 


2251 


2310 


3370 


3430 


2489 


3649 


3608 


2668 


729 


2728 


2787 


2847 


2906 


3966 


3025 


3066 


8144 


8204 


3263 


730 


3323 


8882 


3442 


3601 


3561 


3620 


8680 


8789 


8799 


3868 


731 


8917 


8977 


4036 


4096 


4165 


4214 


4274 


4833 


4393 


4462 


732 


4611 


4670 


4630 


4689 


4148 


4808 


4867 


4926 


4986 


6046 


733 


6104 


6168 


6222 


6282 


6841 


6400 


6459 


6619 


6678 


6637 


734 


6696 


6766 


6814 


6874 


6933 


KQOQ 


6061 


6110 


6169 


6228 


735 


6287 


6346 


6405 


6466 


6624 


6683 


6643 


6701 


6760 


6819 


736 


6878 


6987 


6996 


7065 


7114 


7178 


7282 


7291 


7350 


7409 


737 


7467 


7626 


7685 


7644 


7703 


7762 


7821 


7880 


7939 


7998 


738 


8066 


8116 


8174 


8238 


8292 


8860 


8409 


8468 


8637 


8686 


739 


8644 


8703 


8762 


8821 


8879 


8938 


8997 


9066 


9114 


9173 


740 


9382 


9290 


^M9 


9406 


9466 


9625 


9684 


9642 


9701 


9760 


741 


9818 


9877 


9936 


airit'k 


..63 


.111 


.170 


.228 


.387 


.345 


742 


870404 


0462 


0621 


0579 


0638 


0696 


0766 


0613 


0873 


0980 


743 


0989 


1047 


1106 


1164 


1333 


1281 


1839 


1898 


1466 


1616 


744 


1678 


1631 


1690 


1748 


1806 


1865 


1923 


1981 


3040 


2096 


745 


2166 


2216 


2373 


2331 


3389 


2448 


3606 


2564 


3633 


3681 


746 


2739 


2797 


2866 


2913 


8973 


8030 


8068 


8146 


3304 


8363 


747 


3321 


3879 


8437 


3495 


3668 


8611 


8669 


3727 


8786 


8844 


748 


3902 


896C 


4018 


4076 


4184 


4193 


'4360 


4308 


4360 


4424 


749 


4482 


4640 


4698 


4666 


4714 


4773 


4830 


4888 


^^45 


6003 



16 


LOGARITHMS 1 


N. 





1 


8 


8 


4 


6 


6 


7 


8 


9 


7M 


876061 


6119 


6177 


6385 


6893 


5851 


M09 


5466 


5524 


5383 


761 


6640 


6606 


5756 


6813 


6871 


5939 


5987 


6045 


6102 


6160 


763 


6318 


6376 


6383 


6391 


6448 


6507 


6564 


6622 


6680 


6737 


763 


6796 


6863 


6910 


6968 


7096 


7083 


7141 


7199 


7256 


7314 


764 


7871 


7489 


7487 


7544 


7603 


7659 


7717 


7774 


7832 


7889. 


766 


7947 


8004 


8063 


8119 


8177 


8334 


8393 


8349 


8407 


8464 


766 


8633 


8579 


8687 


8694 


8753 


8809 


8866 


8924 


8981 


9039 


757 


9096 


9153 


9811 


9968 


9385 


9966 


9440 


9497 


9555 


9618 


768 


9669 


9736 


9784 


9841 


9898 


..13 


..70 


.127 


.185 


769 


880343 


0399 


0366 


0418 


0471 


0538 


0680 


0643 


0699 


0766 


760 


0814 


6671 


0088 


0966 


1043 


1099 


1156 


1818 


1271 


1328 


761 


1885 


1448 


1499 


1566 


1613 


1670 


1787 


1784 


1841 


1888 


763 


1965 


3013 


8069 


3196 


8183 


8840 


3397 


8354 


8411 


8468 


763 


3635 


3581 


9638 


8695 


8758 


3809 


9866 


3933 


8980 


3037 


764 


8093 


3150 


8807 


8864 


8881 


8377 


3434 


8491 


3548 


3606 


766 


8661 


8718 


8776 


8883. 


8888 


8946 


4003 


4059 


4116 


4173 


766 


4389 


4385 


4843 


4399 


4455 


4513 


4569 


4625 


4688 


4739 


767 


4796 


4853 


4009 


4966 


5083 


5078 


5186 


5193 


6348 


5306 


768 


6361 


5418 


6^4 


5531 


5687 


5644 


5700 


5757 


5813 


5870 


769 


6986 


6988 


6039 


6096 


6153 


6809 


6366 


6331 


6378 


6434 


770 


6491 


6647 


6604 


6660 


6716 


6773 


6839 


6885 


6948 


6998 


771 


7064 


7111 


7167 


7833 


7380 


7386 


7393 


7449 


7505 


7561 


778 


7617 


7674 


7730 


7786 


7848 


7898 


7955 


8011 


8067 


8123 


773 


8179 


8836 


8393 


8348 


8404 


8460 


8616 


8573 


8629 


8655 


774 


8741 


8797 


8853 


8909 


8965 


9081 


9077 


9134 


9190 


9346 


776 


9803 


9868 


9414 


9470 


9586 


9588 


9688 


9694 


9750 


9606 


776 


9863 


9918 


0974 


..80 


..86 


.141 


.197 


.853 


.309 


.866 


777 


890431 


0477 


0533 


0589 


0646 


0700 


0756 


0813 


0868 


0984 


778 


0980 


1085 


1091 


1147 


1803 


1859 


1314 


1370 


1426 


1488 


779 


1637 


1593 


1648 


1705 


1760 


1816 


1873 


1938 


1983 


8039 


780 


3096 


3150 


3806 


8363 


8817 


8873 


8439 


3484 


2640 


3696 


781 


3661 


8707 


8768 


3818 


8873 


8989 


8986 


3040 


3096 


3151 


783 


8307 


3963 


3318 


8873 


3439 


8484 


3540 


8596 


3651 


3706 


783 


8763 


8817 


3873 


8988 


8964 


4039 


4094 


4150 


4805 


4861 


784 


4316 


4871 


4487 


4483 


4538 


4593 


4648 


4704 


4759 


4814 


786 


4870 


4885 


4860 


5086 


5001 


6146 


5801 


6357 


6318 


5367 


786 


5433 


5478 


6583 


5588 


5644 


5699 


5754 


6809 


5864 


6920 


787 


6975 


6080 


6065 


6140 


6195 


6351 


6306 


6361 


6416 


6471 


788 


6636 


6581 


6636 


6693 


6747 


6803 


6857 


6913 


6967 


7022 


789 


7077 


7138 


7187 


7348 


7897 


7353 


7407 


7463 


7517 


7573 


790 


7637 


7683 


7787 


7793 


7847 


7909 


7967 


8013 


8067 


8183 


791 


8176 


8831 


8386 


8341 


8396 


8451 


8606 


8561 


8615 


8670 


793 


8735 


8780 


8835 


8890 


8944 


8999 


9054 


9109 


9164 


9818 


793 


9373 


9338 


9883 


9437 


9498 


9547 


9603 


9656 


9711 


9766 


794 


9831 


9875 


9980 


9985 


..39 


..94 


.149 


.303 


.858 


.818 


796 


900867 


0483 


0476 


0531 


0686 


0640 


0696 


0749 


0604 


0869 


796 


0913 


0968 


1033 


1077 


1131 


1186 


1340 


1396 


ia49 


1404 


797 


1458 


1513 


1667 


1683 


1676 


1736 


1786 


1840 


1S^4 


1948 


798 


8003 


8057 


8113 


8166 


8381 


8875 


8329 


3384 


2438 


8498 


799 


8547 


8601 


8655 


8710 


8764 


8818 


2873 


8937 


2981 


8036 



n 




OF NUMBERS. 17 


N. 





1 


3 


3 


4 


6 


6 


7 


8 


9 


800 


903090 


3144 


3199 


3363 


3307 


3361 


3416 


3470 


3634 


8578 


801 


3633 


3687 


3741 


3796 


3849 


3904 


3958 


4013 


4066 


4130 


802 


4174 


4339 


4383 


4337 


4391 


4446 


4499 


4663 


4607 


4661 


803 


4716 


4770 


4834 


4878 


4933 


4986 


5040 


5094 


6148 


5303 


804 


6366 


6310 


6364 


6418 


6473 


5536 


6680 


6634 


6688 


5743 


805 


5796 


6860 


6904 


6958 


6013 


6066 


6119 


6173 


6337 


6381 


806 


6336 


6389 


6443 


6497 


6661 


6604 


6668 


6713 


6766 


6830 


807 


6874 


6937 


6981 


7036 


7089 


7143 


7196 


7350 


7304 


7368 


808 


7411 


7466 


7619 


7573 


7636 


7680 


7734 


7787 


7841 


7896 


809 


7949 


8003 


8066 


8110 


8163 


8317 


8370 


8334 


8378 


8431 


810 


8486 


8639 


8693 


8646 


8699 


8763 


8807 


8860 


8914 


8967 


811 


9021 


9074 


9138 


9181 


9336 


9389 


9343 


9396 


9449 


9603 


813 


9566 


9610 


9663 


9716 


9770 


9633 


9877 


9930 


9984 


..37 


813 


910091 


0144 


«0197 


0361 


0304 


0358 


0411 


0464 


0618 


0671 


814 


0634 


0378 


0781 


0784 


0838 


0891 


0944 


0998 


1051 


1104 


816 


1168 


1311 


1364 


1317 


1371 


1434 


1477 


1530 


1684 


1637 


816 


1690 


1743 


1797 


1850 


1903 


1966 


3009 


3063 


3115 


3169 


817 


3333 


3376 


3333 


3381 


3436 


3488 


3641 


3694 


3645 


3700 


818 


3763 


3806 


3869 


3913 


3966 


3019 


3073 


3136 


3178 


8331 


819 


3384 


3337 


3390 


3443 


3496 


3549 


3603 


3665 


3708 


3761 


830 


3814 


3867 


3930 


8978 


4026 


4079 


4133 


4184 


4337 


4390 


831 


4343 


4396 


4449 


45Q3 


4555 


4608 


4660 


4713 


4766 


4819 


823 


4873 


4926 


4977 


6030 


5083 


5136 


5189 


5341 


5594 


5347 


823 


6400 


6463 


6606 


5668 


5611 


6664 


6716 


5769 


5833 


6875 


834 


6937 


6980 


6033 


6066 


6138 


6191 


6343 


6396 


6349 


6401 


836 


6464 


6607 


6669 


6613 


6664 


6717 


6770 


6833 


6875 


6937 


836 


6SI80 


7033 


7086 


7138 


7190 


7343 


7396 


7348 


7400 


7463 


837 


7606 


7668 


7611 


7663 


7716 


7768 


7830 


7873 


7936 


7978 


838 


8030 


8083 


8186 


8188 


8340 


8393 


8345 


8397 


8450 


8603 


839 


8666 


8607 


8669 


8713 


8764 


8816 


8869 


8931 


8973 


9036 


830 


9078 


9130 


9183 


9335 


9387 


9340 


9398 


9444 


9496 


9649 


831 


9601 


9663 


9706 


9758 


9810 


9863 


9914 


9967 


..19 


..71 


833 


930133 


0176 


0338 


0380 




0384 


0486 


0489 


0541 


0593 


833 


0646 


0697 


0749 


0601 


0853 


0906 


0958 


1010 


1063 


1114 


834 


1166 


1318 


1370 


1383 


1374 


1436 


1478 


1530 


1583 


1634 


836 


1686 


1738 


1790 


1843 


1894 


1946 


1998 


3050 


3103 


3154 


836 


3306 


3368 


3310 


3363 


3414 


3466 


3518 


3570 


3633 


3674 


837 


3736 


3777 


3839 


3881 


3933 


3985 


3037 


8089 


3140 


3193 


838 


3344 


8396 


3348 


3399 


3451 


3503 


3556 


8607 


3658 


3710 


839 


3763 


3814 


3866 


8917 


3969 


4031 


4073 


4134 


4147 


4338 


840 


«279 


4331 


4383 


4434 


4486 


4538 


4689 


4641 


4693 


53^ 


841 


4796 


4848 


4899 


4951 


5003 


5054 


5106 


6157 


5309 


843 


6313 


6364 


6416 


5467 


5618 


5670 


5631 


5673 


5736 


5776 


843 


6838 


6874 


6931 


6983 


6034 


6066 


6137 


6188 


6340 


6391 


844 


6343 


6394 


6446 


6497 


6648 


6600 


6661 


6703 


6754 


6805 


846 


6867 


6908 


6969 


7011 


7063 


7114 


7165 


7316 


7368 


7319 


846 


7370 


7433 


7473 


7634 


7576 


7637 


7678 


7730 


7783 


7833 


847 


7883 


7936 


7986 


8037 


8088 


8140 


8191 


8343 


8393 


8346 


848 


8396 


8447 


8498 


8549 


8601 


8653 


8703 


8754 


8805 


8857 


849 


8908 


8969 


9010 


9061 


9113 


9163 


9316 


9366 


9317 


9368 



18 



LOGARITHMS 



N. 

860 
851 
863 
863 
864 

866 
866 
867 
868 
860 



861 
863 
863 
864 

866 
866 

867 



870 
871 
873 
873 
874 

876 
876 
877 
878 
879 



881 
883 
883 
884 

886 
886 
887 
888 
889 

890 
891 
893 
893 
894 

896 
896 
897 



939419 



930440 
0949 
1468 

1966 
3474 
3981 
8487 
8993 

4498 
6003 
6607 
6011 
6614 

7016 
7618 
8019 
8630 
9080 

9619 
940018 
0616 
1014 
1611 

3006 
3604 
3000 
8496 
8989 

4483 
4876 
6469 
6961 
6463 

6943 

7434 
7934 
8413 



9678 

960366 

0661 

1338 

1833 
3308 
3793 
8376 
8760 



9473 
9981 
0491 
1000 
1609 

3017 
3634 
3031 
3638 
4044 

4649 
6054 
6668 
6061 
6664 

7066 
7668 



8670 
9070 

9669 
0068 
0666 
1064 
1661 

3068 
3664 



3644 
4038 

4683 
6036 
6518 
6010 
6601 



7483 
7973 
8463 
8961 

9439 
9936 
0414 
0900 
1386 

1873 
3366 
3841 
3336 



9631 
..83 
0543 
1051 
1660 

3068 
3676 
8083 



4094 

4599 
6104 
6606 
6111 
6614 

7117 
7618 
8119 



9130 

9616 
0118 
0616 
1114 
1611 

3107 
3603 
3099 
3693 

4088 

4581 
5074 
6667 
6069 
6661 

7041 
7533 
8033 
8511 



9976 
0463 
0949 
1436 

1930 
3405 



8378 
8856 



9673 
..88 
0693 
1103 
1610 

3118 
3636 
3133 



4146 

4660 
5154 
6658 
6163 



7167 



8169 
8670 
9170 



0168 
0666 
1163 
1660 

3167 
8653 
3148 
3643 
4137 

4631 
5134 
6616 
6106 
6600 

7090 

7581 
8070 
8560 
9048 

9586 
..34 
0511 
0997 
1483 



3453 



3431 
8906 



.134 
0643 
1153 
1661 

3169 
3677 
3188 
3690 
4195 

4700 
5306 
6709 
6313 
6716 

7317 
7718 
8319 
8730 
9380 

9719 
0318 
0716 
1313 
1710 

3307 
3703 
3196 
8693 
4186 

4680 
6173 
6665 
6157 



7140 
7630 
8119 
8609 
9097 



9686 
..73 
0560 
1046 
1533 



3017 
3603 
3986 
3470 
3958 



9674 
.185 
0694 
1304 
1713 

3330 
3737 
3384 
8740 
4346 

4751 
5355 
5769 



6766 

7367 
7769 



8770 
9370 

9769 
0367 
0765 
1368 
1760 

8366 
3753 
3347 
3743 
4336 

4739 
5333 
6716 
6307 



7189 
7679 
8168 
8657 
9146 

9634 
.131 
0608 
1096 
1680 

3066 
3550 
3034 
3518 
4001 



6 



9735 
.336 
0745 
1364 
1763 

3371 
3778 
3385 
3791 
4369 



4801 
5306 
5809 
6313 
6816 

7317 
7819 
8380 
8830 
9330 

9619 
0317 
0816 
1313 
1809 

3306 
3801 
3397 
3791 
4385 



4779 
5373 
5764 
6356 
6747 

7338 
7738 
8317 
8706 
9195 



.170 
0667 
1143 
1639 

3114 



3083 
3566 
4019 



9776 
.387 
0796 
1305 
1814 

3333 



3335 
8841 
4347 

4863 
5356 
5860 
6368 
6866 



7367 



8370 
8870 
9369 



0367 
0666 
1363 
1869 



3366 
8851 
3346 
8841 
4336 



4838 
6331 
6813 
6305 
6796 

7387 
7777 
836G 
8756 
9844 

9731 
.319 
0706 
1193 
1677 

3163 
3647 
3131 
3615 
40^ 



8 

9837 
.338 
0847 
1366 
1865 

3373 
3879 



3893 
4397 

4908 
5406 
6910 
6418 
6916 

7418 
7919 
8480 
8919 
0419 

9918 
0417 
0916 
1413 
1909 

3406 
3901 
3396 
3890 
4384 

4877 
5370 
5863 
6364 
6846 

7386 

7836 
8315 
8804 
9293 

9780 
.367 
0764 
1340 
1736 

3311 
6696 
3180 
3663 
4146 



9879 



1407 
1916 



8980 
3437 
3943 
4448 

4953 
6457 
5960 
6463 



7468 
7969 
8470 
8970 



0467 
0964 
1463 
1958 

8465 
8950 
3446 
3939 
4433 

4937 
6419 
5913 
6403 
6894 

7386 
7876 
8365 
8863 
9341 



.316 
0803 
1889 
1776 

3360 
3744 
3238 
3711 
4194 

•55555 



OF NUMBERS- 19 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


900 


964343 


4291 


4339 


4387 


4436 


4484 


4533 


4680 


4628 


4677 


901 


4736 


4773 


4821 


4869 


4918 


4966 


6014 


6062 


6110 


5158 


902 


6207 


6366 


6303 


6361 


6399 


6447 


6496 


6643 


6692 


6640 


903 


6688 


6736 


6784 


6833 


6880 


6928 


6976 


6024 


6072 


6120 


904 


6168 


6216 


6266 


6313 


6361 


6409 


6467 


6605 


6663 


6601 


903 


6649 


6697 


6746 


6793 


6840 


6888 


6936 


6984 


7032 


7060 


906 


7138 


7176 


7234 


7373 


7320 


7368 


7416 


.7464 


7612 


7659 


907 


7607 


7666 


7703 


7761 


7799 


7847 


7894 


7942 


7990 


8038 


908 


8086 


8134 


8181 


8339 


8277 


8326 


8373 


8421 


8468 


8616 


909 


8664 


8612 


8669 


8707 


8766 


8803 


8860 


OOSfO 


8946 


8994 


910 


9041 


9089 


9137 


9185 


9232 


9280 


9338 


9376 


9423 


9471 


911 


9618 


9666 


9614 


9661 


9709 


9767 


9804 


9862 


9900 


9947 


913 


9996 


..42 


..90 


.138 


.186 


.233 


.380 


.328 


.376 


.423 


913 


960471 


0618 


0666 


0613 


0661 


0709 


0766 


0604 


0861 


0899 


914 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


1374 


916 


1431 


1469 


1616 


1663 


1611 


1668 


1706 


1763 


1801 


1848 


916 


1896 


1943 


1990 


3038 


2086 


2132 


2180 


2227 


2276 


2823 


917 


3369 


2417 


3464 


2611 


2669 


2606 


2663 


2701 


2748 


3796 


918 


3843 


2890 


2937 


2986 


3032 


3079 


3126 


3174 


3221 


3268 


919 


3316 


3363 


3410 


3467 


3604 


3662 


8699 


3646 


8693 


3741 


930 


3788 


3836 


8882 


3929 


3977 


4024 


4071 


4118 


4166 


«I13 


931 


4260 


4307 


4364 


4401 


4448 


4496 


4642 


4690 


4637 


4684 


933 


4731 


4778 


4826 


4872 


4919 


4966 


6013 


6061 


6108 


6166 


933 


6303 


6249 


6296 


6343 


6390 


6437 


6484 


6631 


6678 


6626 


934 


6672 


6719 


6766 


6813 


6860 


6907 


6964 


6001 


6048 


6096 


936 


6143 


6189 


6336 


6283 


6329 


6376 


6423 


6470 


6517 


6664 


936 


6611 


6668 


6706 


6762 


6799 


7314 


6892 


6939 


6986 


7033 


937 


7080 


7127 


7173 


7220 


7267 


7361 


7406 


7464 


7501 


938 


7648 


7696 


7643 


7688 


7736 


7782 


7829 


7876 


7922 


7969 


939 


8016 


8062 


8109 


8166 


8203 


8249 


8296 


8343 


8390 


8436 


930 


8483 


8630 


8676 


8623 


8670 


8716 


8763 


8810 


8866 


8908 


931 


8960 


8996 


9043 


9090 


9136 


9188 


9229 


9276 


9323 


9369 


933 


9416 


9463 


9609 


9666 


9603 


9649 


9696 


9742 


9789 


9836 


933 


9882 


9928 


9976 


..21 


..68 


.114 


.161 


.207 


.264 


.300 


934 


970347 


0393 


0440 


0486 


0633 


0679 


0626 


0672 


0719 


0766 


936 


0812 


0868 


0904 


0951 


0997 


1044 


1090 


1137 


1183 


1229 


936 


1276 


1322 


1369 


1416 


1461 


1606 


1664 


1601 


1647 


1693 


937 


1740 


1786 


1833 


1879 


1926 


1971 


2018 


2064 


2110 


2167 


938 


2203 


2249 


3896 


2343 


2388 


2434 


2481 


2627 


2673 


2619 


939 


3!566 


2712 


3768 


2804 


2861 


2897 


2943 


2989 


3036 


3063 


940 


3128 


3174 


8330 


3366 


3318 


3369 


3406 


3461 


3497 


3643 


941 


3690 


3636 


3683 


3728 


8774 


3820 


3866 


3913 


3969 


4006 


943 


4061 


4097 


4143 


4189 


4336 


4281 


4327 


4374 


4420 


4466 


943 


4612 


4668 


4604 


4660 


4696 


4742 


4788 


4834 


4880 


4936 


944 


4972 


6018 


6064 


6110 


6156 


6303 


6248 


6294 


6340 


6386 


945 


6432 


6478 


6634 


6670 


6616 


6663 


6707 


6763 


6799 


6846 


946 


6891 


6937 


6983 


6039 


6076 


6131 


6167 


6312 


6268 


6304 


947 


6360 


6396 


6443 


6488 


6633 


6679 


6926 


6671 


6717 


6763 


948 


6808 


6864 


6900 


6946 


6992 


7037 


7083 


7129 


7176 


7330 


|L^ 


7266 


7312 


7368 


7403 


7449 


7496 


7641 


7586 


7632 


7678 



25 



LOGARITHMS 



N. 



960 
961 
963 
96t 
964 

966 
966 
967 
988 



960 
961 
963 
968 
964 

966 

966 
967 
968 
969 

970 
971 
973 
978 
974 

976 
976 
977 
978 
979 

980- 
981 
963 
963 
984 

985 

986 
987 
988 



990 
991 
993 
993 
994 
# 
995 
996 
997 
998 
999 







977734 
8181 
8637 
9098 
9648 

960003 

0468 
0013 
1866 
1819 

3371 
3738 
8175 



4077 

4637 
4977 
5436 
5875 
6334 

6773 
7319 
7666 
8113 
8559 

9006 
9450 
9895 



0783 

1336 
1669 
Sill 
3554 
3995 

3436 
3877 
4317 
4767 
5196 

6636 
6074 
6613 



7386 

7833 
8269 
8695 
9131 
9565 



7769 



9138 
9604 

0049 



0967 
1411 
1864 

3316 
3769 
8330 
8671 
4133 

4673 
5023 
5471 
5930 



6817 
7364 
7711 
8167 
8604 

9049 
9494 



0837 

1370 
1713 
3166 
3698 



3480 
3931 
4361 
4801 
5340 

5679 
6117 
6555 
6993 
7430 

7867 
8303 
8739 
9174 
9609 



7816 
8373 
8738 
9184 
9689 

0094 
0649 
1003 
1466 
1909 



3814 
8365 
8716 
4167 

4617 
6067 
6516 
6966 
6413 



7309 

7766 



8648 

9098 
9539 



0438 
^71 

1316 
1758 
3300 
3643 
3088 

3634 
3965 
4405 
4845 
5384 

6733 
6161 
6599 
7037 
7474 

7910 
8347 
8793 
9318 
9653 



7861 
8817 
8774 



9665 

0140 
0694 
1048 
1601 
1964 

3407 



8810 
8763 
4313 

4663 
6113 
6661 
6010 
6458 

6906 
7863 
7800 
8347 



9188 
(19683 
..38 
0473 
0916 

1869 
1803 
3344 



3137 

8668 
4009 
4449 



5338 

5767 
6306 
6643 
7080 
7517 

7954 
8390 
8836 
9361 



7906 



8819 
9376 
9780 



0185 
0640 
1093 
1647 
9000 



3904 
8856 
8807 
4367 

4707 
6167 
6606 
6065 
6608 



6961 
7898 
7846 
8391 
8787 

9188 
9638 
..73 
0516 



1403 
1846 



3730 
3173 

8618 
4053 
4493 



5373 
6811 



6687 
7134 
7561 

7998 
8434 



9306 
9739 



7963 
8409 



9331 
9776 

0381 
0686 

1189 
1693 
3046 



3497 
3949 
8401 



4753 
6303 
6661 
6100 
6648 

6996 
7448 
7890 
8336 
8783 

9337 
9673 
.117 
0661 
1004 

1448 
1890 
3333 
3774 
3316 

8667 
4097 
4537 
4977 
5416 

6854 



6731 
7168 
7605 

8041 
8477 
8913 
9348 
9783 



6 



7996 
8454 
8911 



9831 

0376 
0780 
1184 
1687 
3090 

3648 
3994 
8446 
8897 
4347 

4797 
6347 
6699 
6144 



7040 
7488 
7984 
8381 



9373 
9717 
.161 
0606 
1049 

1493 
1935 
3377 
3819 
3960 

3701 
4141 
4581 
5031 
5460 

6898 
6337 
6774 
7313 
7648 

8085 
8631 



9393 
9836 



8043 
8600 

OOKfi 
CxIQO 

9413 
9667 

0833 
0776 
1339 
1683 
3135 



3040 
3491 
3943 
4893 

4843 



6741 
6189 
6637 

7086 
7633 
7979 
8435 
8871 

9816 
9761 
.306 
0650 
1098 

1636 
1979 
3431 
3863 
3304 

8745 
4185 



5065 
5504 

5943 
6380 
6818 
7356 
7693 

8129 
8564 
9000 
9436 
9870 



8546 
9003 
9457 
9913 

0367 
0681 
1376 
1738 
3181 

3633 
3065 



4437 

4887 
6337 
6786 



7130 
7677 
8034 
8470 
8916 

9361 
9806 
.350 
0694 
1137 

1680 
3023 
3465 
3907 
3348 

3789 
4329 
4669 
5108 
5547 



6434 
6863 
7399 
7736 

8173 



9043 
9479 
9913 



9 



8136 
8591 
9047 
9503 
9968 

0413 
0867 
1330 
1773 



3678 
3130 
3581 
4033 
4483 

4933 
6383 
6830 
6379 
6787 

7176 
7633 
8068 
8514 



9406 
9860 
.394 
0738 
1183 

1636 
3067 
3609 
3961 
8393 



4373 
4713 
6153 
5591 



6468 
6906 
7343 
7779 

8316 
8653 
9087 
9623 
9957 



TABLE II. Log. Sines and Tnnfents. HOP) Nfttoral Bin«s. 



31 



N^slne. N. oot. 





1 

2 

8 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

20 

21 

22 

23 

24 

26 

26 

27 

28 

29 

30 

31 

32 

38 

84 

36 

36 

37 



0.00000^ 

6.463726 

764766 

940847 

7.066786 



40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 



Sine. D.IO" Cosine. 



241877 
306824 
866816 
417968 
463726 

7.606118 
642906 
677668 
609863 
639816 
667846 
694178 
718997 
742477 
764764 

7.786948 
806146 
826461 
843934 
861663 
878696 
896086 
910879 
926119 
940842 

7.966082 
968870 



996198 
8.007787 
020021 
031919 
048601 
064781 
066776 
8.076600 



097183 
107167 
116936 
126471 
186810 
144968 
163907 
162681 
8.171280 
179713 
187986 
196102 
204070 
211896 
219681 
227134 
234667 
241866 



10.000000 
000000 
000000 
000000 
000000 
000000 

9 .999999 



V .999990 



9*999992 

OQQQOI 



'SWr 






999988 
999987 



999986 



9.999982 



999980 
999979 
999977 



999976 
999973 
999972 
999971 



9.1 



2227 
2161 
2098 
2039 
1983 
1930 
1880 
1832 
1787 
1744 
1703 
1664 
1626 
1891 
1667 
1624 

1493 noCMlKA 

1462 «'*'*«'** 
1433 999964 
\At)K 9.999962 



999964 



999961 



1379 
1363 
1328 
1304 
1281 
1269 
1237 
1216 



Co«i»e. 



999960 
999948 
999946 
999944 
999942 



999934 



Sine. 



Tang. \D.W\ Coian^ 



.000000 
.463726 
764766 
040847 
.066786 



241878 



866817 
417970 
468727 
.606120 
642909 
677672 
609867 



667849 
694179 
719003 
742484 
764761 
.786961 
806166 
826460 
848944 
861674 
878708 



910894 
926134 
940868 
.966100 



982368 
996219 
.007800 
030046 
031946 
043627 
064809 



.076681 
066997 
097217 
107203 
116968 
136610 
186861 
144996 



162727 
.171338 
179763 
188036 
196166 
204126 
211963 
219641 
227196 
234621 
241931 



Infinite. 

18.686374 
286244 
069163 

12.934314 
837304 
768132 
691176 
633188 
682080 
636273 

12.494880 
467091 



3161 
3098 
2039 
1983 
1980 
1880 
1933 
1787 
1744 
1703 
1664 
1627 
1691 
1667 
1624 
1498 
1463 
1434 
1406 
1379 
1363 
1838 
1804 
1381 
1369 
1238 
1217 



Coiang. 
SO Degrees. 



12 



12 



11 



11 



11 



890148 
860180 
832161 
806821 
280997 
267616 
236289 
.314049 
193846 
174640 
166066 
188826 
121292 
104901 
089106 
073866 
069142 
.044900 
081111 
017747 
004781 
.992191 
979966 
968066 
966473 
946191 
984194 
933469 
913003 
902788 
802797 
883037 
878490 
864149 
866004 
846048 
837273 
.838673 
830337 
811964 
803844 
796874 
788047 
780369 
773806 
766879 
768079 



Tang. 



00000100000 



00039 



00068100000 



00087 
00116 
00146 
00176 



00304100000 



00383 



00391 
00330 



00378 
00407 
00436 
00466 
00496 
00634 
00663 



00683 
00611 
00640 
00669 
00698 
00727 
00766 
00786 
00814 
00644 
00878 
00902 
00931 
00960 
00989 
01018 
01047 
01076 
01106 
01134 
01164 
01193 
01222 
01261 
01280 
01309 
01838 
01867 
01896 
01426 
01464 
01483 
01613 
01642 
01671 
01600 
01629 
01668 
01687 
01716 
01746 



100000 



100000 
100000 
100000 
100000 



100000 

100000 

100000 

99999 



99998 
99996 
99997 
99997 
99997 
99997 



99996 
99996 
99996 
99996 



99993 
99991 



99991 



99967 



99966 
99966 



N. COS. N. slne- 



69 
68 
67 
66 
66 
64 
63 
63 
61 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
38 
37 
86 
86 
34 
88 
82 
31 
30 
39 
38 
37 
36 
36 
34 
33 
32 
21 
20 
19 
18 
17 
16 
16 
14 
13 
12 
11 
10 
9 
8 
7 
6 
6 
4 
3 
2 
1 




I 



S3 



Lof. Sines and Tangents. (V*) Natoral Sine*. TABLE n. 



*I»n..p. IDIO'^ 





1 
3 
8 
4 
6 
6 
7 
8 
9 
10 
11 
13 
13 
14 
15 
16 
17 
18 
19 
30 
81 
33 
83 
34 
36 
36 
37 
38 
39 
80 
31 
33 
83 
34 
35 
36 
37 
38 
39 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
55 
56 
67 
58 
69 
60 



Sin.*. |D.10" 



8.341865 
349033 
3.'H>094 
363042 
360881 
876614 
383^ 
389778 
396307 
803546 
808794 

8.314954 
831037 
837016 
833934 
838763 
844504 
850181 
855783 
861316 
866777 

8.373171 
377499 
383763 
387963 
893101 
898179 
403199 
406161 
413068 
417919 

8.483717 
487463 
433156 
436800 
441394 
445941 
450440 
454893 
469301 
463665 

8.467985 
473363 
476498 
480693 
484848 



493040 
497078 
501080 
606045 
8.606974 
613867 
616736 
530551 
634343 
638103 
681838 
635633 
539186 
6 43819 
Cosine. 



1196 

1177 

1158 

1140 

1133 

1106 

1068 

1073 

1056 

1041 

1037 

1013 

998 

965 

971 

969 

946 

934 

933 

910 

899 

888 

877 

867 

856 

846 

837 

837 

818 

809 

800 

791 

783 

774 

766 

758 

750 

742 

735 

737 

730 

713 

706 

699 

693 

686 

679 

673 

i 667 

; 661 

665 

649 

643 

637 



9 .9SI9934 



633 
636 
631 
616 
611 
606 



9.>l99o79 



Co*iiie. 



999939 
999937 



999933 
999930 



<I99916 
<I99913 
999910 
.999907 
999906 



990897 
999894 
999691 



999678 
999870 
999667 
999664 



999864 
999851 
9.999648 
999844 
999841 



999831 
999637 



999630 
999616 
.999613 



999805 
999801 
999797 
999793 
999790 
999786 
999783 
999778 
.99977^' 



999765 
999761 
999757 
999753 
999748 
999744 
999740 
9 99735 
Sine. 



D.10" 



8.1 



341931 
349103 
366165 
268115 



876691 



296393 
303634 
306884 
1.816046 
821133 
S37114 
388036 



344610 
360889 
366895 
861430 



.372398 
377628 



393834 
896316. 
403338 
406304 
418318 
418068 
18.438869 
437618 
438315 



441560 
446110 
450613 
456070 
459481 



}. 468178 
478454 
476693 
480693 
486050 
489170 
493350 
497893 
601898 
605367 

). 609300 
513096 
516981 
620790 
634686 
638349 
638080 
635779 
539447 
6 43064 
Cotang. 

\ Dvgnm. 



1197 
11177 
1168 
1140 
1133 
1105 
1069 
1073 
1057 
1048 
1037 
1013 
999 
966 
973 
959 
946 
934 
933 
911 



879 
867 
867 
847 
887 
838 
818 
809 
800 
791 
783 
774 
766 
758 
760 
743 
735 
788 
730 
713 
707 
700 



680 
674 
668 
661 
656 
650 
644 
638 
633 
637 
633 
616 
611 
606 



Coiang. 



11.766079 
760696 
743836 
736885 
730044 
783309 
716677 
710144 
703708 



N. sine. N. COS. 



691116 
11.684964 
678878 
673866 
666975 
661144 
666390 
649711 
644105 
688670 
688105 
11.637708 
683378 
617111 
611906 
606766 
601685 



691696 
<686787 
681933 
11.677131 
673383 
667686 



658440 
663890 
649387 
644930 
640519 
636151 

11.531828 
627546 
623307 
519106 
614950 
610630 
606760 
603707 
496703 
494733 

11.490600 
486903 



479310 
475414 
471651 
467930 
464331 
460553 
466916 
Tang. 



01743 99966 



01774 



99964 



01803 99984 
01838 99963 
01862 
01891 
0198099082 
01949 99981 
01978 90960 
02007 99060 
02036 99979 
08066 99979 
08094 99978 



03183 



03153 99977 



08181 99976 
0381199976 
0334099976 



0329699974 



08337 



08366 9!l972 



0841499971 
03443 99970 
08472 99969 
0360199969 



03676 
03705 
03734 
03763 
03793 



99977 



99973 



0366099967 
0358999966 
0861899966 
0364799966 



99964 



99961 



0383199960 
0386099969 
0367999969 
0390899968 



0396799956 
0399699966 
03036 99954 
0805499063 
0308399963 
03113 99963 
03141 99961 
0317099960 
03199 99949 
03338 99948 
03357 99947 
03386 99946 
03316 99945 
03645 99944 
03374 99943 
03403 99942 
03433 99941 
03461 99940 
03490 
N.c 



60 
69 

68 
67 
66 
66 
64 
63 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 



37 

36 

86 

34 

33 

33 

31 

30 

39 

26^ 

27 

26 

26 

84 

33 

82 

21 

20 

19 

18 

17 

16 

16 

14 

18 

13 

11 

10 

9 

8 

7 

6 

6 

4 

3 

8 

1 





TABLE II. Log. Sines and Tangents. (V) Nataral Bines. 
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»iiie. ID. W\ Cosine. 



KWf 



n^ 



Coiang. 



(N. sine-IN. oos. 



Tang. 





1 

8 

3 

4 

6 

6 

7 

8 

9 

10 

11 

13 

18 

14 

16 

16 

17 

18 

19 

80 

21 

83 

83 

34 

36 

36 

37 

36 

39 

30 

31 

33 

33 

34 

36 

36 

87 



40 
41 
48 
48 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 
60 



18.643819 
646433 
649996 
663639 
667064 
660640 



667431 
670836 
674314 
677666 
8.680893 
684193 
687469 
690731 



697163 
600333 
603489 



609734 
8.613833 
616891 
618937 
631963 
634966 
637948 
680911 
633864 
636776 



8.643663 
646438 
648374 
661108 
668911 
666703 
669476 
663330 



667689 
8.670393 
673080 
675761 
678406 
681043 
683666 
686373 



691438 



8.696643 
699073 
701689 
704090 
706677 
709049 
711607 
713963 
716383 
718800 



600 
596 
591 
586 
681 
6T6 
673 
567 
663 
669 
664 
660 
646 
643 
638 
634 
630 
636 
633' 
619 
616 
611 
606 
604 
601 
497 
494 
490 
487 
484 
481 
477 
474 
471 
468 
466 
463 
469 
466 
463 
461 
448 
446 
443 
440 
437 
434 
433 
439 
437 
484 
433 
419 
417 
414 
413 
410 
407 
405 



999786 
999731 
999736 
999733 
999717 
999713 
999708 
999704 



9.999686 



999676 
999670 



999646 

999640 

9.999686 



999619 
999614 



999697 
999698 



.999681 
999676 
999670 
999664 



999663 
999647 
999641 



9.999684 
999618 
999618 
999606 
999600 
999493 
999487 



999476 



9.999463 
999466 
999460 
999443 
999437 
999431 
999484 
999418 
999411 
999404 



.643084 
546691 
660368 
663817 
667836 



11 



664891 
667737 
671137 
674630 
677877 
.681308 
684614 
687796 
691061 
694883 
697493 
600677 



606978 
610094 
.613189 



619313 



681308 



637184 
640093 
.643963 
646863 
648704 
661637 
664363 
667149 
669928 



666483 
668160 
.670870 
673663 



678900 
681644 
684173 
6S6784 



691963 
694639 
.697081 
699617 
703139. 
704846 
707140 
709618 
703083 
714634 
716973 
719396 



696 
691 
687 
683 
677 
673 
668 
664 
669 
665 
661 
647 
648 
689 
686 
681 
637 
638 
619 
616 
613 
608 
605 
601 
498 
496 
491 
488 
486 
483 
478 
476 
478 
469 
466 
468 
460 
467 
464 
468 
449 
446 
443 
443 
438 
486 
433 
430 
438 
436 
433 
430 
418 
416 
413 
411 
408 
406 
404 



466916 
463309 
449733 
446183 
443664 
489173 
486709 
438373 



11 



436480 
438138 
.418793 
416486 
413305 
406949 
406717 
408606 



896161 
898038 



11 



,886811 
888788 
880687 
877667 
874648 
871660 



11 



11 



866744 
863816 
869907 
.867018 
854147 
861396 
848468 
846648 
843861 
840073 
887811 
884667 
831840 
.889130 
886437 
383761 
831100 
818466 



11 



818316 
810619 
808037 
806471 
.308919 
800383 
897861 
396364 
393860 
890383 
887917 
886466 
883028 
880604 



03519 99988 
03648 99937 



0360699936 



0373899931 
03768 
0378199939 
0381099987 



0889799934 



0398499931 
04013 99919 
0404399918 
0407199917 
0410099916 
0313999916 
0416999913 
0418899918 
0421799911 
04246^910 



0427699909 
0430499907 
0433899906 
0436299905 
04391 99904 
0442099902 
0444999901 
04478 99900 
0460799898 
0468699697 
0456699896 
0469499894 



04653 99892 
04682 99890 



04711 99889 
0474099888 
04769 99886 
0479899885 
04827 99883 



04866 99882 
04886 99681 
0491499879 
04943 99878 
04972 99876 
06001 99875 
0603099873 
05069 99872 



05068 



99870 



05117 99869 
05146 99867 
05175 99866 
06205 99864 
06234 99863 



69 
68 
57 
66 
66 
54 
63 
62 
61 
60 
49 
48 
47 
46 
46 
44 
48 
43 
41 
40 
89 
88 
87 
86 
86 
34 



31 

30 

29 

28 

27 

26 

26 

24 

28 

22 

21 

30 

19 

18 

17 

16 

16 

14 

18 

13 

11 

10 

9 

8 

7 

6 

6 

4 

3 

8 

1 





Cosine. 



Sine. 



Cotang. 
87 Degrees. 



Tang. 



N. oos. N.8ine. 



Log. 81ms and TaagenUL (JSP) Natanl BiiiMk TABLK IL 



Bina. 



D. ion Oodnr 



| ft.W1 fiiig. | P.l^ OoiMig. |(W.«iiie4». 



1 

3 

8 

4 

6 

6 

7 

8 

9 

10 

11 

13 

18 

14 

16 

16 

17 

18 

19 

30 

31 



18.718800 
731304 
733695 
736973 
738337 
780688 
738037 
785864 
787667 
788960 
743369 
8.744636 
746803 
749066 
761397 
768638 
766747 
767956 
760161 



764611 
8.766676 



33 
34 
36 
36 
37 
38 
39 
80 
81 
83 
83 
84 
86 
86 
87 



40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
51 
63 
63 
64 
56 
66 
67 
68 
59 
60 



770970 
773101 
776333 
777838 
779434 
781634 
788605 
786676 
8.787736 
789787 
791838 
798869 
796881 
797894 
799897 
801893 
803876 



8.807819 
809777 
811736 
818667 
815699 
817633 
819436 
831348 
838340 
836130 

8.837011 



830749 
833607 
884456 



838130 
839966 
841774 
843586 



Cosine. 



401 
398 
896 
394 
393 
890 



884 
383 
380 
378 
376 
374 
373 
370 
868 

8te 

864 
863 
861 
869 
867 
366 
868 
863 
360 
848 
347 
846 
843 
843 
840 
339 
837 
336 
334 
333 
831 
339 
338 
836 



333 
330 
319 
318 
316 
315 
313 
313 
311 
809 
308 
307 
306 
304 
303 
303 



9.999404 



999378 
999871 
999864 
999867 
999860 
990343 
999886 
9.909899 



999816 
999806 
999801 
999394 

999386 
999379 
999373 
999366 
9.999367 
999350 



999391 



999337 
999330 
999313 
999306 
999197 
999189 
.999181 
999174 
999166 
999168 
999160 
999143 
999134 
999196 
999118 
999110 
9.999103 
999094 
IKI9Udo 
999077 



999061 
999053 
999044 



999037 

9.999019 

999010 

999003 



998984 
998976 
998967 
998968 
998950 
998941 



Sine. 



1.1 
1.1 
1.1 
1.1 
1.1 
1.1 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.3 
1.8 
1.3 
1.8 
1.8 
1.8 
1.3 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 



8.719896 
731806 
734304 



1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.6 
1.5 
1.5 



798969 
731317 
788668 
736996 
788817 
740636 
743933 

8.746307 
747479 
749740 
761969 
764337 
766468 
768668 
760873 
768066 
765346 

8.767417 
769678 
771737 
773866 
776995 
778114 
780333 
783830 
784406 
786486 

8.788654 
790613 



794701 
796731 
798753 
800763 
803766 
804858 
806743 
8.808717 
810683 
813641 
814689 
816639 
818461 
830384 



834306 



8.887993 
839874 
831748 
833613 
835471 
837331 
839163 
840998 



844644 



403 
899 
897 
896 
898 
891. 
889 
887 



881 
879 
877 
876 
878 
871 
869 
867 
866 
864 
863 
860 
868 
866 
856 
868 
861 
860 
848 
846 
846 
843 
341 
340 
888 
837 
886 
334 
333 
831 
939 
838 
336 
336 
333 
333 
330 
819 
818 
316 
316 
314 
313 
311 
310 
306 
307 
306 
304 
303 



11 



Cotang. 
88 Degrees. 



11.380604 
378194 
375796 
378413 
371041 



11 



364004 
361688 
369374 
367076 
.354793 
363631 
360360 
348011 
346773 
348647 
341383 
389138 



11 



384764 



380433 
328378 
326184 
334006 
331886 
319778 
317680 
316693 
313514 
.311446 
309387 
307388 



11 



11 



301348 
199337 
197236 
196243 
193258 
.191383 
189317 
187359 
185411 
183471 
181539 
179616 
177702 
176795 
173897 
173008 
170136 
168253 
166387 
164539 
162679 
160837 
159002 
157175 
155366 



06334 
06363 



99861 



06831 

0636099867 

0687999656 

06406 99664 

0648799663 

0646699661 

0649699649 

0563499647 

0666899846 

0568399844 

06611 

06640 

06669 

06696 



99643 
0664099841 



06737 99636 
0676698834 
0678699633 
0681499631 
0684499639 
0687899837 
0690399636 
0698199634 



06308 
06337 



06395 



Tang. 



06453 
06482 
06511 
06540 
06569 
06598 



06773 
06802 
06831 



06918 
06947 
06976 



0696999821 
0601899619 
0604799617 
06076 99816 
06106 99813 
0613499812 
99810 
99806 
99806 
99804 



06163 
06192 
06231 
06350 
0637999803 



99801 
99799 



0636699797 



99795 



0643499793 



99793 
99790 
99788 
99786 
99784 
99782 
99780 
0666699778 
0668599776 
0671499774 
0674399772 



99770 
99768 
99766 



0686099764 
99762 
99760 
99768 
99756 



N. 008. \.fiine. ' 



60 
69 
68 
67 
66 
66 
64 
68 
63 
61 

6a 

49 
48 
47 
46 
46 
44 
48 
43 
41 
40 
39 
38 
37 
36 
36 
34 



31 

30 

39 

38 

37 

36 

26 

24 

23 

23 

31 

30 

19 

18 

17 

16 

16 

14 

13 

13 

11 

10 

9 

8 

7 

6 

6 

4 

8 

3 

1 





TABLE II. hog. Sines and Tangents. (4°) Natural Sines. 
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Sine. [D.W\ Qdaine. P. 10^ Tang. |D. lyq Ootang. |N. stoe. N. coa. 




1 
3 
8 
4 
5 
6 
7 
8 
9 
10 
U 
13 
13 
14 
16 
16 
17 
18 
19 
90 
31 
33 
33 
34 
36 
36 
37 
38 
39 
30 
31 
33 
33 
34 
35 
36 
37 
38 
89 
40 
41 
4Si 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 



3.843686 
8463S7 
847188 
848971 
860761 
863636 
864391 
866049 
867801 
869646 
861383 

8.863014 
864738 
866466 
868166 



871666 
873366 
874938 
876616 
878386 
8.879949 
881607 



888174 
889601 
891431 
893036 
894648 

8.896346 
897843 
899433 
901017 
908596 
904169 
906736 
907397 
906868 
910404 

8.911949 
913488 
916033 
916660 
918073 
919691 
931103 
933610 
934113 
986609 

B. 937100 
988687 



931644 
933016 
034481 
936943 
937396 
938860 
9 4</296 
Cosine. 



300 
399 
398 
897 
896 
394 
393 
393 
391 
390 
388 
387 
886 
885 
384 
383 
883 
881 
879 
879 
877 
376 
375 
874 
373 
378 
871 
370 
869 
868 
367 
366* 
866 
864 
863 
863 
861 
860 
859 
858 
857 
867 
366 
356 
854 
853 
863 
851 
350 
849 
349 
848 
347 
848 
845 
344 
843 
843 
848 
341 



9.998941 



998914 
996906 



998878 



996861 
.996841 
996833 
996883 
996813 
998804 
996796 
998786 
998776 
998766 
998767 
.998747 
99o736 
998788 
998718 
998708 



998679 



9.996649 



996619 
998609 
998699 



996578 
998568 
998568 

1.998648 
998637 
998687 
998516 
998506 
998495 
9984S6 
998474 
996464 
998453 

.998448 
998431 
998431 
996410 
996399 



996377 



998365 
996344 
Sine. 



1.6 
1.6 
1.6 
1.6 
1.6 
1-6 
i.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
1.6 
16 
1.6 
1.6 
1.6 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 
1.8 



844644 
846466 
848360 
850067 
861846 



855403 
857171 



863433 

8.864173 

866906 

867638 



871064 
(873770 
874469 
876163 
877849 
879639 
8.881808 



884630 
886186 
887838 
889476 
891113 
893743 



896984 
8.897696 



900808 



903987 
905570 
907147 
908719 
910886 
911846 

18.913401 
914961 
916496 
918084 
919668 
931096 
933619 
934136 
985649 
987156 

8.988658 
930156 
931647 
933134 
934616 



937666 



940494 
941968 
Ck)tang. 
85 Degrees. 



303 
801 
399 
398 
897 
398 
896 
398 
393 
891 
390 
389 
388 
387 
386 
884 
883 
883 
881 
380 
379 
378 
377 
376 
375 
374 
378 
373 
871 
370 
869 
868 
967 
366 
866 
864 
863 
863 
861 
360 
859 
358 
857 
856 
866 
355 
854 
853 
358 
851 
850 
349 
849 
848 
847 
346 
845 
344 
344 
843 



11.166366 
163646 
161740 
149943 
148164 
146378 
144697 
143839 
141068 
189314 
137667 

11.186837 
134094 



130649 



137330 
186531 
133838 
188151 
130471 

11.118798 
117131 
116470 
113815 
113167 
110634 
108888 
107858 
105634 
104016 

11.108404 
100797 
099197 
097608 
096013 
094430 
093863 
091881 
089715 
088164 

11.086599 
085049 
063505 
061966 
080433 
078904 
077381 
076864 
074361 
078844 

11.071348 
069845 
068353 



06976 99756 
07005 99754 
0703499758 
07063 99750 
07098 99748 



07131 
07150 



99746 
99744 



0717999748 
0780899740 



07337 



99738 



0786699736 
0739699734 
0733499731 



07363 



99739 



0738899787 
07411 99735 
0744099733 
0746099781 
07498 99719 
07537 99716 



07556 99714 

0758599718 

0761499710 

0764899708 

07678 99705 

07701 99703 

0773099701 

07759 

07788 

07817 

07846 

07875 

07904 

07983 



07788 99696 
99694 



0790499687 
99686 
0796899683 
07991 99680 
08080 
08049 
08078 



99678 
99676 
99673 



08107 a9671 
08136 99668 



06165 99666 
08194 99664 
08883 99661 
08268 99659 



08381 



99657 



0631099654 
0833999653 



08397 99647 
06436 99644 
0845599643 
08484 99639 
08513 99637 
08543 99635 
0867199633 
0860099630 
08639 9i^87 
08658 99635 
059506 0868799623 
068048 08716 99619 
Tang. I N. cog. N.aine. 



065384 
063907 
063436 



60 

P9 
68 
67 
66 
56 
54 
53 
63 
51 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
35 
34 
33 
33 
31 
30 
29 
38 
37 
36 
26 
34 
33 
33 
31 
30 
19 
18 
17 
16 
16 
14 
18 
13 
11 
10 
9 
8 
7 
'6 
6 
4 
3 
3 
1 




36 



Lo^. Sine! and Tangents. (SP) Natnral Sines. TABLE ir. 



"KW' 



Oosine. ID. 10"' 



Tang. 



dTio^ 



Ootang. 



|N.alne.N.eo8. 





1 
3 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
6] 
52 
53 
64 
56 
66 
57 
68 
59 
60 



8.940296 
941738 
943174 
944606 
946034 
947466 
948874 
950287 
961696 
953100 
964499 

8.956894 
967284 
958670 
960062 
961429 
962801 
964170 
966634 



Sine. 



968249 
8.969600 
970947 
972289 
973628 
974962 
976293 
977619 
978941 
980269 
981673 
8.982883 
984189 
986491 
986789 
988083 
989374 
990660 
991943 



994497 
8.996768 
997036 
998299 
999560 
9.000816 
002069 
003318 
004563 
005805 
007044 
9.008278 
009510 
010737 
011962 
013182 
014400 
015613 
016824 
018031 
019236 



Cosine. 



240 
239 
239 
238 
237 
236 
236 
236 
234 
233 
232 
232 
231 
230 
229 
329 
228 
227 
227 
226 
226 
224 
224 
223 
222 
222 
221 
220 
220 
219 
218 
218 
217 
216 
216 
215 
214 
214 
213 
212 
212 
211 
211 
210 
209 
209 
208 
206 
207 
206 
206 
205 
205 
204 
203 
203 
202 
202 
201 
201 



19.996344 
996333 
998322 
998311 
998300 



9.998220 



998161 
998139 
998128 
998116 
9.998104 
998092 
998080 
998068 
998066 
998044 



998277 
998266 
998266 
998243 



998197 
998186 
996174 



998020 
998008 
997996 

19.997964 
997972 
997969 
997947 
997936 
997922 
997910 
997897 
997886 
997872 

9.997860 
997847 
997836 
997822 
997809 
997797 
997784 
997771 
997758 
997746 

9.997732 
997719 
997706 
997693 
997680 
997667 
997654 
997641 
997628 
997614 



8.941952 
943404 
944862 



Sine. 



947734 
949168 
960597 
962021 
963441 
964866 
956267 

8.957674 
969076 
960473 
961866 
963256 
964639 
966019 
967394 
968766 
970133 

8.971496 
972865 
974209 
976560 
976906 
978248 
979686 
980921 
982261 
983677 

8.984899 
986217 
987632 
988842 
990149 
991461 
992760 
994045 
996337 
996624 
.997908 
999188 
.000465 
001738 
003007 
004272 
005534 
006792 
008047 
009298 

9.010646 
011790 
013031 
014268 
015602 
016732 
017959 
019183 
020403 
021620 



343 
341 
340 
340 
339 
338 
337 
337 
336 
335 
334 
334 
233 
333 
331 
331 
230 
339 
339 
228 
227 
236 
226 
336 
334 
334 



333 
331 
330 
330 
319 
318 
318 
317 
316 
316 
315 
315 
314 
213 
213 
212 
211 
211 
210 
210 
209 
208 
208 
207 
207 
206 
206 
205 
204 
204 
203 



11 



11 



.068048 
056696 
056148 
063706 
052266 
060632 
049403 
047979 
046659 
046144 
043733 
.042326 
040926 
039627 
038134 
036746 
036361 
033961 
032606 
031234 



Cotang. 
84 Degrees. 



11 



11 



038604 
027146 
026791 
034440 
023094 
031762 
020414 
019079 
017749 
016423 
016101 
013783 
012468 
011168 
009861 
008649 
007260 
006966 
004663 
003376 
002092 
000812 
999635 



10 



996728 
994466 
993208 
991953 
990702 
.989454 
968210 



986732 
984498 
983268 
983041 
980817 
979697 
978380 



0871699619 60 



0874699617 

0877499614 

0880399612 

0883199609 

0886099607 

0888999604 

0891899603 

08947 

0897699696 

0900699694 

0903499691 

0906399688 

0909399586 

09131 

0916099680 

0917999678 

0930699575 

0933799672 

09266199570 

09295^9567 

0932499664 

09353199562 



Tang. I N. COS. N -sine. ^ 



0941199666 

09440(99663 

09469199661 

0949899648 

0952799646 

0966699642 

0968699540 

09614|99637 

09642199634 

09671 99631 

0970099528 

0973999626 

06768 

0978799620 

09816199517 

0984599614 

0987499611 

0990399508 

0993299506 

09961 99503 

09990199600 

1001999497 

1004899494 

10077 99491 

10106 99488 

1013599486 

1016499482 

1019299479 

10221 99476 

1025099473 

1027999470 

1030899467 

10337 99464 

1036699461 

1039599458 

1042499455 

1045399452 



TABLBH. 



Log. Sines and Tttnsmtf. 



Nutoisl Sin«B. 



27 



D.iyq Oofline. D.iyq TJuagT 



P. 10^ Ootang. 



N. sioe.|N. 008. 



Sine. 





1 
2 
S 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
80 
31 
32 
33 
34 
36 
3& 
37 
38 
39 
40 
41 
42 
.43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



9.019236 
020436 
021632 
022826 
024016 
026203 
026386 
027667 
028744 
029918 
031069 

9.032267 
033421 
034682 
036741 



038048 
039197 
040342 
041486 
042626 

9.048762 
044896 
046026 
047164 
048279 
049400 
060619 
061636 
062749 
063869 

9.064966 
066071 
057172 
058271 
059367 
060460 
061661 



063724 

064806 

9.066886 

066962 



069107 
070176 
071242 
072306 
073366 
074424 
076480 
9.076633 
077683 
078631 
079670 
060719 
081769 
082797 
063832 
084864 
086894 



200 
99 
99 
98 
98 
97 
97 
96 
96 
96 
96 
94 
94 
93 
92 
92 
91 
91 
90 
90 



997614 
997601 
997688 
997674 
997661 
997647 
997634 
997620 
997607 



997480 
.997466 
997452 
997439 
997426 
997411 
997397 
997383 



997366 
997341 
.997327 
997313 
997299 
997286 
997271 
997267 
997242 
997228 
997214 
997199 
.997186 
997170 
997166 
997141 
997127 
997112 
997096 
997083 
997068 
997063 
.997039 
997024 
997009 



996949 



996919 

996904 

9.996889 

996874 



996812 
996797 
996782 
996766 
996751 



2.2 
2.2 
2.2 
2.2 
2.2 
2.2 
3.3 
2.3 
2.3 
2.3 
2-3 
2.3 
23 
2.3 
2.3 
2.3 
23 
2-3 
2-8 
28 
2.8 
2.4 
2-4 
2.4 
24 
2.4 
2.4 
2.4 
2.4 
24 
2-4 
2-4 
2.4 
24 
2-4 
2.4 
2.4 
2.4 
2.6 
26 
26 
2-6 
2-6 
2.6 
2.6 
26 
2-6 
2.6 
2.6 
2.6 
2.6 
2.6 
2.6 
2.6 

i.l 

2.6 
2.6 
2.6 
2.6 



021620 
022834 
024044 
026261 
026466 
027666 



030046 
031237 
032426 



9.034791 



037144 
038316 
039486 
040651 
041813 
042973 
044130 
046284 

.046434 
047682 
048727 
049869 
061006 
052144 
053277 
054407 
056635 
056659 

.057781 
058900 
060016 
061130 
062240 
063348 
064463 
065666 
066666 
067752 

.068846 



071027 
072113 
073197 
074278 
076356 
076432 
077505 
078676 
.079644 
080710 
081773 
062833 
083891 
084947 
066000 
087060 
088098 
089144 



202 
202 
201 
201 
200 
199 
199 
198 
198 
197 
197 
196 
196 
195 
196 
194 
194 
193 
193 
192 
192 
191 
191 
190 
190 
189 
189 
188 
188 
187 
187 
186 
186 
186 
186 
186 
184 
184 
183 
183 
182 
182 
181 
181 
181 
180 
180 
179 
179 
178 
178 
178 
177 
177 
176 
176 
176 
176 
176 
174 



10 



10 



10. 



978380 
977166 
976966 
974749 
973646 
972345 
971148 
969954 
968763 
967676 
966391 
966209 
964031 
962856 
961684 
960516 
969349 
968187 
967027 
966870 
964716 
963666 
962418 
961273 
960131 



10 



947866 
946723 
946693 
944466 
943341 
.942219 
941100 
939984 
938870 
937760 



10 



10 



936547 
934444 
933346 
932248 
.931154 
930062 
928973 
927887 
926803 
926722 
924644 
923668 
922496 
921424 
.920356 
919290 
918227 
917167 
916109 
915063 
914000 
912950 
911902 
910866 



046399462 



0482 
0611 



99449 
99446 



054099443 
056999440 



059? 
0626 
0666 
,0684 
0713 
0742 
0771 



99437 
99434 
99431 
99428 
9^24 
99421 
99418 



080099416 

082999412 

086899409 

088799406 

091699402 

0946 

0973 99396 



03199390 
06099386 



089 
118 
1^7 
176 
205 



99377 
99374 
99370 



23499367 



263 
291 
320 
349 
378 
407 
436 
466 
494 
623 
662 
680 



667 
696 
725 
754 
783 
812 
840 
869 
898 
927 
956 
985 
2014 
2043 
2071 



99364 
99360 
99357 
99354 
99361 
99347 
99344 
99341 
99337 
99334 
99331 
99327 
99324 
99320 
99317 
99314 
99310 
99307 
99303 
99300 
99297 
99293 
99290 
99286 
99283 
99279 
9927G 
99272 
99269 



210099266 



2129 
2158 
.218^ 



99262 

99258 
99256 



60 
69 
68 
67 
66 
66 
64 
63 
62 
51 
50 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
38 
37 
36 
36 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
16 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 




Cosine. 



Sine. 



Cotang. 
I Degrees. 



I Tang. 



N. 008. N.sine. 



Lof.1 



(TO Nitanll 



TABCBn. 



3E 



w\ 



Oodn*. IMo^ T»ag. p. 1^1 OotMK. 



riSSeHT 



9.0668M 



1 
3 
8 

4 
6 
6 
7 
8 
9 
10 
11 
13 
18 
14 
16 
16 
17 
18 
19 
30 
31 
83 
88 
84 
36 
36 
37 
38 
39 
80 
31 
32 
33 
84 
35 
86 
37 
88 
39 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
50 
61 
63 
63 
64 
66 
66 
67 
58 
59 
60 



087947 
088970 
089090 
091008 
093034 
098087 
004047 
096066 
096063 
9.097066 



9. 



9. 



009066 
00063 
01066 
03048 
03087 
04036 
06010 
.06993 
06978 
07961 
08937 
09901 
10873 
11843 
13809 
13774 
14737 
16698 
16666 
17613 
18667 
19619 



9. 



.21417 
33363 
33306 
,24Q4S 
i36l87 
36136 
37060 
37993 
28986 
39864 
30781 
31706 
33630 
33651 
34470 
36387 



37216 
38128 
89037 
39944 
40850 
41754 
42655 
43666 



171 
171 
170 
170 
170 
160 
169 
168 
168 
168 
167 
167 
166 
166 
166 
166 
166 
164 
164 
164 
168 
168 
168 
163 
163 
163 
161 
161 
160 
160 
160 
169 
169 
169 
168 
158 
168 
167 
167 
157 
166 
166 
166 
166 
166 
164 
164 
164 
163 
163 
163 
163 
163 
163 
163 
161 
161 
161 
160 
150 



.996751 
996786 
996730 
996704 



996678 
996667 
996641 



996610 
996694 
.996678 



996546 
996580 
996614 
996488 
996483 
996465 
996449 
996488 
.996417 
996400 



996861 



996818 



9.996363 



996319 



996185 
996168 
996151 
996134 
996117 
996100 
9.996083 
996066 



996016 



995980 



995946 
996938 
.996911 
996894 
995876 
996859 
995841 
995823 
995806 
995788 
995771 
996763 



3.6 

3.6 
3.6 
8.6 
3.6 
3.6 
3.6 
8.6 
3.6 
3.6 
8.6 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3.7 
3,7 
3,7 
3,7 
3.7 
3.7 
3.7 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.8 
3.9 
3,9 
3.9 
3.9 
3.9 
3.9 
3.9 
3.9 
2.9 
2.9 
2.9 
3.9 
3.9 
3.9 
3.9 
3.9 
3.9 
3.9 
3.9 



.080144 
000187 
001338 



098808 
094886 
096867 
096896 
097433 
098446 
099468 

.100487 
101604 
103519 
103683 
104643 
106660 
106656 
107669 
108660 
109669 

.110666 
111661 
113643 
118638 
114631 
116607 
116491 
117478 
118463 
119439 

.130404 
131877 
133348 
133317 
134384 
136349 
136311 
137173 
128130 
129087 

.130041 
130994 
131944 



134784 
135726 
136667 
137605 
138642 
.139476 
140409 
141840 
142369 
143196 
144121 
146044 
146966 
146886 
147803 



174 
178 
178 
178 
173 
173 
171 
171 
171 
170 
170 
160 
160 
169 
168 
168 
168 
167 
167 
166 
166 
166 
166 
166 
166 
164 
164 
164 
168 
168 
163 
163 
163 
161 
161 
161 
160 
160 
160 
169 
159 
159 
168 
158 
158 
157 
157 
157 
156 
156 
156 
156 
156 
166 
154 
154 
154 
168 
163 
168 



10 



10. 



910866 
909813 
908773 
007734 
906698 
906664 
904683 
908605 
903678 
901654 
900683 
,899618 



13187 



99366 



897481 



10 



896468 
894460 
898444 
893441 
891440 
890441 
.889444 
888449 
887457 
886467 
886479 
884493 
888609 



10 



881648 
880671 
.879596 
878638 
877663 
876683 
875716 
874751 
873789 
872828 
871870 
870913 
10.869959 
869006 
868056 
867107 
866161 
865216 
864274 



10 



867731 
866804 
855879 
854956 
864034 
858116 
852197 



861458 
,860624 
869591 



1321699361 
1334599348 
1337499344 
1380899340 
1338199337 
1386099383 
1338999330 
13418 99236 
13447 99333 
13476 99319 
1860490816 
13638 99811 
1356399308 
1369190304 
1368099800 
1264999197 
12678 99198 
12706 99189 



12736 



99186 



1276499183 
13793 99178 
13833 99175 
12861 99171 
1288099167 
12908 99163 
12937 99160 
12966 99166 



13024 
13053 
18081 



99148 
99144 
99141 



13110 99137 
13139 99133 
13168 99129 
13197 99126 
13236 99122 
13254^118 
99114 
13312 99110 
13341 99106 
13370 99102 
13399 99096 
13427 99094 
13466 99091 
13485 99087 
13514 
13543 
13672 99076 
1360099071 
13629 99067 



99079 



13687 99069 
13716 99065 
13744 99051 
13773 99047 
13802 99043 
1383199039 
13860 99035 
18889 199031 
13917 



69 
68 
67 
66 
66 
64 
63 
63 
61 
60 
40 
48 
47 
46 
45 
44 
48 

41 
40 



37 
86 
36 
34 



31 

30 

29 

28 

87 

26 

26 

24 

23 

33 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

6 

4 

3 

3 

1 





Ck>sine. 



Ootang. 
82 DegreeB. 



JSSSl. 



N. 008. N.slne. 



TABU n. Log. SiBM M 

Siiw. Id. lOi ^Dslne. D. 10^' 



(80) KsfcunlBlBM. 99 

P. 10^ OotoPg. jN.aiPe.|N.eoa. 



Tfcng. 





1 

s 

8 

4 
5 
6 
7 
8 
9 
10 
11 
la 
18 
14 
15 
16 
17 
18 
19 
SO 
21 
23 
28 
24 
25 
36 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
43 
43 
44 
45 
46 
47 
4B 
49 
50 
6t 
62 
58 
54 
55 
66 
57 
58 
59 
60 



9. 



50686 
51569 
53451 
53830 
54306 
55063 
155957 
56830 
57700 



9. 



9. 



9. 



48655 

44463 
46849 
46343 
47136 
48036 
48915 



69435 
60301 
61164 



68743 
64600 
65454 
66307 
67159 
68006 



69703 
70647 
71389 
73330 
78070 
.78906 
74744 
76678 
76411 
77343 
78073 
78900 
79736 
80561 
81374 
83196 
83016 
83834 
84651 
85466 



87093 
87903 
88713 
89519 
90336 
91130 
91933 
93734 
93534 
94333 



160 
149 
149 
149 
148 
148 
148 
147 
147 
147 
147 
146 
146 
146 
146 
145 
145 
144 
144 
144 
144 
143 
143 
143 
143 
142 
143 
143 
141 
141 
141 
140 
140 
140 
140 
139 
139 
139 
139 
138 
138 
138 
137 
137 
137 
137 
136 
136 
136 
136 
135 
135 
135 
135 
134 
134 
134 
134 
133 
133 



19.995758 
095735 
096717 



996681 
996664 
995646 



995610 
996591 
996573 

9.996555 
996637 
995519 
996501 
996483 
996464 
996446 
966437 
995409 
996390 

9.996373 
996353 
995334 
995316 
906397 
996378 
996360 
995341 
995322 
995203 

9.995184 
996165 
996146 
996127 
996106 
995089 
995070 
995051 
996032 
996013 

9.994993 
994974 
994955 



994916 
994896 
994877 
9948^7 
994838 
994818 
19.994796 
994779 
994769 
994789 
994719 
994700 
994680 
994660 
994640 
994620 



8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.1 
8.1 
8.1 



.147803 
148718 
149632 
150544 
151464 
152363 



8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.2 
8.2 
8.2 
8.2 
3.2 
8.2 
8.2 
8.2 
8.2 
8.3 
8.2 
8.2 
8.2 
8.2 
8.2 
8.3 
8.3 
3.3 
8.8 
8.8 
8.8 
8.8 
8.8 
8.8 
3.8 
8.3 
8.3 
8.3 
8.8 
8.3 
3.8 
8.8 



154174 
155077 
166078 
166877 

M67775 
158671 
169666 
160467 
161847 
163336 
163133 
164006 
164893 
165774 

.166654 
167533 
168409 
169384 
170157 
171039 
171809 
172767 
173634 
174499 

.175862 
176224 
177064 
177942 
178799 
179655 
180606 
181360 
183311 
183059 

.183907 
184763 
186697 
186439 
187380 
188130 
188968 
189794 
190639 
191463 

.193394 
198124 
198953 
194780 
195606 
196430 
197353 
198074 
196894 
199713 



158 
152 
153 
153 
161 
151 
161 
160 
160 
150 
160 
149 
149 
149 
148 
148 
14B 
148 
147 
147 
147 
146 
146 
146 
146 
145 
146 
145 
144 
144 
144 
144 
143 
143 
143 
143 
143 
143 
143 
141 
141 
141 
141 
140 
140 
140 
140 
139 
139 
139 
139 
138 
138 
138 
138 
137 
137 
137 
137 
136 



10.863197 
861383 
850368 
849456 
848546 
847637 
846731 
845836 
844938 
844033 
843138 

10.843335 
841339 
840436 
889643 
888668 
887764 
836877 



886108 



10 



838346 
833468 
881591 
880716 
839843 
638971 
838101 
837233 



835501 
10.834638 
833776 
833916 
833058 
831301 
830346 
819493 
818640 
817789 
816941 
.816093 
815248 
814403 
813661 
813720 
811880 
811043 
810306 
809371 
806538 
.807706 
806876 
806047 



10 



10 



804394 
803570 
803747 
801936 
801106 
800387 



3917 99037 



3946 



99033 



.397599019 

400499015 

403899011 

406199006 

409099003 

411996998 

414896994 

417796990 

4306 

4334 

4268 



423496962 
426898878 
429296973 



434996966 



98961 
4407 98957 



4378 
4407 
4436 
446496948 
4493 96944 
98940 
465198936 
468098931 
.4608 96927 
463796923 
.4666 98919 



4696 
4723 
4762 
4781 
4810 



98914 
96910 
96906 
96902 



4867 
489698884 
.492598880 
496498876 



5011 



98867 



604098863 



5069 
5097 
.5136 
6155 



98858 
98864 
98849 
98845 



.618498841 

5212 

5241 

627098827 

5299 

5327 

5366 

6385 

5414 98806 

644296800 



96818 
96814 



6471 



98796 



650098791 
[652998787 
6657 98782 
5686 98778 
661596773 
6643 98769 



59 
68 
57 
66 
55 
54 
63 
62 
51 
50 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 



Cotaag. 
81 Degroea. 



Tang. 



N. 008. N.8ine. ' 



■a 



30 



Lof.i 



I wd Ttegmtk (0°) Natonl Sbm. 



1!ABL«IL 





1 
3 
8 
4 
6 
6 
7 
8 
9 
10 
11 
13 
18 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 



.194332 
196129 
196926 
196719 
197611 
198302 
199091 
199879 
300666 
201461 



.203017 
303797 
204577 
206364 
306131 



807679 
308462 



.210760 
211626 
212291 
213065 
213818 
214679 
215338 
216097 
216864 
217609 

.218363 
219116 
219868 
220618 
321367 
222116 
222861 
223606 
224349 
226093 

.226833 
226673 
227311 
228048 
228784 
229618 
230262 
230984 
231714 
232444 

.233172 



234626 
236349 
236073 
236795 
237616 



238953 
239670 



133 
133 
132 
132 
132 
182 
181 
181 
131 
131 
130 
130 
130 
130 
129 
129 
129 
129 
138 
128 
128 
138 
137 
137 
137 
137 
137 
136 
136 
136 
136 
136 
135 
136 
136 
126 
124 
124 
124 
124 
133 
123 
123 
123 
123 
122 
122 
133 
122 
122 
121 
121 
121 
121 
120 
120 
120 
120 
120 
119 



P. Wl TangT 



994630 
994600 
994680 
994660 
994540 
994619 
994499 
904479 
994469 
994488 
994418 
994397 
994377 
994867 



994816 



994274 
994364 



994313 
1.994191 
994171 
994160 
994139 
994106 
994067 
994066 
994046 

994003 
.993981 



993918 
993896 
993876 



993811 
993789 
9.993768 
993746 
993735 
998703 
993681 



903616 
993694 
993673 
.993650 
994538 



993484 
993463 
993440 
993418 



993374 
993361 



8.8 
8.3 
8.8 
3.4 
8.4 
3.4 
8.4 
3.4 
8.4 
8.4 
8.4 
8.4 
8.4 
3.4 
8.4 
8.4 
8.4 
3.5 
8.5 
3.6 
8.5 
3.6 
8.5 
3.6 
8.6 
8.5 
8.5 
8.6 
3.5 
3.6 
3.6 
3.5 
8.6 
3.6 
8.5 
3.6 
8.6 
8.6 
8.6 
8.6 
8.6 
8.6 
8.6 
8.6 
3.6 
8.6 
3.6 
3.6 
8.6 
3.7 
3.7 
3.7 
3.7 
8.7 
8.7 
3.7 
3.7 
8.7 
3.7 
8.7 



9.199713 
300539 
301846 
303169 
302971 
203782 
304693 
305400 
306307 
907013 
207817 

9.306619 
309430 
310330 
211018 
311816 
319611 
313406 
314196 
214969 
315780 

9.916668 
317856 
318143 
318936 
210710 
930493 
931373 
333063 



9.334383 
336166 
336939 
336700 
837471 



339007 
239778 
380639 
331303 
9.333065 



334345 
335103 
385859 
236614 
837368 
338130 
338873 
9.339633 
340371 
341118 
341866 
343610 
343354 
344097 
344839 
346679 
346319 



39 



10 



10 



800387 
799471 
796666 
797841 
797039 
796318 
795408 
794600 
798798 
799967 
799188 
,791881 
790680 
789780 
788963 
788185 
787889 
786696 
785803 
786011 
784830 
,788483 
789644 
781868 
781074 
780990 
779606 
778738 
777948 
777170 
776894 
.776618 
774844 
774071 
778300 
779639 
771761 
770998 
770997 
769461 



98 
98 
38 
138 
37 
87 
137 
37 
37 
36 
36 
36 
.36 
.36 
35 
35 
136 
35 
35 
.34 
24 
24 
24 
24 
23 
28 



10 



10 



10 



.767935 
767174 
768414 
766666 
764897 
764141 
768886 



10 



761880 
761128 
.760878 
759629 



768136 
757390 
766646 
756908 
765161 
754421 
753681 



15643 B6769 
1667306764 
16701 98760 
1573098755 
1676898751 



Tang. I 



15787 



98746 



15816 98741 
1584698787 
1587398738 
1690898798 
1693196788 
16969 98718 
1596896714 
1601798709 
1604696704 
1607498700 
1610896696 
1613398690 
1616098686 



16648 
16677 
16706 



16993 



17136 



17193 
17222 
17260 



17308 
17336 
17365 



1618996681 

1631898676 

1624696671 

1637596667 

1630498668 

1633396667 

1636196663 

1639096648 

16419 

16447 

16476 

16506 



1666396619 
1669196614 



98604 
96600 
96696 



16784,>98690 

16763 

1679396680 

1683098576 

1684996670 

1687896666 

1690698661 

1693598666 

1696496551 



98546 



17021 96641 
1706098636 
17078 98631 
1710796636 



98681 



1716498616 



98611 
96606 
98601 



1787998496 



98491 
98486 
96481 



60 



67 
66 
56 
64 
58 
68 
51 
60 
49 
48 
47 
46 
46 
44 
48 
4Sl 
41 
40 
89 
88 
87 
86 
85 
34 
88 
83 
81 
30 
89 
38 
37 
36 
35 
34 
38 
38 
31 
20 
19 
18 
17 
16 
16 
14 
13 
13 
11 
10 
9 
8 
7 
6 
6 
4 
3 
8 
1 




Cosine. 



Cotimg. 
80 Degreea. 



N. ooB. N.8me. 



TABtxn. 
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31 



Sine. 



lOO^ 



Oosine. 



dTIo^ 



N. coff. 



Tang. 



D. 10" 



Cotang. 



N.sme. 




1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
U 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28- 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
.48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



9.239670 
240386 
241101 
241814 
242626 
243237 
243947 
244666 
246363 
246069 
246776 

9.247478 
248181 



260282 
260980 
261677 
262373 
263067 
263761 

9.264463 
266144 
266834 
266623 
267211 
267898 
268683 
269268 
269961 
260683 

9.261314 
261994 



263361 
264027 
264703 
266377 
266061 
266723 
267396 

9.268066 
268734 
269402 
270069 
270736 
271400 
272064 
212726 
273388 
274049 

9.274708 
276367 
276024 
276681 
277337 
277991 
278644 
279297 
279948 
280699 



119 
119 
119 
119 
118 
118 
118 
118 
118 
117 
117 
117 
117 
117 
116 
116 
116 
116 
116 
116 
116 
116 
116 
116 
116 
114 
114 
114 
114 
114 
113 
113 
113 
113 
113 
113 
112 
112 
112 
112 
112 
111 
111 
111 
111 
111 
111 

no 

110 
110 
110 
110 
110 
109 
109 
109 
109 
109 
109 
108 



9.993361 



993307 



993240 
993217 
993196 
993172 
993149 
993127 
.993104 
993081 
993069 



993013 
992990 
992967 
992944 
992921 
992898 
9.992876 
992862 



992806 
992783 
992769 
992736 
992713 



992666 
.992643 
992619 



992672 



992626 
992601 
992478 
992464 
992430 
.992406 
992382 



992311 
992287 



992239 
992214 
992190 
.992166 
992142 
992117 



992044 



991971 
991947 



.246319 
247057 
247794 
248630 
249264 



260780 
261461 
262191 
262920 
263648 

.264374 
266100 
266824 
266647 
267269 
267990 
268710 
269429 
260146 
260863 

.261678 
262292 
263006 
263717 
264428 
266138 
266847 
266666 
267261 
267967 

.268671 
269876 
270077 
270779 
271479 
272178 
272876 
273673 
274269 
274964 

.276668 
276361 
277043 
277734 
278424 
279113 
279801 
280488 
281174 
281868 
9.2826^ 
283226 
283907 
284688 



286947 
286624 
287301 
287977 



123 
123 
123 
122 
122 
122 
122 
122 
121 
121 
121 
121 
121 
120 
120 
120 
120 
120 
120 
119 
119 
119 
119 
119 
118 
118 
118 
118 
118 
118 
117 
117 
117 
117 
117 
116 
116 
116 
116 
116 
116 
116 
116 
116 
116 
116 
116 
114 
114 
114 
114 
114 
114 
113 
,113 
113 
113 
113 
113 
112 



10.763681 
762943 
762206 
761470 
760736 
760002 
749270 
748639 
747809 
747080 
746362 

10.746626 
744900 
744176 
743468 
742731 
742010 
741290 
740671 
739864 
789187 

10.738422 
787708 
736996 



17366 98481 



736672 
734862 
734163 
733446 
732739 
782033 
10.731329 
730626 



729221 
728621 
727822 
727124 
726427 
726731 
726036 

10.724342 
723649 
722967 
722266 
721676 
720687 
720199 
719612 
718^26 
718142 

10.717468 
716776 
716093 
716412 
714782 
714063 
713376 
712699 
712023 
711348 



17393 
17422 
17461 
17479 
17608 
17537 
17665 
17694 



98476 
98471 
98466 
98461 
98466 
98460 
98446 
98440 



17623 98436 



17661 



98480 



1768098426 



17708 
17737 



98420 
98414 



1776698409 
1779496404 



17823 
17852 



98394 



1788098889 

1790998383 

1798798378 

1796698373 

1799698368 

18023 

18062 

18061 

1810998347 



60 
69 
68 
57 
66 
66 
64 
63 
62 
51 
60 
49 
48 
47 
46 
45 
44 
43 
42 

4Q 



98367 



18138 
18166 
18196 



98341 
98386 
96831 



1826296320 
18281 98316 
1830998310 
1833898304 
18367 
1839698294 
18424 9828S 
1846298283 



18481 
18609 
18638 



98277 
98272 
98267 



18667 98261 
1869696266 
1862498260 
98246 
96240 



18662 

18681 

1871098234 

1878896229 

18767 

1879698218 

1882498212 

1886298207 



18881 



98201 



1891098196 
1893896190 
1896796186 



18996 



98179 



1902498174 
1906298168 
19081 98163 



82 

81 

30 

29 

28 

27 

26 

26 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

18 

12 

11 

10 

9 

8 

7 

6 

5 

4 

8 

2 

1 





Ciosine. 



Sine. 



C!otang. 
79 Deggees. 



Tang. 



N. COS. N.idne, 



] 



93 



hog, SfaMS Md Ttagmti. (n^) Nctanl 



XABLBIL 



tfna. Jb,W\ Coaiiw. JP. 10^ TMg. |1). liTj i^ung. [[N.«tiie.}N. 





I 
3 
8 
4 
6 
6 
7 
8 
9 
10 
11 
13 
18 
14 
16 
16 
17 
18 
19 
30 
31 
33 
38 
34 
36 
36 
37 
38 
39 
80 
81 
83 
88 
34 
86 
86 
87 
38 
89 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
68 
64 
66 
66 
67 
68 
60 
60 



384480 
386134 
886766 
386408 
387048 
9.387687 



381348 
381897 
383644 
383190 



389600 
390336 
390870 
391604 
393137 



9.894039 
394668 



396913 
896689 
397164 
897788 
898413 
399084 
399666 
9.300376 
800696 
801614 
803183 
303748 
803364 



304693 
306307 
806819 
9.306480 
807041 
807660 



309474 
310080 
310686 
811389 
311898 
9.313496 
313097 
313698 
314397 
314897 
316496 
316093 
316689 
317384 
317879 



Cosine. 



108 
108 
106 
108 
108 
107 
107 
107 
107 
107 
107 
106 
106 
106 
106 
106 
106 
106 
106 
106 
106 
106 
106 
104 
104 
104 
104 
104 
104 
104 
103 
103 
103 
103 
108 
108 
103 
103 
103 

m 

103 
103 
103 
101 
101 
101 
101 
101 
101 
100 
100 
100 
100 
100 
100 
100 
100 



99 



.991947 
991933 
991897 
991878 
991848 
991838 
991799 
991774 
991749 
901734 
991699 

1.991674 
991649 
991634 
991699 
991674 
991649 
991634 
991498 
991478 
991448 

». 991483 
991897 
991873 
991846 
991831 
991896 
991370 
991344 
991318 
991193 

1.991167 
991141 
991116 
991090 
991064 
991038 
991013 
990986 
990960 
990934 
990908 



990666 



990603 
990777 
990760 
990734 



990671 
.990644 
990616 
990691 
990666 
990636 
990611 
990466 
990468 
990431 
990404 



Bine. 



9. 



801896 
801961 
9.303607 
303861 
303014 
304667 
306318 



390671 
891843 
893013 



898360 
894017 
894684 
396849 
.896018 
886677 
897839 
896001 



899960 



806619 
807168 
307816 
306468 

.809109 
809764 
810696 
311043 
311666 
318337 
318967 
818606 
814847 
314886 

.316638 
316169 
316796 
317480 
816064 
318697 
819339 
319961 
330693 
331333 

.831861 
833479 
333106 
333733 
334368 



336607 



837476 



113 

113 

113 

113 

113 

11 

11 

11 

11 

11 

11 

11 

110 

110 

110 

110 

110 

110 

109 

109 

109 

109 

109 

109 

100 

106 

106 

106 

106 

106 

106 

107 

107 

107 

107 

107 

107 

107 

106 

106 

106 

106 

106 

106 

106 

106 

106 

106 

106 

106 

106 

106 

104 

104 

104 

104 

104 

104 

104 

104 



10. 



Ootaag. 
78 BegrmB. 



10 



10 



711848 
710674 
710001 
709839 
706668 
707967 
707318 
706660 
706063 
706816 
704661 
708967 
703333 
708661 
701999 
701336 
700676 
700030 
600363 
686706 
686049 
697893 
606739 
096066 
696433 
694783 
694181 
690481 



10 



693166 
691687 
690691 



686316 
687673 
687033 



10 



686763 
666116 
664477 
683641 
683306 
688670 
681936 
681303 
680671 



10 



679406 
676778 
.678149 
677631 
676894 
676367 
676643 
676017 
674393 
673769 
673147 
673636 



19061 96168 
1910096167 
19188 98163 
19167 96146 
19196 96140 
1933496136 
1936396139 
19361 96134 
19309 98118 
19338 96113 
19866 96107 
19396 96101 



1943398096 
1946396090 
1948196064 
1960996079 
19688 96073 
1966696067 
19696 96061 
19633 96066 
19663 96060 
1968096044 
19709 96089 
19737 96033 
1976698087 
1979496031 



30061 



30166 
30193 



30649 



30706 
307S4 
30763 
30791 



Tang. N. cofclN.rine. 



19638 96016 
19661 96010 
1968096004 
1990697998 
19937 97993 
1996697967 
1999497961 
3003397976 



97969 



3007997963 
3010697968 



3013697963 



97946 
97940 



30333 97934 
3036097938 
3037997933 
30307 97916 
30336 97910 
3036497906 
30393 97899 
30431 97893 
3046097867 
3047897661 
30607 97876 
3063697660 
30663 97863 
3069397867 
3063097861 



97846 



30677 97839 



97838 
97837 
97831 
97616 



60 
69 
68 
67 
66 
66 
64 
63 
63 
61 
60 
49 
48 
47 
46 
46 
44 
43 
4Sl 
41 
40 
39 
38 
37 
36 
36 
34 
33 
83 
31 
80 
39 
38 
37 
36 
36 
34 
33 
38 
31 
30 
19 
18 
17 
16 
16 
14 
13 
13 
U 
10 
9 
8 
7 
6 
6 
4 
3 
3 
1 






1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

13 

13 

14 

16 

16 

17 

18 

19 

30 

31 

83 

33 

34 

36 

26 

27 

38 

39 

SO 

31 

33 

33 

34 



37 
36 
39 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
.64 
66 
66 
67 
68 
69 
60 



TABLB n. 

S ine. 

9.317879 
318473 
319066 
319668 
320249 
320840 
321430 
822019 
333607 
333194 
333780 

9.334366 
334960 
836634 
336117 
326700 
327281 
327862 
328443 
829021 
329699 

9.330176 
330763 
331329 
331903 
332478 
333061 
333624 
334196 
334766 
836337 

9.336906 
336476 
337043 
337610 
338176 
838742 



I<og. SiiMS «ad Tuig«iitt. (tSfi) NatdM Sines. 



33 



339871 
340434 
340996 
9.341668 
842119 
342679 



343797 
844366 
344912 
346469 
846024 
346679 
(9.347134 
347687 
348240 
348792 



349893 
850443 
360992 
351640 



99.0 
98.8 
98.7 
98.6 
98.4 
98.3 
98.3 
98.0 
97.9 
97.7 
97.6 
97.6 
97.3 
97.3 
97.0 
96.9 
96.8 
96.6 
96.6 
96.4 
96.3 
96.1 
96.0 
96.8 
96.7 
96.6 
96.4 
96.3 
96.3 
96.0 
94.9 
94.8 
94.6 
94.6 
94.4 
94.3 
94.1 
94.0 
93.9 
93.7 
93.6 
93.6 
93.4 
93.2 
93.1 
93.0 
92.9 
92.7 
92.6 
92.6 
92.4 
92.2 
92.1 
93.0 
91.9 
91.7 
91.6 
91.6 
91.4 
91.3 



Ooatne. 

1.990404 
990378 
990361 
990324 
990297 
990270 
990243 
990216 
990188 
990161 
990134 

1.990107 
990079 
990062 
990026 



989970 



989916 
989687 
989860 
.969832 
969804 
989777 
989749 
969731 



989637 



9.989663 
969536 
969497 



969441 
989413 
989384 
989366 



989300 
.989371 
989243 
989214 



969167 
969128 
989100 
989071 
989042 
969014 
19.988986 



968927 



988840 
968811 
988782 
988763 
988724 



4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.5 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.6 
4.7 
4.7. 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.7 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.8 
4.9 
4.9 
4.9 



Tang. 

9.337474 
326096 
838716 
339334 



9.334369 
334871 
836483 



9.340344 
340948 
341663 
343166 
348767 
843358 



330670 
831187 
331803 
333418 



336703 
337311 
337919 
338627 
339133 



344668 
345167 
346766 
9.346363 
846949 
347646 
348141 
348736 



348933 
360614 
361106 
361697 
9.363387 



363466 
364063 
364640 
365337 
866813 



366983 
367566 
9.368149 
368731 
369313 



360474 
361063 
361632 
362210 
362787 



WW" 

103 

103 

103 

103 

103 

103 

103 

103 

103 

103 

108 

102 

103 

103 

102 

101 

101 

101 

101 

101 

101 

101 

101 

100 

100 

100 

100 

100 

100 

100 

100 
99.4 
99.3 
99.3 
99.1 
99.0 
96.8 
96.7 
96.6 
98.6 
96.3 
96.3 
98.1 
96.0 
97.9 
97.7 
97.6 
97.6 
97.4 
97.3 
97.1 
97.0 
96.9 
96.8 
96.7 
96.6 
96.6 
96.3 
96.3 
96.1 



Cotang. 



10. 



673626 
671905 
671286 
670666 
670047 



668613 
668197 
667682 



10. 



666741 
666129 
664518 
663907 
663298 



663061 
661473 



10 



10 



10 



10 



660361 
.669666 
669063 
656448 
667846 
^67343 
666643 
666043 
655443 
664843 
664346 
.663647 
663061 
663456 
661869 
661366 
660671 
660078 
649486 
648894 
648303 
,647713 
647134 
646636 
646947 
646360 
644773 
644187 
643603 
643018 
643434 
.641851 
641269 
640687 
640107 



636947 



637790 
687213 



N. sine. |N. cos. 

20791 '97816 
20820:97809 
2064897803 
20877:97797 
3090597791 
30933:97784 
3096397778 
30990,97773 
3101997766 
31047j97760 
31076,97764 
3n04'97748 
31133:97743 
3116197736 
3118997739 
8131697733 
3134697717 
2187597711 
3130397706 
31331 97696 
3136097693 
3138897686 
31417 97680 
3144697673 
3147497667 
3160397661 
3153097666 
3166997648 
3158797643 
3161697636 
3164497630 
3167397633 
31701 97617 
3173997611 
3176897604 
3178697698 
3181497693 
3184397686 
31871 97679 
2189997673 
3193897666 
81966 97660 
3196697663 
33013 97547 
83041 97641 
3307097634 
3309697638 
3313697681 
3316697616 
33183 97606 
3331397603 
3334097496 
13336897489 
38297 97483 
22326 97476 
2236397470 
2238297463 
2241097467 
23438 97460 
83467 97444 
33496 97437 



60 
69 
68 
67 
66 
66 
64 
63 
63 
61 
60 
49 
48 
4SI 
46 
46 
44 
43 
48 
41 
40 



37 

36 

36 

34 

33 

33 

31 

30 

39 

38 

87 

36 

36 

84 

33 

38 

31 

30 

19 

18 

17 

16 

16 

14 

13 

13 

11 

10 

9 

8 

7 

6 

6 

4 

3 

3 

1 





Gosine. 



Cotan g. 
77 Degrees. 



Tang. 



N. oo8.iN.8ine. 



34 



Log. SiaM and Taagente. (18^ Nttutil Sinet. 



dTIo^ 



OoAine. 



D.10" 



Tang. 



dTio^ 



Cotang. 



TABLB H. 
,N.sliie N. COB. 





1 

3 
8 

4 
6 
6 
7 
8 
9 
10 
11 
15 

14 
16 
16 
17 
18 
19 
20 
31 
33 
33 
34 
36 
36 
37 
38 
39 
30 
31 
33 
33 
84 
36 
36 
87 
38 
89 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 
60 



9.363068 
383686 
863181 
363736 
364271 
864816 
866368 
866901 
866443 
866984 
867634 

9.868064 



869141 
869678 
360316 
860763 
861387 
361833 
363366 



9.363423 
868964 
864486 
866016 
866646 
866076 
866604 
867131 
367669 
368186 

9.368711 



869761 
870386 
870808 
871330 
371863 
873873 
373894 
878414 

9.878938 
374463 
874970 
876487 
376003 
376619 
377036 
377649 
378068 
378677 

9.879089 
379601 
380113 



381134 
381643 
383163 
883661 
383168 
883676 



91.1 
91.0 
90.9 
90.8 
90.7 
90.6 
90.4 
90.8 
90.3 
90.1 
89.9 
89.8 
89.7 
89.6 
89.6 
89.3 
89.3 
89.1 
89.0 
88.9 
88.8 
83.7 
88.6 
88.4 
88.3 
88.3 
88.1 
88.0 
87.9 
87.7 
87.6 
87.6 
87.4 
87.3 
87.3 
87.1 
87.0 
86.9 
86.7 
86.6 
86.6 
86.4 
86.8 
86.3 
86.1 
86.0 
86.9 
86.8 
86.7 
86.6 
86.4 
86.3 
86.2 
86.1 
86.0 
84.9 
84.8 
84.7 
84.6 
84.6 



9.988734 



988607 
988678 
988648 
988519 
988489 



988430 
.988401 
988371 



968313 



988193 



9. 



988183 
968108 
988078 
988048 
988013 
987968 
987963 
987933 
987893 
967863 
967833 
967801 
987771 
987740 
967710 
967679 
967649 
987618 
987688 
967667 
967626 
967496 
987466 
987434 
967403 
987372 
987341 
987310 
987379 
987348 
987317 
967186 
987166 
987124 
987093 
987061 
987030 



986904 



4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
4.9 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.2 
6.3 
5.2 
5.3 
6.3 



9.868364 



864616 



866664 
866337 
366610 
867883 
867968 



869094 
9.869668 
870333 
870799 
871867 
871983 
873499 
878064 
878639 
874198 
874766 

.876319 
876881 
876443 
877003 
877668 
878133 
878681 
879339 
379797 
380364 

.880910 
881466 



883676 
883139 



384384 
384786 
386337 



9.386488 
886987 
887536 
388084 
388631 
389178 
389734 
390370 
390616 
391360 
.391903 
393447 



893631 
394073 
394614 
396164 



396771 



10. 



686060 



10. 



634910 
684836 
688763 
688190 
683618 
683047 
631476 
680906 
630387 
639768 
639301 



637601 



636371 
635807 
636344 
10.634681 
634119 
633568 



10 



10 



10 



633437 
631878 
631319 
630761 
630203 
619646 
.619090 
618634 
617960 
617425 
616871 
616318 
616766 
616214 
614663 
614112 
,618663 
613013 
613464 
611916 
611369 
610833 
610276 
609730 
609186 
608640 
.608097 
607663 
607011 



605927 
605386 
604846 
604306 
603767 



Oosine. 



Sine. 



Ootang. 
7e Degrees. 



Tang. 



22496 97437 
2262397430 
22662 97424 
2268097417 
22606 97411 
22637 97404 
22666 97396 
33698 97391 
33732 97384 
32760197378 
32778197371 
33807 97866 
33835 97368 
33863 97351 
33892 97345 
2292097338 
22948 97331 
22977 97325 
23006 97318 
23033 97311 
38063 97304 
3309097398 
38118 97291 
38146 97384 
3317597378 
33303 97271 
33331 97364 
3336097357 
33388 97351 
33316 97344 
33345 97337 
33373 97380 
3840197333 
33429 97317 



33458 
33486 



97310 
97303 



3361497196 
33642 97189 
33571 97183 
33599 97176 
33627 97169 
23656 97162 



2368497156 



33712 
23740 
23769 
23797 



97148 
97141 
97134 
97127 



23826 97120 
23853 97113 
23882 97106 
33910 97100 



23966 97086 
23995 97079 
24023 97072 
24061 97065 



24079 
24108 



97053 
97061 



24136 97044 
24164 97037 
97030 



24192 



60 
69 
68 
67 
66 
56 
64 
63 
52 
51 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 



37 

36 

36 

34 

33 

82 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 





N. COS. N.dne. ' 



TABLB II. 



Jjog. Bines and l^angentB. (1<^ Katond Sines. 



35 



-r 



Sine. ID. 10"| Cosine. D. 10" Tauj;. (B. 1<K1 Cotang. N. sine.jN. cos" 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

n 

12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
36 
27 
28 
!29 
30 
31 
32 
33 
34 
35 
36; 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
50 
51 
52 
53 
64 
56 
66 

00 



.383675 
384182 
384687 
385192 
385697 
386201 
386704 
387207 
387709 
388210 
388711 

.389211 
389711 
390210 
390708 
391208 
391703 
392199 
392695 
393191 
393685 

.394179 
394673 
395166 
396668 
396160 
896641 
397132 
397621 
398111 
398600 



399575 
400062 
400549* 
401035 
401520 
402005 
402489 
402972 
403466 
.403938 
404420 
40^01 
406382 
405862 
406341 
406820 
407299 
407777 
408254 
.408731 
409207 
409682 
410167 
410632 
411106 
411679 
412062 
4^1^24 
4|t299W5 
iGQsine. \ 



84.4 

84.3 

84.2 

84.1 

81.0 

83.9 

'83.8 

83.7 

83.6 

83.5 

83.4 

83.3 

83.2 

83.1 

83.0 

82.8 

82.7 

82.6 

82.6 

82.4 

82.3 

82.2 

82.1 

82.0 

81.9 

81.8 

81.7 

81,7 

81.6 

81.5 

81.4 

81.3 

81.2 

81.1 

81.0 

80.9 

80.8 

80.7 

80.6 

80.6 

80.4 

80.3 

80.2 

80.i; 

80.0 

79.9 

79.8 J 

79.7 

79.6 

79.6 

79.4 

79.4, 

79,3 

79,2 i 

79.1 

79.0 

78.9 

78.8 

78.7 

78.6 



,986904 
986873 
986841 



986778 
986746 
986714 



9.1 



986661 
986619 
986687 
986565 
986523 
986491 
986469 
986427 
986395 
966363 
986331 



986266 
9.986234 
986202 
986169 
986137 
986104 
986072 



986007 
985974 
986942 
9.985909 
986876 
986843 
986811 
986778 
986745 
985712 
d86679 
985646 i 
985613 
.986680 
986647 
986514 
985480 
985447 
985414 
986380 
986347 
985314 
986280 
.9865^47 
986213 
9195180 
986146 
986113 
985079 
986045 
985011 
984978 
984944 



6.2 
6.3 
6.3 
5.3 
6.3 
6.3 
5.3 
5.3 
5.3 
6.3 
6.3 
5.3 
6.3 
5.3 
6.3 
5.8 
5.3 
6.4 
5.4 
5.4 
5.4 
5.4 
5.4 
6.4 
6.4 
5.4 
6.4 
6.4 
5.4 
6.4 
5.4 
5.5 
5.5 
5.5 
5.5 
6«5 
5.5 
6.6 
5.6 
5.5 
5.6 
5.5 
5.5 
5.6 
6.5 
6.5 
5,6 
6.6 
5.6 
5.6 
5.6 
5.6 
5.6 
6.6 
6.6 
6.6 
5.6 
5.6 
5.6 
5.6 



396771 
397309 
397846 



398919 
899466 



400524 
401068 
401691 
402124 
.402666 
403187 
408718 
404249 
404778 
405306 
406836 
406364 



407419 

.407945 
406471 
408997 
409521 
410045 
410569 
411092 
411616 
418137 
412658 

.418179 
418699 
414219 
414738 
415257 
416776 
416293 
416810 
417326 
417842 

.418368 
418873 
419387 
419901 
420415 
420927 
421440 
421962 
422463 
42S974 

.«23484 



434603 
425011 
435519 
426027 
426634 
427041 
427547 
428062 



89 



10.603229 



2419S 



97030 



10 



602154 
601617 
601061 
600545 
600010 
699476 
698942 
596409 
597876 
697844 
596818 



695751 
595222 



594164 



593106 



10.692055 
591629 
691003 
590479 
589965 
589431 
588906 
586366 
567863 
687342 

10.686821 
586301 
585781 
586262 
684743 
584225 
683707 
583190 
682674 
682168 
.681642 
561127 
680613 
560099 
579686 
579073 
676660 
576048 
577537 
577026 
.576516 
576007 
575497 
574989 
674481 
673973 
673466 
572969 
572463 
671948 



10 



10 



2^2097023 
24249 97016 
24277 97008 



24305 



97001 



2433396994 



24362 



96987 



2439096960 
2441896973 
24446 



T 
2447496959 

2460396962 



96946 
96937 



24631 

24659 

24667 

2461696923 

2464496916 



24672 



2470096902 

2472896894 

2476696667 

2476496880 

2481396873 

24841 

2486996656 



24897 



96851 



24926 96844 



24954 



96837 



2498296629 



25010 



96822 



2603896816 



25066 
25094 
25122 
25161 
25179 
25207 
25235 
25263 
25291 



25376 



Sine. 



Cotang. 



Tang. 



96909 



96807 
96800 
96793 
96786 
96776 
96771 
96764 
96766 
96749 



2532096742 
2534896734 



96727 



25404 96719 

2543296712 

2646096705 

25486 96697 

26516 

2564596682 

2657396676 

2560196667 

2662996660 

25657 96653 

2668596645 

25713 96638 

26741 

25766 

2579696616 

2682696608 

26854 



60 
59 
56 
67 
66 
55 
54 
53 
62 
61 
50 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
88 
87 
86 
36 
34 
33 
32 
31 
30 
29 
28 
27 
26 
26 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
6 
7 
6 
6 
4 
3 
2 



N. oofi. N.sine. 



75 Degrees. 



36 



Log. SiiiM Mid Tangent!. 0,5P) Natural Staes. 



TABLE n. 



D. 10") Cosine. D. 1<K' 



-TSgTTrm 



Cotang. i y.gjne. N. oos. 





1 

2 

8 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

20 

21 

22 

28 

24 

26 

26 

27 

28 

29 

80 

81 

82 

33 

34 



9.412996 
413467 
413938 
414408 
414878 
416347 
416816 
416283 
416761 
417217 
417684 

9.418160 
418616 
419079 
419644 
420007 
420470 
420933 
421396 
421867 
422318 

9.422778 



423697 
424166 
424616 
426073 
426630 
426987 
426443 



9.427364 
427809 
428263 
428717 
429170 



430076 
430627 
430978 
431429 
9.431879 



432778 
433226 
433676 
434122 
434669 
486016 
436462 
436908 
9.436363 
436798 
437242 
437686 
438129 
438672 
439014 
439466 
4398^ 



78.6 
78.4 
78.3 
78.8 
78.2 
78.1 
78.0 
77.9 
77.8 
77.7 
77.6 
77.6 
77.4 
77.8 
77.8 
77.2 
77.1 
77.0 
76.9 
76.8 
76.7 
76.7 
76.6 
76.6 
76.4 
76.8 
76.2 
76.1 
76.0 
76.0 
76.9 
76.8 
76.7 
76.6 
76.6 
76.4 
76.8 
76.2 
76.2 
76.1 
76.0 
74.9 
74.9 
74.8 
74.7 
74 6 
74.6 
74.4 
74.4 
74.8 
74.2 
74.1 
74.0 
74.0 
73. 9 
73.8 
73.7 
73.6 
73.6 
78.6 



OS "1014 

'984910 
984876 
984842 
964808 
984774 
984740 
984706 
984672 
984637 
984603 

.984669 
984636 
984600 
984466 
964432 
984397 
984363 
964328 
984294 
964269 

.964224 
984190 
984166 
984120 
984066 
984060 
964016 
963981 
983946 
983911 

.983876 
983840 
983806 
98377^0 
983786 
983700 
963664 
983629 
983694 
983668 
[9.983623 
983487 
983462 
963416 



963346 
983309 
983273 



983202 
.983166 
983130 
983094 



983022 



Cosine. 



982960 
982914 
982878 
982842 
Sine. 



.426062 
428667 



429666 
430070 
480678 
431076 
431677 
482079 
432660 
433060 

1,433660 
434060 
434679 
486078 
436676 
486073 
486670 
487067 
487668 
438069 

1.436664 
489048 
439643 
440036 
440629 
441022 
441614 
442006 
442497 
442988 

1.443479 
443968 
444466 
444947 
446436 
446923 
446411 
446898 
447384 
447870 

f. 448366 
446841 
449326 
449810 
460294 
460777 
461260 
461748 
462226 
462706 

1.463187 
463668 
464148 
464628 
466107 
466686 
466064 
4666^^ 
457019 
467496 

Cotang. 
74 Degrees. 



84.2 
84.1 
64.0 
83.9 
B8.8 
88.6 
83.7 
83.6 
83.6 
88.4 
83.8 
83.2 
83.2 
63.1 
63.0 
82.9 
82.6 
82.8 
82.7 
82.6 
62.6 
82.4 
82.3 
82.3 
82.2 
82.1 
82.0 
81.9 
81.9 
81.8 
81.7 
81.6 
81.6 
81.5 
81.4 
81.3 
81.2 
81.2 
81.1 
81.0 
80.9 
80.9 
80.8 
80.7 
80.6 
80.6 
80.6 
80.4 
80.3 
80.2 
80.2 
80.1 
60.0 
79.9 
79.9 
79.6 
79.7 
79.6 
79.6 
79.6 



10 



671948 
671443 
670938 
670434 



669427 



668423 
667921 
667420 



10 



10 



10 



10 



10 



,666420 
666920 
666421 
664922 
664424 
663927 
663430 
662933 
662487 
661941 
.661446 
660962 
660467 
669964 
669471 
668978 
666486 
657994 
667603 
667012 
666521 
656032 
656642 
655053 
5d4565 
554077 
653589 
553102 
552616 
562130 
,561644 
661169 
660674 
550190 
649706 
649223 
648740 
648267 
647776 
647294 
646818 
646332 
646852 
646372 
644893 
644414 
643936 
643468 
642981 
642504 
"Tang, 



26882 96693 
2691096665 
96678 
96670 
96662 
96665 
96647 
2607996640 



25966 
26994 
26022 
26060 



26107 



96632 



26136 96624 
26163 96617 
2619196609 
26219 96602 
26247 96494 
26276 96486 
26303 96479 



2633196471 
26369 96463 
2638796466 
26416 96448 
26448 96440 
2647196433 
2650096425 
2662896417 
26656 96410 
26584 96402 
26612 96394 
26640 96386 
26668 96379 
96371 
96363 
26752 96365 
96347 
26806 96340 
26836 96332 



26724 
26752 
26780 



26864 



96324 



26892 96316 
26920 96303 
26948 96301 
26976 96293 



27004 



96285 



27032 96277 
27060 96269 
27088 96261 
27116 96253 
27144 96246 
27172 
27200 96230 
27228 96222 
27256 96214 
27284 96206 
27312 96198 
27340 96190 
27368 96182 
27396 96174 
27424 96166 
27452 96158 
27480 96150 
27608 96142 
27636 96184 
27564 96126 
N. oos. N.8ine. 



60 
59 
68 
67 
66 
66 
64 
63 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
86 
37 
36 
36 
34 



31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

11 

10 

9 

6 

7 

6 

6 

4 

3 

2 

1 





pSB 



TABLE n. 



Log. Sines and Tuigenti. (10^ Kaionl Sines. 



37 



Sine. D. lyq Cmiuo. J>.W Tanj: P. 10" Qgtsng. |Wt sine. N. cos. 





1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

IBI 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 



40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
53 
64 
65 
56 
57 
68 
59 
60 



.410338 
440778 
441218 
441658 
442096 
442535 
442973 
443410 
443847 
444284 
444720 

.445155 
445690 
446025 
446469 



9. 



447326 
447769 
448191 
448623 
449054 
449486 
449916 
450346 
450775 
451204 
451632 
452060 
452488 
452915 
453342 
453768 
454194 
454619 
455044 
455469 
455893 
456316 
456739 
457162 
467684 
458006 
458427 
458848 
459268 
469688 
460108 
460527 
460946 
461364 
461782 
,462199 
462616 
463032 
463448 
463864 
464279 
464694 
466106 
465522 
465936 



73.4 
73.3 
73.2 
731 
73.1 
73.0 
72.9 
72.8 
72.7 
72.7 
72.6 
72.6 
72.4 
72.3 
72.3 
72.2 
72.1 
72.0 
72.0 
71.9 
71.8 
71.7 
71.6 
71.6 
71.5 
71.4 
71.3 
71.3 
71.2 
71.1 
71.0 
71.0 
70.9 
70.8 
70.7 
70.7 
70.6 
70.5 
70.4 
70.4 
70.3 
70.2 
70.1 
70.1 
70.0 
69.9 
69.8 
69.8 
69.7 
69.6 
69.5 
69.6 
69.4 
69.3 
69.3 
69.2 
69.1 
69.0 
69.0 
68.9 



.982842 
982805 
962769 
982733 



962660 
982624 
982687 
982661 
982614 
982477 
.982441 
982404 
982367 
982331 
982294 
982257 
982220 
982183 
982146 
982109 
.982072 
982035 
981998 
981961 
981924 
981886 
981849 
981812 
981774 
981737 
.981699 
981662 
981626 
981587 
981549 
981512 
981474 
981436 
981399 
981361 
.981323 
981285 
981247 
981209 
981171 
981133 
981095 
981067 
981019 
980981 
.980942 
980904 
980866 
980827 
980789 
980750 
980712 
.980673 
980636 
980696 



6.0 
6.0 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.1 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.2 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.3 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 
6.4 



9. 



467496 
467973 
468449 
458926 
469400 
469876 
460349 
460623 
461297 
461770 
462242 
462714 
463186 
463658 
464129 
464699 
465069 
465539 
466006 
466476 
466946 
467413 
467880 
468347 
468814 
469280 
469746 
470211 
470676 
471141 
471606 
472068 
472632 
472996 
473457 
473919 
474381 
474842 
475303 
475763 
476223 
476683 
477142 
477601 
478059 
478617 
478976 
479432 
479889 
480346 
480801 
481257 
481712 
482167 
482621 
483075 
483529 



484436 
484887 
486339 



10 



,642604 
642027 
641661 
641076 
540600 
640125 
639661 
689177 
638703 



10 



10 



637768 
,637286 
636814 
636342 
536871 
635401 
534931 
534461 
633992 
633524 
633056 
.632587 
632120 
631663 
531186 
630720 
630264 
529789 
629324 



10 



10 



10 



628395 
.627932 
627468 
627005 
626643 
526081 
526619 
625158 
624697 
624237 
623777 
.623317 
522858 
622399 
521941 
521483 
621025 
520568 
620111 
619655 
519199 
.518743 
518288 
517833 
517379 
516925 
516471 
616018 
615565 
615113 
514661 



2756496126 



37693 



96118 



3763096110 



37648 
37676 
37704 
37731 
37769 
37787 
37815 
37843 
37871 
37899 



37937 96021 



27966 
27983 
28011 



28067 
28095 
2812395964 
2816095956 



28178 



2820695940 
95931 
95923 



2829095915 



28318 



28457 
28485 
28513 
28541 
28669 
28597 
28625 
28652 



28708 
28736 



28792 
28820 
28847 
28875 
28903 
28931 



28987 
29015 
29042 



29126 



29209 
29247 



96102 
96094 
96086 
96078 
96070 
96062 
96054 
96046 
96037 
96029 



96013 
96005 
96997 
96989 
96981 
95972 



95948 



95907 



2834695898 
2837495890 
28402 96882 
2842995874 



95865 
95857 
96849 
95841 
95832 
95824 
95816 
95807 



2868095799 



95791 
95782 



2876495774 



95766 
95757 
96749 
95740 
95732 
95724 
95716 
95707 
95698 
96690 



2907096681 
95673 
95664 
29154 96666 
29182 96647 



96639 
95630 



69 
68 
67 
66 
66 
64 
63 
63 
51 
50 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
35 
34 
33 
33 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
6 
4 
3 
3 
1 




Cosine. 



Sine. 



Cotang. 
78 Degrees. 



Tang. 



I N. coH. N-Bine. ' 



Log. BlDM aod Tucents. (IT^) Natonl Sineg. TABLE n. 



lOo^ 



D. 10"| OorineT 



Tang. 



D. 10" 



Ootang. 



IN. 



N.8i]ie.fN.oo8. 




1 
3 
8 
4 
6 
6 
7 
8 
9 
10 
11 
13 
13 
14 
15 
16 
17 
18 
19 
30 
31 
33 
38 
34 
36 
36 
37 
38 
39 
30 
81 
83 
83 
34 
35 
86 
37 
88 
89 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
52 
63 
64 
55 
66 
57 



.466936 
466348 
466761 
467173 
467686 
467996 
468407 
468817 
469227 
469637 
470046 

9.470465 
470863 
471371 
471679 
473086 
473493 
473898 
473304 
473710 
474116 

9.474619 
474923 
476337 
475730 
476138 
476636 
476938 
477340 
477741 
478142 

9.478642 
478942 
479342 
479741 
480140 
480539 
480937 
481834 
481781 
483128 

9.482526 
482921 
483316 
483712 
484107 
484601 
484896 
485289 
485682 
486075 

9.486467 
486860 
487261 
487643 
488034 
488424 
488814 
489204 
489593 
489982 



68.8'^ 
68.8 
68.7 
68.6 
6 
68.6 
68.4 
68.8 
68.8 
68.3 

68.0"** 

68.0 

67.9 

67.8 

67.8 

67.7 

67.6 

67.6 

67.6 

67.4 

67.4 

67.3 

67.3 

67.8 

67.1 

67.0 

66.9 

66.9 

66.8 

66.7 

66.7 

66.6 

66.6 

66.6 

66.4 

66.3 

66.3 

66.3 

.1 

.1 

.0 
65.9 
.65.9 
66.8 
65.7 
65.7 
66.6 
66.6 
65.5 
65.4 
66.3 
65.3 
66.2 
65.1 
65.1 
66.0 
65.0 
64.9 
64.8 



.980696 
980658 
980619 
980480 
980442 
980403 
980364 
980326 
960286 
980247 
960208 
.960169 
980180 
980091 
980063 
980013 
979978 
979984 
979696 
979866 
979816 
979776 
979737 
979697 
979668 
979618 
979679 
979639 
979499 
979469 
979430 
979380 
979340 
979300 
979260 
979220 
979180 
979140 
979100 
979059 
979019 
.978979 



978898 
978858 
978817 
978777 
978736 
978696 
978655 
978616 
.978674 
978638 
978498 
978452 
978411 
978370 
978829 
978288 
978347 
978306 



9.486339 
486791 
486343 



487143 
487693 
488043 
488493 
488941 



9.490286 
490783 
491180 
491637 
493078 
493519 



493410 
493864 



19.494748 
495186 
496680 
496073 
496516 
496967 
497899 
497841 



498733 
9.499168 



600043 
600481 
600920 
601869 
501797 
503335 
603673 
503109 

9.503546 
603983 
504418 
604854 
505389 
505734 
506159 
506693 
607037 
607460 

9.607893 
606336 
608769 
509191 



610054 
510485 
610916 
511846 
611776 



10 



10, 



10 



10. 



.614661 
514209 
613768 
513307 
612857 
613407 
611957 
511606 
611069 
510610 
610162 
609714 
609267 
606830 
506373 
607937 
507481 
507085 
506590 
606146 
505701 
506367 
504814 
604370 
603937 
503485 
603043 
603601 
603159 
501718 
501378 
500637 
600397 



499619 
499060 
498641 
498203 
^^765 
497828 



10 



10 



,496464 
496018 
496683 
496146 
494711 
494276 
498841 
498407 
492973 
492540 
.492107 
491674 
491241 
490609 
490378 
489946 
489515 
489064 
488654 
488324 



C!08ine. 



Ootang. 
7? Degnea, 



Tang. 



3933795630 



29393 96613 
3983196605 
95696 



3937696688 
39404 95679 
3948396671 
3946096563 
39487 95554 
39615 95645 
39543 95536 



3957195638 
39599 95519 
39636 95511 
29664 96502 
39682 95493 
2971095486 
29737 95476 
297:65 95467 



29793 
39821 



95469 
95460 



30653 



2984995441 
29876 95483 
2990496424 
29932 95415 
3996095407 
39987 95398 
30016 95389 
30043 95380 
30071 95373 
80098 96368 
3013695364 



95345 
30183 95337 
3020995328 



95319 
95310 
95301 



30265 95310 



30154 
30182 
30209 
30237 
30265 
30292 
30330 
30348 95084 
30876 95375 
30403 96366 
30431 96357 
30469 95348 
30486 95340 
30514 95231 
30542 95222 
3057095213 
30597 95204 
30626 95195 



95186 



30680 96177 
30706 95168 
30736 95169 
30763 95150 
30791 95142 
30619 95133 
30846 95134 
3087495116 
30902 96106 



60 
69 
58 
67 
56 
66 
64 
63 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
35 
34 
33 
33 
31 
30 



37 

26 

26 

34 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

U 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 





N. COS. N.raoe. 



TABLE II. 



Log. Sines and Tangenti. (18^ Natonl Knea. 



39 



"^ SineT D. 10" Cosine. D. 10" 


1 
2 
3 
4 
6 
6 
7 
8 



Tang. 



KTvT 



Cotang. [ jN. sine. 



cos, 



10 
11 
13 
18 
14 
16 
16 
17 
18 
19 
20 
21 
22 
28 
24 
26 
26 
27 
28 
29 
80 
81 
82 
33 
34 
36 
86 
87 



40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 



9.489982 
490371 
490769 
491147 
491686 
491922 
492308 
492696 
493061 
493466 
493861 

9.494236 
494621 
496006 



496772 
496164 
496637 
496919 
497301 
497682 

9.498064 
496444 
498826 
499204 
499664 
499963 
600342 
600721 
601099 
601476 

9.601864 
602231 
602607 
602984 
603360 
603736 
604110 
604486 
604860 
605234 

9.605608 
606981 
606364 
606727 
607099 
607471 
607843 
606214 
606666 
606966 



609696 
610066 
610434 
610803 
611172 
611640 
611907 
512276 
612642 
Oosine. 



63 



62 



.978206 
978166 
978124 
978083 
978042 
978001 
977969 
977918 
977877 
977835 
977794 
.977762 
977711 
977669 
977628 
977686 
977644 
977603 
977461 
977419 
977377 
.977336 
977293 
977261 
977209 
977167 
977126 
977063 
977041 



976967 
.976914 
976873 
976830 
976787 
976746 
976702 
976660 
976617 
976674 
976682 
976489 
976446 
976404 
976361 
976318 
976276 
976332 
976189 
976146 
976103 
.976060 
976017 
975974 
976930 
976887 
975844 
976800 
976767. 
976714 
976670 
Sine. 



.511776 
612206 
612636 
513064 
613493 
613921 
614349 
614777 
616204 
616631 
516067 
,616464 
616910 
617836 
617761 
618186 
616610 
619034 
619456 
519663 
630806 
630736 
631161 
631678 
631996 
633417 
633838 
638369 
633680 
634100 
634630 
9.634989 
636369 
636778 
636197 
536616 
637038 
637461 
637868 
638386 
638703 
.639119 
639685 
639950 



680781 
681196 
681611 
683036 
683439 
633663 
9.633366 
633679 
634093 
634604 
634916 
686338 
636789 
636160 
686561 
636973 
Cotang. 
71 Degnet, 



71.6 
71.6 
71.6 
71.4 
71.4 
71.3 
71.3 
71.3 
71.3 
71.1 
71.0 
71.0 
70.9 
70.9 
70.8 
70.8 
70.7 
70.6 
70.6 
70.6 
70.6 
70.4 
70,3 
70.3 
70.8 
70.3 
70.3 
70.1 
70.1 
70.0 
69.9 
69.9 
69.8 
69.6 
69.7 
69.7 
69.6 
69.6 
69.6 
69.6 
69.4 
6».8 
69.8 
69.3 
69.3 
69.1 
69.1 
69.0 
69.0 
68.9 
68.9 
66.8 
68.8 
66.7 
68.7 
68.6 
68.6 
68.6 
68.6 
68.4 



10. 



487794 
487366 



10 



486607 
486079 
466661 
466333 
464796 
484369 
488943 
.468616 
468090 



461816 
461390 



10 



10 



10 



460643 
460118 
479696 
479373 
478849 
478437 
476006 
477583 
477163 
476741 
476830 
476900 
476480 
.476061 
474641 
474333 
478803 
478886 
473967 
473649 
473133 
471716 
471398 
47()681 
470466 
470060 
469634 
469319 
468804 



10 



467975 
467661 
467147 
.466784 



_JL 



466908 
466496 
466064 
464673 
464361 
463860 
468439 
463038 
Tang. 



8090296106 
8093996097 



30967 
30986 
31013 



96068 
960W 
96070 



3104095061 



31066 
31096 
31133 



96063 
96043 
96083 



31161 96034 



81178 
31306 



96016 
96006 



8138894997 

3136194988 

8136994979 

81316 94970 

3134494961 

31373 94963 

3139994943 

81437 94983 

3146494934 

8148394916 

3151094906 

31537 

31666 

31593 



94897 
3166694868 

94678 
3163094869 



31648 
31676 
81703 



94860 
94861 
94843 



8173094833 
8176694833 
3176694814 
31813 948U5 
31841 94795 
8166694786 
8169694777 
8193894768 
31961 94768 



31979 
33006 
33034 
33061 



94749 
94740 
94730 
94731 



3306994713 



33116 



94703 



3314494693 
3317194684 
3219994674 



33337 
32260 
33383 
33309 



94665 



3226094666 
94646 
94637 
32337 94627 
3236494616 
3239294609 
32419 
32447 94690 
3247494680 



3260394671 
3262994661 
32657 94662 
N. COS. N.Blne. 



60 



67 
66 
66 
64 
63 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
38 
37 
86 
36 
34 
33 
82 
81 
80 
39 
38 
27 
36 
36 
34 



40 



Log. BIbm Bad TangenU (L9P) Natunl Sines. TABLS IL 



09 



1 

3 

8 

4 

6 

6 

7 

8 

9 

10 

11 

13 

13 

14 

16 

16 

17 

18 

19 

80 

31 

33 

38 

34 

36 

36 

37 



613643 
613009 
613376 
613741 
614107 
614473 
614837 
616303 
616666 
616930 
616394 

9.616667 
617030 
617383 
617746 
618107 
618468 
618839 
619190 
619661 
619911 

9.630871 
630631 
630990 
631349 
631707 



34 
36 
36 
37 
88 
39 
40 
41 
43 
43 
44 
46 
46 
47 
46 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 
60 



Bine. 



KW 



633484 
633781 
633188 
633496 
9.683863 
634308 
634664 
634930 
636876 



636664 



637046 
9.637400 
687763 
638106 
638468 
688810 
639161 
688613 



630316 
680666 

19.680916 
681866 
631614 
681963 
683313 
633661 
633009 

[ 633367 
633704 
634068 



Oofine. 



D. 10" 



9.976670 
976627 
976683 
976639 
976496 
976463 
976408 
976366 
976381 
976877 
976833 

9.976189 
976146 
976101 
976067 
976018 
974969 
974986 
974880 
974836 
974793 

9.974748 
974703 
974669 
974614 
974670 
974686 
974481 
974486 
974891 
974347 

9.974303 
974867 
974313 
974167 
974188 
974077 
974038 
973967 
978943 
978897 

9.973863, 
'978807 
978761 
973716 
973671 
973686 
973680 
973636 
973489 
973444 

9.973398 
973363 
973307 
973861 
973816 
973169 
973184 
973078 
973033 
978986 



SiB«. 



7.3 
7.3 
7.3 
7.3 
7.8 
7.8 
7.8 
7.3 
7.8 
7.3 
7.3 
7.8 
7.8 
7.3 
7.3 
7.8 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.7 



9.636978 
637388 
637798 



638611 
639080 
639489 
689837 
640346 
640663 
641061 
9.641468 
641876 
648381 



Tang. 



643094 
643499 
648906 
644810 
544716 
646119 

9.646634 
646988 
646331 
646736 
647138 
647640 
647943 
648346 
648747 
649149 

9.649660 
649961 
660368 
660768 
661163 
661668 
661968 
668361 
668760 
663149 

9.663648 
663946 
664344 
664741 
666139 
666636 
666933 
666389 
666786 
667181 

9.667617 
667913 
668306 
668708 
669097 
669491 



660879 
660673 
^1066 



D. 10"| Cotaog. 



68.4 

68. 3j 

68.3 

68.8 

68.8 

68.1 

68.1 

68.0 

68.0 

67.9 

67.9 

67.8 

67.8 

67.7 

67.7 

67.6 

67.6 

67.6 

67.6 

67.4 

67.4 

67.3 

67.3 

67.8 

67.8 

67.1 

67.1 

67.0 

67.0 

66.9 

66.9 

66.8 

66.8 

66.7 

66.7 

66.6 

66.6 

66.6 

66.6 

66.6 

4 
66.4 
66.3 
66.3 
66.8 
66.8 

1 

66.1 
66.0 
66.0 
66.9 
66.9 
66.9 
66.8 
66.8 
65.7 
66.7 
66.6 
66.6 
66.6 



Ootang. 
70 Degyceg. 



10 



10 



10 



.463088 
462618 
462208 
461798 
461389 
460980 
460671 
460163 
469766 
469347 
458939 
468638 
468186 
467719 
467312 
456906 
466601 
466096 
466690 
466286 
464881 
.464476 
464073 



10 



10 



10 



463866 
468863 
468460 
468067 
461666 
461863 
460861 
.460460 
460049 
449648 
449848 
448848 
448448 
448048 
447649 
447860 
446861 
.446463 
446054 
446666 
446869 
444861 
444464 
444067 
443671 
443276 
442879 
,448483 
442067 
441692 
441298 
440903 
440509 
440116 
439721 
439327 
438934 



Tang. 



N.8 



B.fN^ 



32667 
32584 
32612 
32639 
32667 
32694 
32722 
32749 
32777 
32804 



33859 
33887 
33914 
38942 



94438 
94428 
94418 
94409 
94399 
94390 
94380 



33034 
33061 
33079 94370 



3313494351 



33106 
33134 
33161 
33189 
33316 
33344 
33271 



33353 
33381 
33408 
33436 



33518 
83646 
38573 



33737 
33764 
33792 
33819 
83846 



34175 
34202 



94552 
94542 
94533 
94523 
94514 
94504 
94495 
94485 
94476 
94466 
94457 
94447 



94361 
94351 
94348 
3318994332 
33316 94322 
3324494313 
94303 
3389894293 
94384 
94274 
94364 
94264 
94245 
94235 
3349094285 



94815 
94206 
94196 



3360094186 
38687 94176 
38665 94167 
94157 



8371094147 



94137 
94187 
94118 
94108 
94098 



3387494088 
33901 94078 
94068 
33956 94058 
94049 
94039 
94029 
94019 
94009 



34011 
34038 
34065 
34093 
34120 
34147 93989 



93979 



N. COS. Njsine. 



27 

36 

26 

24 

23 

23 

31 

30 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

6 

4 

3 

2 

1 





TABLE n. 



hog, SinM and Tangents. (20°) Natural SinM. 



41 



D. 10"| Cosine. D. 10* 



Tang. 



BTW 




1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
37 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
46 
49 
50 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



9.634062 
634399 
634746 
636092 
636438 
635783 
636129 
636474 
636818 
637163 
637607 

9.537861 
638194 
638538 
638880 
639223 
639666 
539907 
640249 
640690 
640931 

9.641272 
641613 
641963 
642293 
642632 
642971 
643310 
643649 
643987 
644326 

9.644663 
646000 
546338 
646674 
546011 
646347 
646683 
647019 
647354 
647689 

9.648024 
648369 



649027 



660026 
650369 
660692 
661024 
9.661366 
651687 
562018 
662349 
662680 
663010 
668341 
663670 
664000 
664329 



67.8 
67.7 
67.7 
57-7 
67.6 
67.6 
67.6 
67.4 
67.4 
67.3 
67.3 
67.2 
67.2 
67.1 
67.1 
67.0 
67.0 
66.9 
66.9 
66.8 
66.8 
66.7 
66.7 
66.6 
66.6 
66.6 
66.6 
66.4 
66.4 
66.3 
66.3 
66.2 
56.2 
66.1 
66.1 
66.0 
66.0 
66.9 
66.9 
66.8 
66.8 
66.7 
66.7 
66.6 
66.6 
66.6 
66.6 
66.4 
66.4 
66.3 
65.3 
66.2 
66.2 
66.2 
66.1 
66.1 
65.0 
66.0 
64.9 
64.9 



9. 



972966 
972940 
972894 
972848 
972802 
972766 
972709 
972663 
972617 
972670 
972624 
972478 
972431 
972386 
972338 
972291 
972246 
972198 
972151 
972106 
972068 
972011 
971964 
971917 
971870 
971823 
971776 
971729 
971682 
971636 
971688 
971640 
971493 
971446 
971398 
971361 
971303 
971266 
971208 
971161 
971113 
,971066 
971018 
970970 
970923 
970874 
970837 
970779 
970781 
970683 
970636 
970686 
970638 
970490 
970443 
970394 
970346 
970397 
970349 
970200 
970162 



.661066 
661469 
661851 
662244 
662686 
663028 
663419 
668811 
664203 
664692 
664983 

.666873 
666763 
666163 
666542 
666932 
667820 
667709 
668096 
668486 
668878 

.669261 



670086 
670422 
670609 
671196 
671681 
671967 
672862 
673738 
.673128 
673607 
673893 
674376 
674660 
576044 
676427 
676810 
676193 
676676 
.676968 
677341 
677728 
578104 
678486 
678867 
679248 
679629 
680009 
680369 
9.680769 
681149 
681628 
681907 



682666 
583043 
683422 
583800 
684177 



10 



Ctotang. 



10 



10 



438934 
488641 
438149 
437766 
437364 
436972 
486681 
436189 
436798 
436406 
486017 
.484627 
434237 
483847 
433468 
433068 
432680 
432291 
431902 
431614 
431127 
.480789 
480362 
429966 
439678 
439191 
438805 
428419 



ll.sine. N. COS. 



10 



10 



10 



437648 
427263 
,436877 
426493 
426108 
426724 
426340 
424966 
434673 
434190 
438807 
438434 
.438041 
433659 
432277 
431896 
431614 
431188 
430752 
430371 
419991 
419611 
.419231 
418861 
418472 
418098 
417714 
417335 
416967 
416678 
416200 
415823 



34203 
34229 
34257 



3481193929 

34339 

34366 

34393 

34421 

34448 

34475 

34503 

34630 

34667 

3458498829 



93879 
93869 
93869 
93849 



93819 
93809 
93799 
93789 
93779 
93769 
98769 



34612 
34639 
34666 
84694 
34721 
34748 
84776 
84803 
3488098738 



84912 



93728 
93718 
93706 



84867 
3488493718 



84966 
84993 
86021 
36048 
86075 



86157 
86184 
36211 



86347 
85376 
35402 



35466 
86484 
35611 

Si 



86887 



93677 
93667 
93667 
98647 



3610293637 
3513093626 
93616 
93606 
93696 
93685 
93676 
93666 
8632093666 



93544 
98634 
93634 
93614 
93603 
93493 
93483 
93472 



85692 
8561998441 



98463 
98441 
93431 



86647 
36674 
36701 
35728 
35756 
35782 
3681098868 



93410 
93400 



93379 
98868 
93368 



69 
68 
67 
66 
66 
64 
63 
63 
51 
60 
49 
48 
47 
46 
46 
44 
43 
^ 
41 
40 
39 
38 
87 
86 
85 
84 
88 
33 
81 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
16 
14 
13 
13 
11 
10 
9 
8 
7 
6 
6 
4 
3 
3 
1 




Cosine. 



8ine. 



Ootang. 
60 Degrees. 



Tang. 



N. cos. N.sine. 



43 



Log. SiBM Mid Tangents. (21<^ fTatnral Slnei. TABLB 11. 





1 
S 
8 
4 
6 
6 
7 
8 
9 
10 

n 

12 
13 
14 
16 
16 
17 
18 
19 
30 
31 
33 
33 
34 
36 
36 
37 
38 
39 
30 
81 
33 
33 
34 
36 
36 
87 
88 
89 
40 
41 
43 
43 
44 
45 
46 
47 
48 
49 
60 
61 
63 
63 
54 
66 
66 
67 
68 
69 



9.654339 
664658 
664987 
665316 
665643 
666971 
666399 



Sine. 



dTio^ 



556963 
657380 
557606 

9.567933 
658358 
668583 
668909 
659334 
659558 
669888 
660307 
660531 
660666 

9.661178 
661501 
661834 
663146 
663468 
663790 
663113 
563433 
563766 
664076 

9.664396 
664716 
665036 
665356 
666676 
565995 
666314 
666633 
666961 
667369 

9.667587 
667904 



668866 
669173 



669804 
670130 
670435 
9.670761 
671066 
671380 
671696 
573009 
673333 
673686 
673960 
678363 
673676 
CkMrine. 



Co6in 



^Ho^ 



.970152 
970103 
970056 
970006 
969967 



969811 
969763 
969714 



.969616 
969667 
969618 
969469 
969430 
969370 



969373 
969333 
969173 
.969134 
969076 
969036 



968877 
968827 
968777 
968738 
968678 
9.968638 
968578 
968538 
968479 
968429 
968379 



968278 
968228 
968178 
.968128 
968078 
968027 
967977 
967927 
967876 
967826 
967776 
967726 
967674 
.967624 
967673 
967622 
967471 
967421 
967370 
967319 
967368 
967817 
967166 



8.] 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.3 
8.3 
8.3 
8.3 
8.3 
8.3 
8.3 
8.3 
8.2 
8.2 
8.2 
8.2 
8.2 
8.2 
8.3 
8.8 
8.8 
8.3 
8.3 
8.3 
8.3 
8.8 
8.3 
8.3 
8.3 
8.3 
8.3 
8.8 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.4 
8.6 
8.6 
8.6 
8.6 
8.5 
8.6 
8.6 



9.684177 
684656 
684933. 
685309 
686686 
686062 
686439 
686816 
687190 
687666 
687941 

9.688316 



Tfcng. 



dTio^ 



689440 
689614 
690188 
690663 



691806 
691681 

9.693064 
5934S6 
693796 
693170 
693543 
693914 
694385 
694666 
696037 
695896 

9.696768 
696138 
696606 
696678 
697347 
697616 
697986 
698364 
696733 
599091 
699459 
699637 
600194 
600663 



601396 
601663 



602396 

603761 

9.603127 

603493 



604323 
604688 
604963 
605317 



606046 
6 06410 
Ootang. 
68 Degrees. 



62 



62 



62 



Cotang. 



10.415823 
415445 
416068 
414691 
414314 
413938 
413661 
413185 
412810 
412434 
412069 

10.411684 
411309 
410934 
410660 
410186 
409812 
409438 
409065 
406692 
406319 

10.407946 
407574 
407202 
406829 
406458 
406086 
406715 
405344 
404973 
404602 

10.404232 
408862 
403492 
403132 
402763 
402384 
402015 
401646 
401278 
400909 

10.400641 
400173 



N ^ine. N. ooe. 



36837 
35864 
36891 
35918 



93348 
93337 
93327 



36945 93316 



36973 
36000 



93306 
93295 



3602793286 
3606493274 
36061 93264 
36106 93263 
36135 93343 



36163 
36190 



93232 
93222 



36217 93211 



36244 
36271 
36298 



36362 
36379 
36406 
36434 



93201 
93190 
93180 
93169 
93159 
93148 
93137 
93127 



3646198116 
36488 93106 



36516 
36642 93064 
36669 98074 



399438 
399071 
398704 



36867 
36894 
36921 



92956 
36894 !J2946 

92935 
36948 32926 
36975 9291S 
3700292902 
37029 92892 
137056 92881 
37083 92870 
898838,137110 92869 



397971 
397605 
397239 
10.396873 
396507 
896142 
896777 
396412 
896047 
894683 
894318 
393954 
893590 
Tftng. 



137137 
37164 
37191 
37218 
37245 
37272 



37407 
37434 



36623 93052 
3665093042 
36677 93031 
36704 93020 
36731 93010 
92999 
92988 



36758 
36785 
36812 92978 
36839 92967 



92849 
92838 
92827 
92816 
92805 
92794 



37299 92784 
37326 92773 
37353 92762 
37380 92751 



93740 
92729 



37461 92718 
N. COS. N.riiM^. 



59 
58 

^\ 

66 

55 

54 

53 

52 

51 

50 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

3G 

35 

84 

33 

33 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

£0 

19 

18 

17 

16 

15 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

3 

1 





TABLE II. 



Log. Sines and Tangents. (^) Natural Sines. 



4a 



Sine. D. W Cosine. \D. VY' Tang. |D. W\ Cotang. iN. sine. N. cos." 





1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

20 

21 

22 

23 

24 

26 

26 

27 

28 

29 

30 

31 

32 

33 

34 

36 

36 

37 

38 

39 

4a 

41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



9.573575 
573888 
674200 
574612 
574824 
675136 
575447 
675758 
676069 
576379 
576689 

9.576999 
677309 
677618 
577927 
678236 
678546 
678863 
679162 
679470 
579777 

9.680085 
680392 
680699 
681005 
681312 
681618 
681924 



682536 
682840 

9.683146 
683449 
683764 
684068 
684361 
68466£ 
584^68 
6S6272 
686674 
686877 

9.686179 



586783 
687085 
687386 
687688 
687989 
688289 
688690 
688890 
9.689190 
689489 
689789 
690068 
5d0387 
690686 
690984 
691282 
691580 
691878 



52.1 
52.0 
52.0 
61.9 
61.9 
61.9 
61.8 
61.8 
61.7 
51.7 
51.6 
61.6 
61.6 
51.6 
61.5 
51.4 
51.4 
61.3 
61.3 
61.3 
51.2 
61.2 
61.1 
61.1 
61.1 
51.0 
61.0 
50.9 
60.9 
60.9 
60.8 
60.8 
60.7 
50.7 
69.6 
60.6 
50.6 
60.5 
60.6 
60.4 
60.4 
60.3 
60.3 
60.3 
50.2 
60.2 
60.1 
50.1 
60.1 
60.0 
60.0 
49.9 
49.9 
49.9 
49.8 
49.8 
49.7 
49.7 
49.7 
49.6 



.967166 
967116 
967064 
967013 
966961 
966910 
966869 
966808 
966766 
966706 
966663 

.966602 
966660 
966499 
966447 



966344 
966292 
966240 
966188 
966136 
.966066 



966961 
966928 
966876 
966824 
966772 
966720 
966668 
966616 

1.966663 
366611 
966468 
966406 
966353 
966301 
966248 
966195 
966143 
966090 

.966037 
964984 
964931 
96^79 
964826 
964773 
964719 



964613 
964660 
.964607 
964464 
964400 
.964347 
964294 
964240 
964187 
964133 
964080 
964026 



.606410 
606773 
607137 
607500 
607863 
608225 
608588 
608960 
609312 
609674 
610036 

.610397 
610769 
611120 
611480 
611841 
612201 
612661 
612921 
613281 
613641 

.614000 
614369 
614718 
615077 
615436 
615793 
616161 
616509 
616867 
617224 

.617682 
617939 
618295 
618662 
619008 
619364 
619721 
620076 
620432 
620787 

.621142 
621497 
621862 
622207 
622661 
622916 
623269 
623623 
623976 



.624683 
626036 
625388 
626741 
626093 
626446 
626797 
627149 
627601 
627862 



60.6 

60.6 

60.6 

60.6 

60.4 

60.4 

60.4 

60.3 

60.3 

60.3 

60.2 

60.2 

60.2 

60.1 

60.1 

60.1 

60.0 

60.0 

60.0 

69.9 

69.9 

69.8 

69.8 

59.8 

69.7 

69.7 

59.7 

69.6 

69.6 

59.6 

69.6 

69.6 

69.6 

69.4 

69.4 

69.4 

69.3 

69.3 

69.3 

69.2 

69.2 

69.2 

69.1 

69.1 

69.0 

69.0 

69.0 

58.9 

58.9 

58. 

58.8 

58.8 

58.8 

68.7 

68.7 

68.7 

68.6 

58.6 

58.6 

58.6 



10 



393590 
393227 



37461 



92718 



392600 
392137 
391776 
391412 
391050 
390688 



10 



389964 
389603 
389241 



388520 
388169 
387799 
387439 
387079 
386719 



10. 



386000 
385641 



384566 
384207 



10 



10 



10 



383491 
383133 
382776 
382418 
382061 
381706 
381348 
380992 
380636 
380279 
379924 
379668 
379213 
.378868 
378603 
378148 
377793 
377439 
377086 
376781 
376377 
876024 
376670 
.376317 
374964 
374612 
374269 
373907 
373666 
373203 
372861 
372499 
372148 



3748893707 

37515 

37642 

37569 

37595 

37622 

3764992642 

3767692631 

37703 

3773092609 



92686 
92675 
92664 
92653 



37757 
37784 
37811 
37838 
37866 
37892 
37919 
37946 
37973 
37999 
38026 
38053 



92698 
92587 
92676 
92666 
92654 
92543 
92532 
92621 
92510 



92488 
92477 



3806092466 



38107 
38134 
38161 
38188 
38215 
38241 



92466 
92444 
92432 
92421 
92410 
92399 



38295 
38322 
38349 
38376 
38403 



92377 



92366 
92343 
92332 



3843092321 
38466 92310 
3848392299 
3861092287 
3863792276 



38664 
38691 
38617 
38644 
38671 



92266 
92264 
92243 



38726 
38762 
38778 



38912 
38939 
38966 



39020 
39046 
39073 



92220 
92209 
92198 
92186 
92176 
92164 
92162 
92141 
92130 
92119 
92107 
92096 
92065 
92073 



60 
59 
58 
57 
56 
66 
64 
53 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 



37 
36 
36 
34 
33 
32 
31 
30 
29 
28 
27 
26 
26 
24 
23 
22 
21 
20 
19 
18 
17 
16 
16 
14 
13 
12 
11 
10 
9 
8 
7 
6 
6 
4 
3 
2 
1 




Cosine. 



Sine. 



-w 



Cotang. 
dTtPegrees. 



Tang. 



N. COS. N.8ine. ' 



44 



^7W' 



log. BbiM aod Ttngento. (28P) Nataral Sines. TABLB IL 

D.W\ Ootang. |,N.rine. N. cob. 



'KW 



Tang. 



Sine. 



Cosine. 



37 



40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
63 
63 
54 
55 
66 
57 
68 
59 
60 



9.691878 
692176 
592473 
692770 
693067 



693669 
693956 
694261 
694647 
694842 
19.696137 
595432 
696727 
696021 
696316 



696803 
697196 
697490 
697783 
.696075 



698962 
699244 
699686 
599827 
600118 
600409 
600700 

9.600990 
601280 
601570 
601860 
602150 
602439 
602728 
603017 
603305 
603594 

9.603882 
604170 
604457 
604745 
605032 
605319 
605606 
605892 
606179 
606465 

9.606751 
607036 
607322 
607607 
607892 
608177 
608461 
608745 
609029 
609313 



49.6 
49.6 
49.6 
.49.6 
49.4 
49.4 
49.3 
49.8 
49.3 
49.2 
49.2 
49.1 
49.1 
49.1 
49.0 
49.0 
48.9 
48.9 
48.9 
48.8 
48.8 
48.7 
48.7 
48.7 
48.6 
48.6 
48.5 
48.5 
48.6 
48.4 
48.4 
48.4 
48.3 
48.8 
48.2 
48.2 
48.2 
48.1 
48.1 
48.1 
48.0 
48.0 
47.9 
47.9 
47.9 
47 8 
47.8 
47.8 
47.7 
47.7 
47.6 
47.6 
47.6 
47.5 
47.5 
47.4 
47.4 
47.4 
47.3 
47.3 



.964036 
963972 
963919 



963811 
963767 
963704 
963660 



.963434 
963379 
963336 
963271 
963217 
968163 
963108 
963064 



9.962890 



962781 
962727 
962672 
962617 



962606 
962463 



9.962343 



962233 
962178 
962128 



962012 
961967 
961902 
961846 
.961791 
961735 
961680 
961624 
961569 
961613 
961468 
96140S 
961346 
961290 
.961235 
961179 
961123 
961067 
961011 
960956 
960699 
960643 
960786 
960730 



8.9 

8.9 

8.9 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.0 

9.1 

9.1 

9. 

9. 

9. 

9. 

9. 

9. 

9. 

9. 

9. 

9. 

9. 

9 3 

9.2 

9.2 

9.2 

9.2 

9.3 

9.2 

9.2 

9.3 

9.8 

9.3 

9.2 

9.2 

9.2 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.3 

9.4 

9.4 



9.637862 



638664 
638906 



630306 
630666 
631006 
631366 
.681704 
633063 
633401 
633760 



633447 
633796 
634143 
634490 
634838 
.636186 
636633 
635879 



636673 
686919 
637366 
637611 
637966 



.638647 
638993 



640037 
640371 
640716 
641060 
641404 
641747 
9.643091 
643434 
642777 
643130 
643463 
643806 
644148 
644490 



646174 
.646516 
645857 
646199 
646540 
646881 
647322 
647662 
647903 
648243 



68.6 
68.6 
68.6 
68.4 
68.4 
68.8 
68.3 
68.3 
68.3 
68.3 
68.3 
58.3 
68.1 
68.1 
68.1 
68.0 
68.0 
68.0 
67.9 
67.9 
67.9 
67.8 
67.8 
67.8 
67.7 
67.7 
67.7 
67.7 
67.6 
67.6 
67.6 
67.6 
67.6 
57.6 
67.4 
57.4 
67.4 
67.3 
67.3 
67.8 
67.3 
67.3 
87.3 
67.3 
67.1 
67.1 
67.1 
67.0 
67.0 
67.0 
56.9 
66.9 
66.9 
66.9 
66.8 
66.8 
56.8 
56.7 
66.7 
66.7 



10 



.372148 
371797 
371446 
371096 
870746 
370394 
870044 



368645 



10. 



10 



367947 
867699 
867850 
866902 
866663 
366206 
366867 
865610 
866162 
.864815 
864468 
864121 
863774 
863428 
368081 
862736 



862044 



10, 



361353 
361006 
360663 
360318 
369973 



10 



369884 
368940 
368696 
358253 
.367909 
357666 
357223 



10 



866637 
366194 
365862 
365610 
366168 
864826 
.364484 
364143 
353801 
353460 
353119 
352778 



362097 
351757 
361417 



39073 92060 
3910092039 
39127 92028 
39163 93016 
3918093005 
39207 91994 
39234 91982 
3926091971 



39287 
39314 
39341 



39421 
39448 



91959 
91948 
91936 
91926 
91914 
91902 
91891 



39474 91879 
39601 91868 
91866 
91845 
91833 
91822 
91810 
91799 
91787 
91776 
91764 
3976891762 



39665 
39681 
39608 
39635 



39715 
39741 



39796 



91741 



3982891729 
3964891718 



39676 



91706 



39902 91694 



39965 91671 
39982 91660 
4000891648 
4003691636 
40063 91626 



40088 
40115 
40141 
40168 
40196 
40221 



91613 
91601 
91590 
91678 
91566 
91566 



40248 91543 
40275 91631 
91519 
91508 



40301 
40328 
40355 91496 



40381 
40408 
40434 



91484 
91472 
91461 



4046191449 



40488 
40514 
40541 
40567 
40594 
40621 
40647 



91437 
91425 
91414 
91402 
91390 
91378 
91366 



40674 91356 



60 
69 
68 
67 
66 
66 
64 
63 
52 
51 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
36 
34 
33 
32 
31 
30 
29 
28 
27 
26 
26 
24 
23 
22 
21 
30 
19 
18 
17 
16 
16 
14 
13 
13 
11 
10 
9 
8 
7 
6 
6 
4 
3 
3 
1 




Cosine. 



Sine. 



Cotang. 
66 Degrees. 



Tang^ 1 N. cos. N.gine. 



■ III H.I ummmmm^^amam^m^K ..u [ . ..- i ggg 

TABIiB n. Log. BbiM and Tangentk (240) Naiona Bines. 

Sine. P. 10^1 faaiiie. h. jt^' hikg. p. 10*| Oo^:ang. 



45 



N.Biiw.|N.oos. 





1 
3 
3 
4 
5 
6 
7 
8 
9 
10 
11 
13 
13 
14 
15 
16 
17 
18 
19 
30 
31 
83 
33 
34 
36 
36 
37 
38 
39 
30 
31 
33 
33 
34 
36 
36 
37 
38 
39 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
50 
51 
63 
63 
64 
66 
66 
67 
68 



9.609313 
609697 
609880 
610164 
610447 
610739 
611013 
611394 
611676 
611868 
613140 

9.613431 
613703 
613983 
613364 
613646 
613836 
614105 
614386 
614666 
614944 

9.616333 
616603 
616781 
616060 
616338 
616616 
616894 
61,7173 
617460 
617737 

9.618004 
618381 
618668 
618834 
619110 
619386 
619663 
619938 
630313 



9.630763 
631038 
631313 
631587 
631861 
633136 
633409 
633683 



9.633613 
633774 
634047 
634319 
634391 



636136 
636406 
636677 



47.3 
47.3 
47.3 
47.3 
47.1 
47.1 
47.0 
47.0 
47.0 
46.9 
46.9 
46.9 
46.8 
46.8 
46.7 
46.7 
46.7 
46.6 
46.6 
46.6 
46.5 
46.6 
46.6 
46.4 
46.4 
46.4 
46.3 
46.3 
46.3 
46.3 
46.3 
46.1 
46.1 
46.1 
46.0 
j^.O 
46.0 
45.9 
45.9 
45.9 
46.8 
45.8 
45.7 
45.7 
46.7 
46.6 
46.6 
46.6 
46.6 
46.6 
46.6 
46.4 
46.4 
46.4 
46.3 
46.3 
46.3 
45.3 
45.3 
46.3 



9.960730 
960674 
960618 
960661 
960505 
960448 



960335 
960379 
960333 
960166 
9.960109 
960053 
959995 
969938 



969711 



959596 
9.959639 



959436 



969310 
969353 
959196 
959138 
969061 
959033 

9.968965 
958908 
958850 
958793 
958734 

/958<77 
958619 
958561 
968503 
958446 

9.958387 
958339 
958371 
958313 
958164 
968096 
968038 
967979 
967931 
967863 

9.967804 
967746 
967687 
967638 
967670 
967511 
957463 
967393 
967336 
967376 



9.4 
9.4 
9.4 
9.4 
9.4 
9.4 
9.4 
9.4 
9.4 
9.4 
9.4 
9.6 
9.6 
9.5 
9.6 
9.5 
9.5 
9.6 
9.5 
9.5 
9.5 
9.6 
9.6 
9.5 
9.6 
9.6 
9.6 
9.6 
9.6 
9.6 
9.6 
9.6 
9.6 
9.6 
9.6 
9.6 
9,6 
9.6 
9.6 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.7 
9.8 
9.8 
9.8 
9.8 
9.8 
9.8 
9.8 
9.8 



9.648583 
648933 
649363 
649603 
649943 
660381 
650630 
660969 
661397 
651636 
651974 
.663813 
653660 



663663 
664000 
654337 
664174 
665011 
666348 
.665684 
666030 
656366 



657038 
657364 
657699 
668084 



658704 
.669039 
659373 
669706 



660376 
660710 
661043 
661377 
661710 
663043 
9.663376 
663709 
663043 
663375 
663707 
664039 
664371 
664703 
665035 
666366 
.666697 



667031 
667363 
667683 
668013 
668343 



66.6 
66.6 
56.6 
56.6 
56.6 
66.6 
69.5 
56.4 
56.4 
56.4 
56.8 
56.3 
56.3 
56.3 
56.3 
56.3 
56.3 
56.1 
56.1 
56.1 
66.1 
66.0 
56.0 
66.0 
65.9 
65.9 
65.9 
66.9 
66.8 
56.8 
65.8 
55.8 
65.7 
55.7 
56.7 
66.7 
66.6 
66.6 
65.6 
55.6 
65.5 
55.5 
66.4 
56.4 
65.4 
66.4 
55.3 
65.3 
66.3 
65.8 
66.3 
56.3 
65.3 
65.1 
66.1 
66.1 
65.1 
65.0 
66.0 
66.0 



10 



351417 
361077 
360737 



360068 
349719 
849380 
349041 
348703 
348364 



10 



,347688 
847360 
847013 
346674 
846337 
346000 
345663 
346336 



10 



344663 
.844316 
843980 
843644 
843308 
343973 



10 



343801 
341966 
341631 
841896 
,340961 
340637 



838957 



10 



837967 
.337634 
337391 



335961 



10 



336897 
334965 
334634 
.834303 
333971 



Cosine. 



Ootang. 
66 Degreeg. 



333979 
333648 
333318 
331987 
331657 
381338 
Tang. 



4067491866 
4070091343 
4073791331 
40753 91319 
4078091307 
4060691395 
40833 91383 
4086091373 
4088691360 
40913 91348 
4093991336 
4096691324 
40993 91313 
41019 91300 
4104691188 
4107391176 
4109891164 
4113591153 



41161 



91140 



41178 91138 
4130491116 



41331 
41357 



91104 
91093 



4138491060 
4131091068 



41337 



91066 



4136391044 
4139091033 
91030 
91008 
90996 



41416 

41443 

41469 

4149690984 

41623 90973 

41649 90960 

41675 90948 

41603 90936 

4163890934 

41666 90911 

41681 

4170790887 

4173490875 

4176090863 



41787 
41613 



90661 
90839 



4184090636 
4186690614 
4189390803 
41919 90790 
41946 90778 
41973 90766 
41996 90763 
4303490741 
4305190739 
43077 90717 
4310490704 
4313090693 
43166 90680 
43183 90668 
4830990666 
4333590643 
43363 90631 



60 

59 

58 

67 

66 

65 

64 

63 

68 

51 

60 

49 

48 

47 

46 

46 

44 

43 

43 

41 

40 

39 

36 

37- 

36 

36 

34 

33 

33 

31 

30 

39 

38 

37 

36 

36 

34 

33 

33 

21 

30 

19 

18 

17 

16 

16 

14 

13 

13 

11 

10 

9 

8 

7 

6 

6 

4 

3 

8 

1 





N. COS. 



N.8ine. ' 



46 



Loc. BiMt tad Tugvnta. {Vfi) N«fe«nl (UaM. 



Sine. 



dHo^ 



Ooeiqe. 



ns^ 



Tang. 



frm 



Ootang. 



TABLBn. 

N.«ine. N. 000. 



696319 
636490 
636760 
637080 
637300 
637670 
637840 
638109 
638378 
638647 
'.638916 



639463 
639731 



680367 
630634 
680793 
631069 
631336 
.631693 
631869 
633136 



633668 





1 

3 

3 

4 

6 

6 

7 

8 

9 

10 

11 

13 

18 

14 

15 

16 

17 

18 

19 

30 

31 

33 

33 

84 

36 

96 

37 

38 

39 

30 

31 

33 

33 

34 

36 

36 

37 



40 

4119.636886 

43 

43 

44 

46 

46 

47 

48 



60 

61 
63 
63 
64 
66 
66 
67 



633189 
633464 
633719 



.634349 
634614 
634778 
636043 
636306 
636670 
636834 
636097 



637148 
637411 
637673 
637936 
638197 
638468 



19.639603 
639764 
640034 
640284 
640544 
640804 
641064 
641334 
641684 
641843 



45.1 
46.1 
46.1 
46.0 
46.0 
46.0 
44.9 
44.9 
44.9 
44.8 
44.8 
44.7 
44.7 
44.7 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.4 
44.4 
44.4 
44.3 
44.3 
44.8 
44.3 
44.3 
44.3 
44.1 
44.1 
44.0 
44.0 
44.0 
43.9 
43.9 
43.9 
43.8 
43.8 
43.8 
43.7 
43.7 
43.7 
43.7 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.4 
43.4 
43.4 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 



19.967376 
967317 
967168 
967099 
967040 
966981 
956931 



966803 
966744 
966684 
9.966636 
966666 
966606 
966447 
956387 
056337 
956368 



966148 



.966039 
955969 
966909 
966849 
966789 
955739 
966669 
956609 
965548 
965488 
9.966438 
965368 
965307 
955347 
966186 
966136 
955066 
966006 
964944 



9.964838 
964763 
954701 
954640 
954679 
954518 
954467 
954896 
964836 
954374 

9.954313 
964163 
954090 
964039 



963906 
968846 
968783 
963733 
953660 



0.8 

9.8 

9.8 

9.8 

9.8 

9.8 

9.9 

9.9 

0.9 

9.9 

9.9 

9.9 

9.9 

0.9 

9.9 

9.9 

9.0 

9.9 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0.3 

0.3 

.0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 



9.668678 



669333 



OAOQOI 
DOvWl 

670830 
670649 
670977 
671806 
671634 
671968 
.673391 
673619 
673947 
678374 
678603 
678939 
674367 
674684 
674810 
676337 
.676664 
675890 
676316 
676643 



677194 
677630 
677846 
678171 
678496 
.678831 
679146 
679471 
679796 
680130 
680444 



681093 

681416 

681740 

19.683063 



683710 



684001 
684334 
684646 



9.685390 
686613 
686934 



686677 



687319 
687640 
687861 



56.0 
54.9 
54.9 
54.9 
54.8 
54.8 
54.8 
54.8 
54.7 
54.7 
54.7 
54.7 
54.6 
54.6 
64.6 
54.6 
64.6 
64.6 
54.6 
54.4 
54.4 
54.4 
54.4 
64.3 
54.8 
54.3 
64.3 
54.3 
64.3 
54.3 
54.3 
54.1 
64.1 
54.1 
64.1 
54.0 
54.0 
54.0 
64.0 
53.9 
63.9 
58.9 
53.9 
63.8 
68.8 
63.8 
63.8 
53.7 
53.7 
63.7 
58.7 
63.6 
63.6 
63.6 
63.6 
58.5 
63.5 
63.6 
53.5 
53.4 



10. 



881337 
830998 
880668 
880339 
880009 
839680 
339361 
839033 
838694 



10. 



836037 
837709 
837381 
837068 
896736 



10 



896071 
895743 
835416 
836090 
894763 
,894486 
834110 
833784 
838467 
838131 



10 



833480 
333154 
831839 
831504 
331179 
830854 



10. 



330305 
819880 
819566 
319833 
818908 
818584 
318360 
817987 
317613 
317890 
316967 
316644 
816831 



10 



816676 
816864 
815033 
.814710 
314388 
314066 
313746 
313433 
813103 
813781 
813460 
313139 
311818 



4338890613 
4331690606 
4334190694 
4336790683 
43239490669 
4343090657 
4344690646 
43473 90533 
4349990630 
4363590507 
4355390495 
4357890483 
4360490470 
4363190468 



43667 



90446 



4968390483 

4370990431 

4373690408 

4376390396 

4378890388 

4381690371 

43841 

4386790346 

4389490334 

4393090831 

4394690309 

4397390396 

4899990384 



43036 
43061 
43077 



90371 
90369 
90346 



4310490333 

4313090331 

4316690306 

43183 90196 

4d!M9 90183 

43336 

43361 



90171 
90158 
4338790146 



43313 



90188 



4334090130 

4336690106 

43393 

43418 

43446 



90096 



90070 
90057 
90046 



43471 
43497 
43533 
4354990019 
43675 90007 
89994 
4363889961 
4366489068 
4368089956 



43706 
43733 
43769 
43786 
43811 
43837 



89943 



89918 
89906 



89679 



60 
69 
68 
57 
66 
65 
54 
63 
63 
61 
60 
48 
48 
47 
46 
45 
44 
43 
43 
41 
40 
89 
88 
87 
86 
36 
34 
38 
83 
31 
80 
39 
38 
37 
36 
36 
34 
83 
33 
91 
30 
19 
18 
17 
16 
15 
14 
13 
13 
U 
10 
9 
8 
7 
6 
6 
4 
3 
3 
1 




Ootang. 
64 Degreea. 



Tang. I N. co>4N.ffiii«. 



TABIiSn. 



Lof . BiBM tad lluigenti. (26^) Natural Stnea. 



47 



HOB"" 



9 

1 

3 

8 

4 

6 

6 

7 

8 

9 
10 
11 

la 

13 
14 
16 
16 
17 
18 
19 
30 
31 
33 



.641843 
643101 



34 
35 
36 
37 



643618 
643877 
648186 
648898 
648660 
648908 
644166 
644438 

9.644680 
644986 
646193 
646460 
646706 
646963 
646318 
646474 
646789 
646984 

9.647340 
647494 
647749 
648004 



31 
83 
88 
84 
86 
86 
87 
88 
89 
40 
41 
43 
48 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 



648613 
648766 
649030 
649374 
649637 

9.649781 
660084 
660387 
660689 
660793 
661044 
661397 
661649 
661800 
663063 

9.663804 
663666 



668067 
658308 
653668 
663808 
664069 
654309 
654668 
9.654808 
656068 
665307 
666556 
665806 
656064 
656303 
666651 
656799 
657047 



.963660 
963699 
963587 
963475 
963413 
963863 
963390 



968166 

'968104 

9680«2 

9.963960 



963856 
963798 
963781 



963644 
963481 
963419 



963394 
963381 



963106 
969048 
961980 
951917 
951864 
961791 
.961738 
961666 
961603 
961639 
951476 
961413 
961349 
961386 
961333 
961169 
.961096 
961033 



960905 
960841 
950778 
960714 
960660 
960586 
950533 
.960458 
950394 
950330 
950366 
950303 
950138 
950074 
950010 
949945 
949881 



10.8 
10.8 
10.8 
10.3 
10.8 
10.8 
10.8 
10.3 
10.8 
10.8 
10.8 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.4 
10.6 
10.6 
10.6 
10.5 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.5 
10.6 
10.5 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.6 
10.7 
10.7 
10.7 
10.7 
10.7 
10.7 
10.7 
10.7 
10.7 
10.7 



9.688183 



689143 
689468 
689783 
690103 



690743 
691063 
691881 
9.691700 
693019 
693888 
699666 
693976 



698613 
698930 
69434$ 
694666 
9.694888 
696301 
696618 



696168 
696470 
696787 
697108 
697430 
697786 
9.698068 



699001 
699816 



699947 
70^68 
700678 
700698 
.701308 
701638 
701837 
703153 
703466 
703780 
703096 
708409 
703733 
704036 
9.704860 
704668 
704077 
705390 
706603 
706916 
706338 
706641 
706854 
707166 



58.4 
58.4 
68.4 
68.8 
58.8 
68.8 
68.8 
68.8 
68.3 
68.3 
68.3 
68.1 
68.1 
68.1 
68.1 
68.1 
.0 
68.0 
68.0 
68.0 
63.9 
63.9 
63.9 
53.9 
63.9 
63.8 
63.8 
63.8 
63.8 
63.7 
63,7 
68.7 
63.7 
63.6 
63.6 
63.6 
63.6 
63.6 
63; 6 
53.6 
63.6 
63.4 
63.4 
63.4 
53.4 
53.4 
53.3 
53.8 
53.3 
63.8 
63.3 
53.3 
63.3 
53.3 
53.3 
63.1 
53.1 
53.1 
53.1 
53.1 



10 



10 



811818 
811498 
811177 
810657 
810587 
810317 
809897 
809677 
806368 
806988 
806619 
808800 
807961 
807663 
807844 
807036 
806707 



43887 99679 



10 



806070 
806763 
806484 
•806117 
804799 
804483 
804164 
808847 
806680 
808318 
808897 



10 



10 



808364 
801947 
801681 
801316 
800999 
800684 
800868 
800068 
999787 
399433 
399107 
398793 
398477 
398168 
897848 
397534 
397830 



10 



396591 
396377 
386964 
.396660 
395337 
896033 
894710 
394897 
394084 
898778 



893146 



43916 39841 



43968 89816 



44030 B9790 



44046 



89777 



44073 B9764 
44096 89763 
4413489789 
4416189796 
44177 89718 
44308 89700 



44365 B9674 

44381 

44807 

44388 

4486989688 



4488589610 
4441189697 



4443789684 
4446489671 
4449089868 
44516 89545 



44648 
44668 
44594 



89619 
89606 



4463089493 
4464689480 
44678 89467 
44606 89454 
4473489441 
4475089488 
4477689416 
4480889403 



4486489876 
4488089863 
4490689360 
44983 89387 
44958 89834 
4498489311 
4501089898 
4503689885 
4606389873 
4608889369 
4611489345 
4614089383 
4616689319 
4619389306 
4531889193 
4684889180 
4536989167 
4589689153 
4583189140 
4684789137 
4637889114 
4539989101 



60 
69 
68 
57 
56 
65 
64 
53 
63 
61 
50 
40 
48 
47 
46 
46 
44 
48 
43 
41 
40 



87 
86 
86 

84 
88 
83 
81 
80 
39 
38 
87 
86 
36 
34 
38 
9d 
31 
30 
19 
18 
17 
16 
16 
14 
18 
13 
11 
10 
9 
8 
7 

a 

ft 
4 
8 
3 
1 




Cosine. 



Sine. 



Cotang. 



Tang. N.coe.Njiae. ' 



^ Log. BIbm and Tangsnti. 
"Sbne! D. Vr Cosine. 



BTlJF 



(210) 

D. iy| Ootang. 



TABLBn. 





1 

S 

8 

4 

5 

6 

7 

8 

9 

10 

11 

12 

18 

14 

16 

16 

17 

18 

19 

SO 

31 

33 

38 

34 

86 

26 

37 



80 
31 
83 
33 
34 
86 
36 
37 
88 
89 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
68 
64 
66 
66 
67 
68 
69 
60 



.667047 
667396 
667643 
667790 
668037 



668631 
668778 



669371 
669617 
.689763 
660009 
660366 
660601 
660746 
660991 
661336 
661481 
661736 
661970 
.663314 
663469 
663703 



663190 



668677 
663930 
664163 
664406 
19.664648 
664891 
666188 
666376 
666617 
666869 
666100 



666834 
.667066 
667306 
667646 
667786 



668606 
668746 



9.669464 
669703 
669943 
670181 
670419 
670668 
670696 
671134 
671873 
671609 



41.3 
41.8 
41.3 
41.3 
41.3 
41.3 
41.1 
41.1 
41.1 
41.0 
41.0 
41.0 
40.9 
40.9 
40.9 
40.9 
40.8 
40.8 
40.8 
40.7 
40.7 
40.7 
40.7 
40.6 
40.6 
40.6 
40.6 
40.6 
40.6 
40.6 
40.4 
40.4 
40.4 
40.8 
40.8 
40.3 
40.3 
40.3 
40.3 
40.3 
40.1 
40.1 
40.1 
40.1 
40.0 
40.0 
40.0 
39.9 
89.9 
89.9 
39.9 
89.8 
39.8 
89.8 
39.7 
89.7 
39.7 
39.7 
39.6 
39.6 



9.949881 
949616 
949763 



949668 
949494 
949439 
949364 
949300 
949336 

9.949170 
949106 
949040 
948976 
948910 
94B846 
948780 
948716 
948660 
948684 

9.948619 
948464 



948193 
948136 
948060 
947996 
947939 
.947863 
947797 
947781 
947666 
947600 
947633 
947467 
947401 
947386 
947369 
.947308 
947\86 
947070 
947004 
946937 
946871 
946804 
946788 

n 



.946638 
946471 
946404 
946337 
946370 



946136 
946069 
946003 
946936 



Tans. 



9.707166 
707478 
707790 
706103 
706414 
706736 
709037 
709349 
709660 
709971 
710383 

9.710693 
710904 
711316 
711636 
711836 
713146 
713466 
713766 
718076 
718886 

9.718696 
714006 
714814 
714634 
714938 
716343 
716661 
716860 
716168 
716477 

9.716786 
717098 
717401 
717709 
718017 
718836 
718683 
718940 
719348 
719666 

9.719663 
730169 
730476 
730783 
731089 
731396 
731703 
733009 
733316 
723631 

9.733937 



733638 
738844 
734149 
734464 
734769 
726066 
736369 
726674 



10.892884 



10 



893310 
891898 
391686 
391374 
390963 
890661 
990340 
890029 
889718 
,389407 



888786 
888476 
388164 
887864 
887644 
887334 



10 



386614 
.386304 
886996 



386376 
886067 
884768 
384449 
384140 
883833 



10.383316 



10 



10 



881988 
881676 
381867 
381060 
380763 
380445 
.380138 
379831 
879634 
879217 
878911 
278604 
878298 
877991 
877686 
877379 
.377073 
376768 
376463 
276166 
275861 
376646 
276241 
274»36 
^74631 
274326 



iN.a 



46629 

4666489031 

4668080006 

4660688996 

4668388981 



4668488966 
4671088943 



46736 

4676388916 

4678788903 



4683988876 
4686688863 
4680188848 



4691788836 



46636 
46661 
46687 



46664 



46716 
46742 



46921 
46947 



N.cofc l 

89101 1 
ocyifiT « 



4689989101160 
4643689087 
4646189074 68 
4647789061 67 
4660389048 66 
66 
64 
68 
63 
61 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
89 
88 
87 
86 
86 
84 
88 
33 
31 
30 



4699488796 
4603088782 
4604688768 
4607388766 
4600788741 
4613888738 
4614988716 
4617688701 
4620188688 
4633688674 



4637888647 
4630488634 



88680 



4636688607 

46881 

46407 

46438 

4646888663 

4648488639 

46510J88636 



88612 
88499 
88485 



46613 88472 
88468 
88446 

4669088431 



88417 
88404 



46767 88390 
4679388377 
46819 88363 
4684488349 
46870 



88308 
88296 



Cosine. 



Cotang. 
\ Degrees. 



Tang. 



N. oo». ^.ranc. 



TABLE n. Log. Sines and Tangent*. (28°) Natural Sines. 



49 



Sine. 



O.IO"! Cosine. D. 10" 



mrm 



Cotang. 



Tang. 



N.I 





1 

3 
8 

4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
50 
61 
52 
53 
64 
65 
66 
57 
68 
69 
60 



9.671609 
671847 
672084 
672321 
672668 
672796 
673032 
673268 
673505 
673741 
673977 

9.674213 
674448 
674684 
674919 
676166 
676390 
676624 
676869 
676094 
676328 

9.676562 
676796 
677030 
677264 
677498 
677731 
677964 
678197 
678430 
678663 

9.678895 
679128 
679360 
679592 
679824 
680066 
680288 
680519 
680760 



9.681213 
681443 
681674 
681905 
682136 
682365 



682825 
683055 



9.683614 
683743 
683972 
684201 
684430 
684658 
684887 
685116 
685343 
686671 



39.6 
39.6 
39.6 
39.6 
39.6 
,4 
,4 
.4 
39.4 
39.8 
39.3 
39.3 
39.2 
39.2 
39.2 
39.2 
39.1 
39.1 
39.1 
.1 
39.0 
39.0 
39.0 
39.0 
9 
38.9 
38.9 
38.8 
38.8 
38.8 
88.8 
38.7 
7 
7 

38.7 
38.6 
38.6 
38.6 
38.6 
38.6 
6 
38.6 
38.4 
38.4 
38.4 
38.4 
38.3 
38.3 
38.3 
.3 
38.2 
38.2 
38.2 
38.2 
38.1 
38.1 
38.1 
38.0 
38.0 
38.0 



9. 



946935 
946868 
946800 
946733 
946666 
946598 
946531 
946464 
946396 
946328 
946261 
946193 
945125 
946068 
944990 
944922 
944864 
944786 
944718 
944650 
944682 
944614 
944446 
944377 
944309 
944241 
944172 
944104 
944036 
943967 
943899 
943830 
943761 



943624 
943666 
943486 
943417 
943348 
943279 
943210 

.943141 
943072 
943003 
942934 
942864 
942796 
942726 
942666 
942587 
942617 

.942448 
942378 
942308 
942239 
942169 
942099 
942029 
941969 
941889 
941819 



9.725674 
726979 
726284 
726688 
726892 
727197 
727601 
727806 
728109 
728412 
728716 

9.729020 
729323 
729626 
729929 
730233 
730636 
730638 
731141 
731444 
731746 

9.733048 
732361 
732663 
732966 
738267 
733668 
733860 
734162 
734463 
734764 

9.736066 
735367 
736668 



786269 
736670 
786871 
737171 
737471 
737771 

9.738071 
738371 
738671 
738971 
739271 
739570 
739870 
740169 
740468 
740767 

9.741066 
741365 
741664 
741962 
742261 
742669 
742858 
743156 
743454 
743752 



60.8 
50.8 
60.7 
60.7 
60.7 
60.7 
60.7 
60.6 
60.6 
60.6 
60.6 
60.6 
50.5 
60.6 
60.6 
60.6 
60.6 
60.4 
60.4 
60.4 
60.4 
60.4 
60.3 
603 
60.3 
60. 3 
50. 3 
50-2 
60.2 
50.2 
60.2 
60.2 
60.2 
60.1 
60.1 
60.1 
60.1 
60.1 
60.0 
60.0 
60.0 
60.0 
60.0 
49.9 
49.9 
49.9 
49.9 
49.9 
49.9 
49.8 
49.8 
49.8 
49.8 
49.8 
49.7 
49.7 
49.7 
49.7 
49.7 
49.7 



10 



10 



374326 
374021 
373716 
378412 
378108 
372803 
373499 
372196 
371891 
371688 
371384 
270980 
370677 
370374 
870071 
369767 
369466 
369162 



10 



368666 
268264 
.267962 
267649 
267347 
267046 
366743 
366443 
366140 
366838 
366637 



10 



364934 
364633 



31 
363731 
368430 
363129 



10. 



361939 
361639 
361339 
361039 
360739 
360430 
360180 
369881 
369683 



10. 



368934 
368686 
368386 



367789 
367441 
367143 
356844 
356646 
366348 



Cosine. 



Sine. 



Cotang. 
61 Degrees. 



46947 



88295 



4697386381 
4699988267 
4702488264 
4705088240 
4707688226 



47101 
47127 
47163 



88213 
88199 
88186 



47178 B8172 
4720488168 
47229 88144 
47255188130 
4728l|88117 
47306 88103 
4733288089 
4736888076 
47383 88062 
4740988048 
4743488034 
4746068020 
47486 88006 
47511 87993 
47637 87979 
47662 87966 
47688 87951 
4761487937 
4763987923 
4766587909 
4769087896 



47716 
47741 



87882 
87868 



47767 87854 
47793 87840 
47818 87826 
4784487812 
4786987796 
4789687784 
4792087770 
4794687756 
47971 87743 
47997 87729 
48022 87715 
4804887701 
48078 87687 
46099 87673 
48124 87669 
4815087645 
48175 87631 
48201 87617 
4823687603 
4826287589 
48277 87575 
48303 87561 
4882887646 
4836467632 
46879 67618 
46406 87504 
4643087490 
4845687476 
48481 87462 



60 
69 
66 
67 
56 
56 
54 
53 
52 
51 
50 
49 
48 
47 
46 
46 
44 
48 
42 
41 
40 
39 
36 
37 
36 
35 
34 



Tang. 1 N. ooe. Nurine. 



50 



Lof. Sines Mid Tsagratta. (29^ NaAonJ Sinei. 



TABLE n. 



D.ICK' 




1 
3 
3 
4 
5 
6 
7 
8 
9 
10 

n 

12 
13 
14 
16 
16 
17 
18 
19 
20 
31 
23 
33 
34 
25 
26 
37 
38 
39 
30 
31 
33 
33 
34 
35 
36 
37 
38 
39 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
50 
51 
52 
63 
54 
56 
66 
57 
68 
69 
60 



9.685571 
685799 
686037 
686364 
686483 
686709 



687616 

687843 

19.688069 



690096 

9.690323 

690648 

690773 



Sine. 



D. 10" 



687163 



688531 
688747 
688973 
689196 



691330 
691444 



691893 
692116 



9.692663 
692786 
693008 



693453 
693676 



694120 
69^343 
694564 
9.694786 
695007 
695339 
696450 
696671 
696893 
696113 



696654 
696775 
9.696995 
697316 
697436 
697664 
697874 
698094 
698313 
698632 
698761 
698970 



940561 
940480 
940409 
9.940338 
940267 
940196 
940126 
940054 



Cosine. 



1.941819 
941749 
941679 
941609 
941639 
941469 
941396 
941338 
941268 
941187 
941117 
.941046 
940976 
940905 
940634 
940763 



939911 
989840 

939768 



9.939626 
939664 
939482 
939410 



939196 
939123 
939052 



9.938908 



938763 



938619 
938647 
938475 
938403 



.938185 
938113 
938040 
937967 
937896 
937822 
937749 
937676 
937604 
937631 



D. 10" 



11.7 
11.7 
11.7 
11.7 
11.7 
11.7 
11.7 
11.7 
11.7 
11.7 
11.7 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.8 
11.9 
11.9 
11.9 
11.9 
11.9 
11.9 
11.9 
11.9 
11.9 
11.9 
11.9 
11.9 
13.0 
13.0 
12.0 
12.0 
13.0 
13.0 
12.0 
13.0 
13.0 
13.0 
13.0 
13.0 
13.1 
13.1 
13.1 
12.1 
12.1 
12.1 
12.1 
12.1 
12.1 
12.1 
12.1 
12.1 



9.743762 
744060 
744348 
744646 
744943 
746340 
746538 
746836 
746132 
746429 
746726 

9.747033 
747319 
747616 
747913 
748309 
7^606 
748801 
749097 



Tang. 



19.749985 
760281 
750576 
750873 
751167 
761463 
761767 
762063 
762847 
762643 

9.763937 
763331 
753539 
763820 
764115 
764409 
764703 
754997 
766291 
765685 

9.766878 
756172 
756466 
756769 
757063 
757346 
757638 
757931 
768324 
768617 

9.758810 
769102 
759396 
769687 
769979 
760272 
760664 
760856 
761148 
761439 



10.256248 
355960 
366663 
266866 
365067 
354760 
364463 
254165 
363868 
863671 
353374 
.363977 



Cotong. 



N. sine. N. cos 



10 



10 



10 



10 



10 



358384 
268087 
351791 
361495 
261199 
860903 
850607 
860311 
360016 
849719 
849434 
849138 
348633 
848638 
248343 
847948 
847663 
847368 
.847063 
846769 
846474 
846180 
846886 
846691 
845297 
845003 
844709 
344416 
344133 
843838 
843636 
843341 
943948 
343665 
843363 
343069 
841776 
341483 
.341190 
340696 
340605 
840313 
840031 
339728 
239436 
839144 
838852 
238561 



4848187462 
48506 87448 
4863287434 



48557 
48583 



87420 
87406 



4860687391 
4863487877 



48669 



187363 



4868487349 
4871087336 
4873687321 



48761 



87306 



4878687292 
4881187278 
4883787264 



87260 
4888887236 
48913 87331 

87307 
4896487193 
4896987178 
4901487164 
4804087150 
4906587136 
4809087131 



49116 
49141 
49166 



87107 
87093 
87079 



4819387064 



49317 



87060 



49394 
49419 
49446 



49671 
49596 
49632 



49672 
49697 



4924287036 
4926887021 
87007 



^34486978 



86935 
86921 



4947086906 



49521 86878 



86849 
86834 
86820 



4064786805 



86791 
86777 
49723 86762 
49748 86748 
49773 86733 
4979886719 
4982486704 
4984986690 
4987486675 
49899 
49924 
4996086632 
49975 86617 
5000U 86603 



69 
68 
67 
66 
66 
54 
53 
62 
6] 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 



37 

36 

36 

34 

33 

32 

31 

30 

29 

28 

27 

26 

26 

24 

33 

33 

31 

30 

19 

18 

17 

16 

15 

14 

13 

13 

11 

10 

9 

8 

7 

6 

6 

4 

3 

3 

1 





Cosine. 



Sine. 



Cotaoig. 
60 Degrees. 



Tang. 



N. oos. N.rane. 



. TABLE IL Log. Sines and Uangents. (30°) Natural Staee. 



51 



1>,W CkMine. 



~Brw 



Tang. 



iDTio^ 



iN.BiiM.|N.ooi. 



Sine. 



Ootai^. 




1 
2 
8 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
87 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
•49 
50 
61 
52, 
53 
54 
56 
66 
67 
68 
69 
60 



9.698970 



699844 
700062 
700280 
700498 
700716 
700933 
701161 
9.701368 
701686 
701802 
702019 
702236 
702462 



702886 
703101 
703317 

9.703683 
703749 
703964 
704179 
704396 
704610 
704826 
706040 
706264 
706469 

9.706683 
706898 
706112 
706326 
706639 
706763 
706967 
707180 
707393 
707606 

9.707819 
706032 
708246 
708468 
708670 
708882 
709094 
709306 
709618 
709730 

9.709941 
710163 
710364 
710575 
710786 
710967 
711208 
711419 
711629 
711839 



9.937631 
937458 
937386 
937312 
937238 
937166 
937092 
937019 



936872 
936799 
9.936726 
936662 
936678 
936606 
936431 
936367 



936210 
986136 



9.936988 
936914 
936840 
985766 



936618 
936543 
985469 
986396 
936320 

9.936246 
936171 
935097 
935022 
934948 
934878 
934798 
934728 
934649 
934674 

9.^34499 
934424 
984349 
934274 
934199 
934123 
984048 
933973 



9.933747 
933671 



933620 
933446 



933217 
933141 



9.761439 
761731 
762023 
762314 
762606 
762897 
763188 
768479 
763770 
764061 
764362 

9.764643 
764938 
766224 
766614 
766806 
766096 
766386 
766675 
766965 
767266 

9.767646 
767834 
768124 
768418 
768703 



769281 
769670 
769860 
770148 

9.770437 
770726 
771016 
771803 
771692 
771880 
772168 
772467 
772745 
773038 
773321 
773608 
773896 
774184 
774471 
774769 
775046 
775388 
776621 
776908 

9.776196 
776482 
776769 
777066 
777342 
777628 
777916 
778201 
778487 
778774 



10 



238661 
238269 
237977 
237686 
237394 
237103 
236812 
236621 



10 



236648 
.286367 
236067 
284776 
284486 
284196 
283905 
288615 



10 



288035 
232746 
> 232466 
232166 
231876 
281687 
281297 
281006 
280719 
230430 
230140 



10.229663 
229274 
228986 



228408 
228120 
227832 
227643 
227266 



10-226679 



10 



226104 
226816 
225629 
226241 
224964 
224667 
224379 
224092 
223806 
223618 



222945 
222668 
222372 
222066 
221799 
221612 
221226 



60000 86608 
60025 86688 
60060 86573 
60076 86669 
60101 86644 
.60126 86680 
60161 86616 
60176 86601 
5020186486 
60227 86471 
60262 86467 
60277 86442 
60302 86427 
60327 86418 
6086286398 
60377 86884 
60403 86369 
50428 86854 
50468 86840 
50478 86825 
60603 86310 
5052886295 
60563 86281 
50578 86166 
50603 86261 
60628 86237 
5066486222 
60679 86207 
6070486192 
60729 86178 
60764 86168 
60779 86148 
6080486138 
6082986119 
6086486104 
6087986089 
6090486074 



50929 
60964 
60979 
61004 



61029 86000 



61054 
61079 
51104 



86965 
86970 
86966 



6112986941 
6116486926 
6117986911 



61204 



86896 



61279 
61304 
61329 
61364 
61379 
61404 
61429 



86059 
86046 
86030 
86016 



6122986881 
5126485866 



86851 
85886 
§5821 
86806 
86792 
86777 
86762 



6146485747 
5147986732 
6160486717 



47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
87 
36 
36 
34 
33 
32 
31 
80 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
16 
14 
13 
12 
11 
10 
9 
8 
7 
6 
6 
4 
8 
2 
1 




Oosine. 



Ootang. 
69 Degreea. 



Tang. 



N. 008.1 N.8ine. ' 
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Log. SiBM wd TtDcnnii. CS19) Natonl EHum. 



TABLE IL 




1 
2 
8 
4 
6 
6 
7 
8 
9 
10 
11 
13 
13 
14 
16 
16 
17 
18 
19 
30 
31 
23 
33 
24 
26 
26 
27 
28 
29 
30 
81 
33 
33 
34 
36 
36 
37 
.38 
39 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
50 
61 
62 
63 
64 
65 
66 
57 
58 
59 
60 



Sine. |D.10^ faalne. b. KK^ Tang. D. iy^| Cotang. N^ae. N. cm.| 



9.711839 
712060 
712260 
712469 
712679 
712889 
713096 
713308 
713617 
713726 
713936 

19.714144 
714362 
714661 
714769 
714978 
716186 
716894 
716602 
716809 
716017 

9.716224 
916432 
716639 
716846" 
717063 
717269 
717466 
717673 
717879 
718086 

19.718291 
718497 
718703 
718909 
719114 
719320 
719626 
719730 
719936 
720140 

9.720346 
720649 
720764 
720968 
721162 
721366 
721670 
721774 
721978 
722181 

9.722385 
722688 
722791 
722994 
723197 
733400 
723603 
723805 
724007 
724210 



86.0 
36.0 
35.0 
34.9 
34.9 
•34.9 
84.9 
34.9 
34.8 
84.8 
34.8 
84.8 
84.7 
84.7 
84.7 
84.7 
84.7 
84.6 
84.6 
84.6 
84.6 
34.6 
34.6 
34.6 
84.5 
34.6 
84.4 
84.4 
84.4 
84.4 
84.8 
84.8 
84.8 
84.8 
84.8 
84.3 
34.2 
84.2 
84.2 
34.1 
34.1 
34.1 
34.1 
34.0 
34.0 
34 
!34.0 
!34.0 
j33.9 
33.9 
133.0 
33.9 
33.9 
33.8 
33.8 
33.8 
33.8 
33.7 
33.7 
33.7 



9.933066 
933990 
932914 



982763 



933609 
933638 
933457 



933304 
.933338 
933161 
933075 
931996 
931931 
981846 
931768 
931691 
931614 
931637 
.931460 
931888 
931306 
931338 
931163 
931075 



930931 
930643 
930766 
.980688 
930611 
930633 
930466 
930378 



93Q146 
930067 



9.939911 



939755 
929677 



929521 
929443 
939364 



929207 
.939129 
929060 
928972 
928893 
928816 
928736 
928657 
928578 
928499 
928420 



13.6 
13.7 
13.7 
13.7 
13.7 
13.7 
13.7 
13.7 
12,7 
13.7 
13.7 
13.7 
13.7 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.9 
13.9 
13.9 
13.9 
13.9 
12.9 
12.9 
13.9 
13.9 
13.9 
13.9 
13.9 
13.0 
13.0 
13.0 
18.0 
18.0 
13.0 
18.0 
18.0 
13.0 
18.0 
13.0 
13.0 
13.1 
13.1 
13.1 
18.1 
13.1 
13.1 
13.1 
13,1 
13,1 
13,1 
13.1 
13.1 



.778774 
779060 
779346 
779633 
779918 
780303 
780489 
780776 
781060 
781846 
781631 
.781916 
783301 
783486 
783771 
783066 
783341 
783636 
783910 
784196 
784479 
,784764 
786048 
786383 
786616 
786900 
786184 
786468 
786763 
787036 
787319 
.787603 
787886 
788170 
788463 
788736 
789019 
789303 
789686 



790161 
.790433 
790716 
790999 
791381 
791663 
791846 
793138 
793410 
793693 
793974 
.793266 
793538 
793819 
794101 
794383 
794664 
794945 
795327 
796508 
796789 



47.7 
47.7 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.6 
47.5 
47.5 
47.4 
47.4 
47.4 
47.4 
47.4 
47.4 
47.8 
47.8 
47.8 
47.8 
47.8 
47.3 
47.3 
47.2 
47.2 
47.2 
47.2 
47.2 
47.3 
47.3 
47.1 
47.1 
47.1 
47.1 
47.1 
47.1 
47.1 
47.1 
47.0 
47.0 
47.0 
47.0 
47.0 
47.0 
47.0 
46.9 
46.9 
46.9 
46.9 
46.9 
46.9 
46.9 
46.8 



10 



10 



10 



10 



10 



10 



.331336 
330940 
330654 
330368 
330063 
319797 
319511 
319336 
818940 
318664 
818369 
318064 
817799 
317614 
317339 
316944 
316669 
316374 
816090 
816806 
316631 
.316336 
314958 
814668 
314384 
814100 
813816 
313533 
313348 
313964 
818681 
,313397 
318114 
811830 
811647 
811364 
810981 
810698 
310415 
810133 
809848 
309567 
209284 
209001 
806719 
806437 
806164 
2078T3 
307590 
307308 
307086 
306744 
306463 
806181 



805617 
206336 
205056 
204773 
204492 
204211 



51604 



61629186702 

61664186687 



51679 86672 
6160486657 



51638186643 
6166386637 
5167886613 
61703 85597 
6173885583 



61763 



6177886651 



51803 
61838 



51862 86506 



86491 
6190385476 
6193786461 

86446 
61977|85431 
6300386416 
5803685401 
6305185386 



53076 
58101 
53126 
63161 
58175 



86370 
86365 
86340 
85385 
85310 



5230085394 



53326 



86279 



63275 
62299 
62324 
62348 
62374 
62399 
52483 
63448 
62473 



52622 
68647 
63672 
52697 



62745 
62770 



62819 
63844 



63918 
62943 
62967 
52992 



85717 



86667 



86636 
85531 



6225086264 



85249 
86264 
86218 
86203 
86188 
86173 
85157 
86148 
85127 
86113 
86096 
86081 
85066 
86051 
6363185036 
6864686080 
6867185006 



84989 
6378084974 



84959 
84943 



6379484928 



84913 
84897 
84883 
84866 
84851 
84836 
84880 
84805 



60 
59 
58 
57 
66 
65 
64 
63 
63 
61 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
36 
34 



31 

30 

29 

28 

27 

26 

26 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

18. 

11 

10 

9 

8 

7 

6 

6 

4 

8 

2 

1 





Cosine. 



Sine. 



Cotang. 
58 Degrees. 



Tang. • N. ooe. N.8ine. ' 



TABLE n. Log. Sines and Tangents. (Z2P) Natural Sines. 
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iTW 



5713" 



Tang."" 



lOo^ 



N. sine. N. oos, 





1 

S 

3 

4 

6 

6 

7 

8 

9 

10 

11 

13 

13 

14 

16 

16 

17 

18 

19 

20 

SI 

2S 

23 

24 

26 

26 

27 



9.724210 
724412 
724614 
724816 
725017 
726219 
725420 
726622 
726823 
726024 



9.726426 



726827 
727027 
727228 
727428 
727628 
727828 
728027 
728227 
9.728427 
728626 



30 
31 
32 
33 
34 
36 
36 
37 



40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
68 
64 
66 
66 
67 
68 
69 
60 



Sine. 



729024 
729223 
729422 
729621 
729820 
730018 
730216 
730416 
730613 
730611 
731009 
731206 
731404 
731602 
731799 
731996 
732193 

9.732390 
732687 
732784 
732980 
733177 
733373 
733669 
733766 
733961 
734167 

9.734363 
734549 
734744 



736136 
736330 
736626 
735719 
736914 
736109 
Cosine. 



32 



9.928420 
928342 
928263 
928183 
928104 
928025 
927946 
927867 
927787 
927708 



Oosine. 



9.927549 
927470 
927390 
927310 
927231 
927161 
927071 
926991 
926911 
926831 

9.926761 
926671 
926691 
926511 
926431 
926351 
926270 
926190 
926110 
926029 

9.925949 
926868 
925788 
926707 



926646 
926466 
925384 
926303 



9.926141 
926060 
924979 
924897 
924816 
924735 
924664 
924672 
924491 
924409 

9.924328 
924246 
924164 
924083 
924001 
923919 
923837 
923756 
923673 
923691 
Sine. 



.796789 
796070 
796361 
796632 
796913 
797194 
797476 
797766 
798036 
798316 
798596 

.798877 
799167 
799437 
799717 
799997 
800277 
800667 
800636 
801116 
80139& 

.801676 
801956 
802284 
802613 
802792 
803072 
803861 
803630 
803906 
804187 

.804466 
804746 
806023 
806302 
805580 
806869 
806137 
806416 



806971 
.807249 
807627 
807806 
806083 
808361 



806916 
809193 
809471 
809748 
L810026 
810302 
810680 
810667 
811134 
811410 
811687 
811964 
812241 
812617 
Ootang. 
57 Degrees. 



10. 



Ciotang. 



204211 
203930 
203649 



10 



10, 



203067 
202806 
202526 
202246 
201964 
201684 
201404 
,201123 
200643 
200563 
200283 
200003 
199723 
199443 
199164 
196884 
198604 
.198326 
198046 
197766 
197487 
197206 



10 



10 



10 



196649 
196370 
196092 
196813 
196534 
195266 
194977 
194698 
194420 
194141 
193863 
193686 
193307 
193029 
,192761 
192473 
192195 
191917 
191639 
191362 
191064 
190607 
190529 
190262 
.189976 
189698 
189420 
189143 



188690 
188313 
188036 
187759 
187483 
Tang. 



62992 
63017 
63041 
63066 
63091 
53116 
63140 
63164 
63189 
63214 



63312 
63337 
53361 
63386 
63411 
63436 
63460 



84806 
84789 
84774 
84759 
84743 
84728 
84712 
84697 
84681 
84666 
84650 
84635 
84619 
84604 
84888 
84673 
84557 
84642 
84626 
84611 



6348484496 



84480 
6363484464 



53609 
63634 
63568 



84448 
6368384433 



84417 
84402 
84386 
84370 
84366 



63779 
63804 
63828 



63877 



63926 
63951 



64146 



63607 
63632 
63666 
63681 
63706 
63730 
6376484324 



84308 
6380484292 

84277 
63863 84261 



84245 



6390284230 



84214 
84198 



6397584182 
6400084167 
6402484161 
6404984135 
6407384120 
6409784104 
6412284088 



84072 



64171 84057 

6419684041 

6422084025 

6424484009 

64269 83994 

54293 83978 

64317 

6434283946 

64366 

64391 

6441583899 

64440|83883 

6446483867 

N. 008. Njrine. 



83915 



60 
59 
68 
67 
66 
66 
64 
53 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 



31 
30 



27 

26 

26 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 
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Log. BioM wd TtDcnnti. (88P) Natanl 

P. 10*^ Cotong. 



TABLBQ. 



&St. D. 10"! Oofline: 



D. 10* 



Tang. 



N.s 



9.736109 
736303 
736498 
736693 
736886 
737060 
737274 
737467 
737661 
737866 
738048 



11 9.738341 



738434 
738637 
738830 
739013 
739306 



739590 
739783 
739976 

9.740167 
740369 
740660 
740743 
740934 
741136 
741316 
741608 
741699 
741889 

9.743060 
742371 
743463 
743663 
743843 
743033 
743333 
743413 
743603 
743793 

9.743983 
744171 
744361 
744660 
744739 
744938 
746117 
746306 
745494 
746683 

19.746871 
746069 
746348 
746436 
746634 
746813 
746999 
747187 
747374 
747663 



33.4 
4 
38.4 
33.3 
83.8 
33.8 
33.8 
83.3 
32.3 
33.3 
33.3 
33.3 
33.3 
33.1 
83.1 
33.1 
33.1 
1 

38.0 
33.0 
33.0 
83.0 
83.0 
31.9 
31.9 
31.9 
31.9 
81.9 
31.8 
31.8 
31.8 
31.8 
31.8 
31.7 
31.7 
31.7 
31.7 
31.7 
31.6 
31.6 
31.6 
31.6 
31.6 
31.5 
31.6 
31.6 
31.6 
31.5 
31.4 
31.4 
31.4 
31.4 
31.4 
31.3 
31.3 
31.3 
31.3 
31.3 
31.3 
31.3 



9.933691 
933609 
938487 
928846 
938368 
933181 



933016 



933861 
933768 



933630 
933488 
933865 
982373 
983189 
933106 
983033 
931940 
.981857 
981774 
931691 
981607 
931634 
931441 
931857 
931374 
931190 
981107 
.931083 
930939 
930666 
930778 
930688 
930604 
930630 
930486 
980363 



.930184 
930099 
930016 
919931 
919846 
919763 
919677 
919693 
919S06 
919434 
.919339 
919364 
919169 
919086 
919000 
918916 
918830 
918746 
918659 
918574 



18.7 
13.7 
18.7 
18.7 
18.7 
13.7 
18.7 
18.7 
13.7 
18.7 
18.8 
13.8 
13.8 
18.8 
18.8 
18.8 
18.8 
18.8 
18.8 
18.8 
18.8 
18.9 
18.9 
18.9 
18.9 
18.9 
18.9 
13.9 
13.9 
18.9 
18.9 
13.9 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.3 
14.3 
14.3 
14.3. 



,813517 
813794 
813070 
818347 
813633 
818899 
814175 
814463 
814738 
815004 
815879 
.816655 
815831 
816107 
816883 
816658 
816988 
817309 
817484 
817759 
818035 
,818310 
818585 
818860 
819135 
819410 
819684 
819969 
830334 
830608 
880788 
.831067 
831333 
831606 
831880 
833154 
838439 
833703 
832977 
833360 
833534 
.833796 
834073 
834346 
834619 



836166 
836439 
836713 



836269 
9.826532 
826805 
827078 
827351 
827624 
837897 
828170 
828443 
828715 
838967 



46.1 
46.1 
46.1 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.9 
45.9 
45.9 
45.9 
45.9 
45.9 
45.9 
45.9 
45.9 
45.8 
45.8 
45.8 
45.8 
46.8 
46.8 
45.8 
45.8 
46.8 
46.7 
46.7 
45.7 
45.7 
45.7 
45.7 
46.7 
46.7 
46.7 
46.6 
46.6 
46.6 
45.6 
46.6 
46.6 
45.6 
45.6 
46.6 
46.5 
45.6 
45.6 
46.6 
46.6 
45.6 
46.5 
46.5 
46.6 
46.4 
46.4 
46.4 
46.4 



10. 



187483 
187306 



10 



10 



10 



10 



10 



186663 
186377 
186101 
185835 
185548 
185373 
184996 
184731 
.184445 
184169 
188898 
188618 
188843 
183067 
188791 
188616 
188341 
181965 
.181690 
181416 
181140 
180666 
180690 
180316 
180041 
179766 
179493 
179317 
.178943 
178668 
178394 
178130 
177846 
177571 
177397 
177083 
176760 
176476 
.176803 
176938 
176656 
176381 
176107 
174834 
174561 
174387 
174014 
173741 
.178468 
173195 
173923 
173649 
173376 
173103 
171830 
171568 
171286 
171013 



5446483867 

5448883861 

54513 

54537 

54561 



83819 
83804 
54686 83788 
5461068778 
54636 83766 



54669 33740 
54683 88734 
5470688706 
54783 83603 
54766 83676 
5478183660 



6480683645 



5486483618 
5487888587 
64903 8358L 



54927 
54851 B3549 
64975 83688 
6489983517 
5503483501 
6504883485 
55073 83469 



55097 83463 



65131 83437 

5514583481 

55169 83406 

6519483889 

5581883878 

65243 

6586688340 



6589183834 



6681683306 



55363 83376 
55888 83360 
66412 83344 
56436 
5546083312 
65484 
56609 
56633 



83196 
83179 
83163 
55667 83147 
66681 83131 
65606 83115 
5663083096 
56664 83063 



6667883066 
6570383050 
66736 83084 
5676083017 
6677683001 
6679983986 



66847 83963 
6687183986 



66895 



83980 



6591982904 



60 
69 
68 
67 
66 
56 
64 
68 
68 
61 
60 
49 
48 
47 
46 
46 
44 
43 

4a 

41 
40 



87 
86 

86 

84 

83 

33 

81 

30 

39 

SB 

87 

86 

36 

34 

38 

33 

31 

30 

19 

18 

17 

16 

16 

14 

18 

18 

11 

10 

9 

8 

7 

6 

6 

4 

3 

a 
1 





Cosine. 



Sine. 



Cotang. 
66 Degreeg. 



Tang. 



N. oos. N.8iDe. ' 



TABLB n. Log. 8in«8 and Tangents. (Z4P) Natural Sines. 

T).l0" iiosine. 
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dTio^^ 



D. 10"! Cotang. 



N .sine. N. cos. 





1 

3 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30^ 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
50 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



Sine. 



9.747562 
747749 
747936 
748123 
748310 
748497 
748683 
748870 
749056 
749243 
749426 

9.749615 
749801 
749987 
750172 
750358 
750543 
750729 
760914 
751099 
751284 
.751469 
761654 
751839 
762023 
762208 
762392 
752676 
762760 
762944 
763128 

9.763312 
763495 
753679 
763862 
764046 
754S^ 
764412 
764696 
764778 
764960 

9.755143 
755326 
765608 
766690 
765872 
766054 
756236 
756418 
766600 
766782 

19.766963 
767144 
767326 
767607 
767688 
767869 
768050 
768230 
768411 
768691 



31.2 
31.2 
31.2 
31.1 
31.1 
31.1 
31.1 



31 

31 

31 

81.0 

31.0 

31.0 

80.9 

30.9 

30.9 

30.9 

30.9 

30.8 

30.8 

30.8 

30.8 

30.8 

30.8 

30.7 

30.7 

30.7 

30.7 

30.7 

30.6 

30.6 

30.6 

30.6 

30.6 

30.6 

30.6 

30.6 

30 6 

30.6 

30.4 

30.4 

30.4 

30.4 

30.4 

30.4 

30.3 

30.3 

30.3 

30.3 

80.3 

30.2 

30.2 

80.2 

30.2 

30.2 

30.1 

30.1 

30.1 

30.1 

80.1 



Oosine. 



.918574 
918489 
918404 
918318 
918233 
918147 
918062 
917976 
917891 
917806 
917719 

.917634 
917648 
917462 
917376 
917290 
917204 
917118 
917032 
916946 
916869 

.916773 
916687 
916600 
916614 
916427 
916341 
916264 
916167 
916081 
916994 

.916907 
916820 
916733 
916646 
916669 
916472 
916386 
916297 
916210 
916123 

.915036 
914948 
914860 
914773 
914686 
914596 
914610 
914422 
914334 
914246 

.914168 
914070 
913962 
913894 
913806 
913718 
913630 
913641 
913463 
913366 



14.2 
14.2 
14.2 
14.2 
14.2 
14.2 
2 
3 
.3 
.3 



|6ine. 



14 

14 

14 

14 

14 

14. 

14 

14 

14 

14 

14 

14.4 

14.4 

14.4 

14.4 

14.4 

14.4 

14.4 

14.4 

14.4 

14.4 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.5 

14.6^ 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.7 9 

14.7^ 

14.7 

14.7 

14.7 

14.7 

14.7 

14.7 

14.7 

14.7 



834164 

884426 

9.834696 

834967 



Tang. 



.828987 
829260 
829532 
829806 
830077 
830349 
830621 



831166 
831437 
831709 
.831981 
832253 
832626 
832796 
833068 



833611 



836609 
835780 
836061 
836322 
836693 



837184 
.837406 
837676 
837946 
838216 
838487 
838767 
839027 



840106 
840378 
840647 
840917 
841187 
841467 
841726 
841996 
842266 
842636 
,842805 
843074 
843343 
843612 



844151 
844420 
844689 
844968 
846227 



Cotang. 
66 Degieeg. 



45.4 
45.4 
45.4 
46.4 
45.4 
45.3 
46.8 
46.3 
46.8 
46.3 
46.3 
46.3 
46.3 
46.3 
46.3 
46.3 
46.2 
45.2 
46.2 
46.2 
46.2 
46.2 
46.2 
46.2 
46.2 
46.1 
45.1 
45.1 
46.1 
46.1 
46.1 
46.1 
46.1 
46.1 
46.1 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
44.9 
44.0 
44.9 
44.9 
44.9 
44.9 
44.9 
44.9 
44.9 
44.9 
44.9 
44.8 
44.8 
44.8 
44.8 
44.8 



10 



10 



10 



171013 
170740 
170468 
170195 
169923 
169651 
169379 
169107 



168563 
168291 
168019 
167747 
167475 
167204 



166661 



166118 
166846 
166676 
,166304 
166033 
164762 
164491 
164220 



10 



10 



10 



163678 
163407 
163136 
162866 
,162696 
162326 
162054 
161784 
161618 
161243 
160073 
160708 
160432 
160162 
169693 
169622 
169353 
169083 
168818 
168643 
168274 
168004 
167734 
167466 
167196 
166926 
166667 
166388 
166118 
156849 
165680 
165311 
166042 
154773 



66919 



82904 



66943 82887 
65968 82871 



66992 
66016 



82855 
82839 



6604082823 
66064 82806 



66088 
66112 
66136 



82790 
82773 
82767 



6616082741 



66184 



82724 



82676 



66208 82706 

66232 

66366 

6628082669 

66306 82643 

66329 

66363 82610 



66377 
66401 
66426 



82693 
82677 
82661 



66866 



66904 



66962 
66976 
57000 
67024 
67047 
67071 
67096 
67119 
67143 
67167 
57191 
67216 
57238 
67262 
67286 
67310 
67334 
67368 



Tang. N. coi. N.gine. 



6644982644 

66473 

66497 

66521 

66646 

66569 

66593 

66617 

66641 

66666 



82611 
82496 
82478 
82462 
82446 
82429 
82413 



82347 



66713 
66736 
66760 
66784 82314 
82297 
6663282281 



82364 



6688082248 



82231 
82214 
82198 
82181 
82166 
82148 
82132 
82116 



82066 
82048 



82016 
81999 
81982 
81966 
81949 
81932 
81916 



69 
68 
67 
56 
56 
64 
53 
52 
61 
50 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
36 
34 
33 
33 
31 
30 
39 
38 
37 
36 
36 
34 
33 
33 
31 
30 
19 
18 
17 
16 
16 
14 
13 
13 
11 
10 
9 
8 
7 
6 
6 
4 
8 
3 
1 




56 



Log. BliMf uid Tangents. (86°) Nvtonl Sines. 



TABLXn. 




1 
3 
8 
4 
6 
6 
7 
8 
9 
10 
11 
13 
13 
14 
16 
16 
17 
18 
19 
30 
31 
33 
83 
34 
36 
36 
37 
38 
39 
30 
81 
83 
83 
34 
36 
36 
37 
38 
89 
40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 



9.768691 
768773 
768963 
769133 
769313 
769493 
769673 
769863 
760031 
760311 



9.760669 
760748 
760937 
761106 
761386 
761464 
761643 
761831 
761999 
763177 

9.763366 
763634 
763713 



768067 
768346 
768433 
763600 
763777 
763964 
9.764131 
764306 
764486 
764663 
764838 
765016 
766191 
766367 
766644 
766730 



766073 
766347 
766433 
766698 
766774 
766949 
767134 
767300 
767476 
9.767649 
767834 
767999 
768173 
768348 
768533 
768697 
768871 
769046 
769319 



80.1 
30.0 
80.0 
30.0 
30.0 
30.0 
39.9 
39.9 
39.9 
39.9 
39.9 
39.8 
39.8 
39.8 
39.8 
39.8 
39.8 
39.7 

.7 
39.7 
39.7 
39.7 
39.6 
39.6 
39.6 
39.6 
39.6 
39.6 
39.6 
39.6 
39.6 
39.6 
39.6 

4 
39.4 
39.4 
39.4 
39.4 
39.4 
39.3 
39.3 
39.3 
39.3 
39.3 
39.3 
39.3 
39.3 
39.3 
39.3 
39.3 
39.1 
39.1 
39.1 
39.1 
39.1 
39.0 
39.0 
39.0 
39.0 
39.0 



9 



Co sine. 

1.913365 
918376 
913187 
918009 
918010 
913933 
913833 
913744 
913655 
913566 
913477 

1.913888 
913899 
918310 
913131 
913031 
911943 
911853 
911768 
911674 
911684 
,911496 
911405 
911315 
911336 
911186 
911046 
910966 
910866 
910776 
910686 
910696 
910506 
910415 
910335 
910335 
910144 
910064 
909968 
909873 
909763 
909691 
900601 
900510 
909419 



909337 
909146 
909066 
908964 
906873 
.908781 
908690 
9085i» 
908507 
906416 
906334 
906333 
908141 
908049 
907968 



14.7 
14.7 
14.8 
14.8 
14.8 
14.8 
14.8 
14.8 
14.8 
14.8 
14.8 
14.8 
14.9 
14.9 
14.9 
14.9 
14.9 
14.9 
14.9 
14.9 
14.9 
14.9 
14.9 
15.0 
15.0 
15.0 
15.0 
16.0 
15.0 
15.0 
16.0 
16.0 
16.0 
16.0 
15.1 
16.1 
16.1 
16.1 
16.1 
15.1 
16.1 
16.1 
16.1 
15.1 
16.1 
15.3 
15.3 
16.3 
16.3 
15.3 
16.3 
16.3 
16.8 
16.3 
16.3 
15.3 
15.3 
16.3 
16.3 
16.3 



Tan g. 

.845337 
845496 
845764 
846033 
846303 
846570 



D. lO'l Gotang. 



847107 
847876 
847644 
847918 

9.848181 
848449 
848717 
848986 
849354 
849533 
849790 
850058 
850335 
860693 

9.850661 
851139 
861396 
851664 
851931 
863199 
853466 
863733 
863001 
863868 

9.863536 
853803 
864069 
864836 
854603 
854870 
865137 
855404 
856671 
855936 

[9.856304 
656471 
866737 
857004 
867370 
867537 
857803 



868603 

9.868868 

859134 

869400 



869933 
860198 
860464 
860730 
860996 
861361 



44.8 
44.8 
44.8 
44.8 
44.8 
44.7 
44.7 
44.7 
44.7 
44.7 
44.7 
44.7 
44.7 
44.7 
44.7 
44.7 
44.7 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.6 
44.5 
44.5 
44.6 
44.5 
44.5 
44.5 
44.5 
44.5 
44.5 
44.6 
44.6 
44.4 
44.4 
44.4 
44.4 
44.4 
44.4 
44.4 
44.4 
44.4 
44.4 
44.4 
44.8 
44.3 
44.3 
44.3 
44.3 
44.3 
44.3 
44.8 
44.8 
44.3 



10 



10 



10 



164773 
164604 
154336 
163967 
163698 
153430 
168161 



W.rine. N.cos 
67368 81916 



153634 
168366 
163067 
151819 
151561 
151383 
151014 
150746 
150478 
150310 
149943 
149676 
149407 
149139 
148871 
148604 
148336 
148069 
147801 
147534 
147367 



10 



10 



10 



146733 
.146465 
146196 
146931 
146664 
145397 
146130 
144863 
144696 
144339 
144063 
148796 
143539 
143863 
143996 
143730 
143463 
143197 
141931 
141664 
141396 
.141133 
140666 
1406Q0 
140334 
140068 
139603 
139536 
139370 
189006 
138739 



67381 
57406 



81899 
81883 



6743981866 
57463 81848 
57477 81833 
57501 81816 
67634 81796 
5754681783 
6757381766 
57696181748 
5761981731 



57643 
67667 
57691 
67716 



81714 
81696 
81681 
81664 



6773881647 
67763 81631 
6778681614 
6781081697 
67833 81580 
6785781663 
67881 81546 
6790481530 
5793881513 



67953 
67976 



58401 
68435 



81496 
81479 



6799981463 
68033I81446 
5804781438 
5807081413 
6609481396 
6811881378 
66141 81361 
68166 81344 
68189 B1337 
6631381310 



6886081376 



68307 81343 



6836481306 
6837881191 



81174 
81167 



5844981140 
6847381133 
68496 81106 
6861981069 
5854381073 
68667 81066 
6859061038 



6861481031 
68637 B10O4 
6866180987 
6868480970 
68708 80953 
68731 80936 
6876680919 
58779 80903 



60 



67 
66 
65 
54 
63 
68 
51 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
36 
34 
33 
33 
31 
30 
39 
38 
37 
36 
36 



31' 

30 

19 

18 

17 

16 

15 

14 

18 

13 

11 

10 

9 

8 

7 

6 

5 

4 

3 

3 

1 





Cosine. 



Sine. 



Cotang. 
64 Degrees. 



Tang. 



N. COS. N4dne. 



TABUS n. 



Log. Sines and Tangents. (36^ Natoral Sines. 



57 



Sine. 



i>.M bciriiifi. 



KW 



Tang. 



D. 10" 



Ck>tang. 



N.sine. N. ooe. 





1 

3 

8 

4 

6 

6 

7 

8 

9 

10 

11 

13 

13 

14 

16 

16 

17 

18 

19 

30 

3X 

33 

33 

34 

36 

36 

37 



40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 
60 



9.769319 
769393 
769566 
769740 
769913 
770087 
770360 
770433 
770606 
770779 
770953 

9.771136 
771398 
771470 
771643 
771816 
771987 
773169 
7752331 
773608 
773675 

9.773847 
773018 
773190 
773361 
773533 
778704 
773875 
774046 
774317 
774388 

9.774668 
774739 
774899 
776070 
776340 
776410 
776680 
775750 
776930 
776090 

9.776369 
776439 
776698 
776768 
776937 
777106 
777376 
777444 
777613 
777781 

9.777950 
778119 
778387 
778456 
778634 
778793 
778960 
779138 
779295 
779463 
CkMine. 



907968 
907866 
907774 
907683 
907690 
907498 
907406 
907314 
907333 
907139 
907037 
906946 
906863 
906760 



906676 
906483 
906389 
906396 
906304 
906111 
.906018 
906936 
905833 
906739 
906646 
905653 
906459 
906366 
906373 
906179 
.906066 
904993 



904804 
904711 
904617 
904533 
904439 
904335 
904341 
.904147 
904053 



903864 
903770 
903676 
903681 
903487 



.908303 
908108 
903014 
903919 
903834 
903739 
903634 
903539 
903444 
903849 
Sine. 



15.3 
15.3 
15.8 
16.3 
16.3 
16.8 
16.3 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.5 
16.6 
16.6 
16.6 
15.6 
16.5 
15.6 
16.6 
16.6 
16.6 
16.5 
15.6 
15.6 
16.6 
16.6 
15.6 
16.6 
16.6 
15.6 
16.6 
16.6 
15.7 
15.7 
16.7 
15.7 
16.7 
15.7 
16.7 
16.7 
16.7 
16.7 
15.7 
16.8 
16.8 
15.8 
15.8 
15.8 
16.8 
16.8 
16.8 
15.8 
15.9 
15.9 



.861361 
861627 
861793 



863333 



862854 
863119 



863660 
863916 
.864180 
864446 
864710 
864975 
865340 
866605 
866770 
866036 
866800 
866664 
9.866839 
867094 
867368 
867633 
867887 
868163 
868416 



.869473 
869787 
870001 
870365 
870639 
870793 
871057 
871831 
871686 
8718^ 

.873113 
873876 
873640 
873903 
873167 
873430 
873694 
873967 
874330 
874484 

.874747 
876010 
876373 
875536 
876800 
876063 



876689 

876861 

877114 

Cotaag. 

68 Degrees. 



44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44.3 

44. 

44. 

^. 

44. 

44. 

44. 

44. 

44. 

44. 

44. 

44. 

44. 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

44.0 

43.9 

43.9 

43.9 

48.9 

48.9 

48.9 

43.9 

43.9 

48.9 

48.9 

43.9 

48.9 

48.9 

43.8 

43.8 

43.8 

43.8 

43.8 

43.8 

43.8 



10. 



138789 
138473 
188308 
137943 
137677 
137411 
187146 
186881 
136615 
136350 
136085 
10.136830 
135655 
135390 
185026 
134760 
134495 
184330 
188966 
188700 
138486 
,133171 
133906 
133643 
133877 
183118 
181848 
181684 
181330 
131055 
180791 
130637 
130368 



68779 



80902 



10 



10 



10 



10 



139736 
139471 
139307 
138943 
138679 
138416 
138151 

,137888 
137634 
137360 
137097 
136838 
136670 
136306 
136043 
136780 
136616 

,135353 
134990 
134737 
124464 
134300 
123937 
123674 
123411 
138149 
1338 86 

Tang. 



5880380685 
5883680667 
6884980860 
6887880833 
6889680616 
5893080799 
5894380783 



58967 



80766 



6899080748 

6901480730 

5903780713 

59061 

6906480679 



69106 
59181 



80644 



5916480637 
69178 806)0 
5930180593 
5933580676 
5934880668 
5937380641 
5939680634 
5981880607 
6934380489 
5936580473 
5938980466 



5941380488 
6948680433 
6946980403 
6948380386 
6950680368 
6953980351 
6966380384 
69576 80316 



80383 
6964680364 
80347 
80330 
6971680212 



69669 
59693 
59716 
59739 



80196 
6976380178 
6978680160 
59809 
69832 
59666 



80143 
6963280125 
80108 



6967980091 
5990280078 
5993680056 
5994980038 
59973180021 
6999680008 



60019 



79986 



6004279968 



60065 
60069 
60112 
60136 
60168 
60182 



79961 
79934 
79916 
79899 
79881 
79864 



60 
69 
58 
57 
66 
56 
64 
68 
63 
51 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
87 
86 
86 
34 



81 

80 

39 

38 

37 

36 

35 

34 

33 

33 

31 

30 

19 

18 

17 

16 

16 

14 

13 

13 

11 

10 

9 

8 

7 

6 

5 

4 

3 

3 

1 





N. oos^N-sine. 



58 



Log. SixuM and Itogenta. (870) Natozal Sises. TABLE n. 



D. 10^ 





1 

3 
8 
4 
6 
6 
7 
8 
9 
10 
11 
13 
13 
14 
15 
16 
17 
18 
19 
30 
31 
33 
33 
34 
36 
36 
37 
38 
30 
39 
31 
83 
38 
84 
36 
86 
37 



9.779463 
779631 
779798 
779966 
780183 
780300 
760467 
780634 
780801 
780968 
781134 

9.781301 
781468 
781634 
781800 
781966 
783133 
782398 
783464 



40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
54 
66 
66 
57 
68 
69 
60 



783796 
9.783961 
783137 
783383 
783468 
783633 
783788 
783963 
784118 
784383 
784447 
9.784613 
784776 
784941 
786105 
786369 
786433 
786597 
786761 
786936 
786089 
786363 
786416 
786679 
786743 
786906 
787069 
787333 
787396 
787567 
787730 
9.787883 
788045 
788208 
788370 
788632 
788694 
788856 
789018 
789180 
789343 



Oosine. 



snw^ 



27.9'® 

37.^ 

37.9 

37.9 

27.9 

37.8 

37.8 

37.8 

37.8 

37.8 

37.8 

37.7 

37,7 

37.7 

37.7 

37.7 

37.7 

37.6 

27.6 

37.6 

37.6 

37.6 

37.6 

37.6 

37.6 

37.61 

37.6 ^ 

37.6 

37.6 

37.4 

37.4 

37.4 

37.4 

37.4 

37.4 

37.3 

37.3 

37.3 

37.3 

37.3 

37.3 

37.3 

37.3 

37.3 

37.3 

27.2 

27,3 

37.1 

87.1 

37.1 

27.1 

87.1 

27.1 

87.1 

27.0 

37.0 

37.0 

27.0 

27.0 

37.0 



903349 
903363 
903158 
903063 
901967 
901873 
901776 
901681 
901686 
901490 
901394 
.901398 
901303 
901106 
901010 
900914 
900618 
900738 
900636 
900539 
900433 
.900337 
900343 
900144 
900047 
890951 



899767 



899564 
899467 
.899370 
899373 
899176 
899078 
898981 



898787 



608494 
9.898397 



898308 
898104 
896006 
897906 
897810 
897713 
897614 
897616 
.897418 
897380 
897328 
897183 
897086 
896986 



896729 
896631 
896633 



Sine. 



dTio^ 



16.9 
16.9 
15.9 
16.9 
15.9 
15.9 
16.9 
15.9 
16.9 
16.9 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16 
IB.l 
16.1 
16.1 
16.1 
16.1 
16.1 
16.1 
16.1 
16.1 
16.1 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.3 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 
16.4 



9.883626 



Tang. 



.877114 
877877 
877640 
877903 
878165 
878488 
878691 
878953 
879316 
879478 
879741 

.880003 
880366 
880638 
880790 
881053 
881814 
881676 
881839 
883101 



883148 
883410 



884196 
884467 
884719 



9.886343 
885503 
885766 



886810 
887078 
887333 
887594 
.887866 
888116 
888877 



889160 
889481 



890304 
.890465 
890736 



891347 
891507 
891768 
898(^28 
898889 
898549 
898810 



48.8 
43.8 
43.8 
43.8 
43.8 
43.8 
48.8 
43.7 
43.7 
43.7 
43.7 
48.7 
43.7 
43.7 
43.7 
43.7 
43.7 
43.7 
43.7 
43.7 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
48.6 
43.6 
43.5 
43.5 
43.6 
43.6 
43.5 
43.5 
43.6 
43.6 
43.5 
43.6 
43.5 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 



Ootang. 
I Degreeg. 



Ootang. 



10.133886 
133633 
133360 
133097 
131836 
131573 
131309 
131047 
130784 
130538 
130359 

10.119997 
119735 
119478 
119310 
118948 
118686 
118484 
118161 
117899 
117637 

10.117375 
117113 
116853 
116690 
116338 
116066 
116804 
116543 
115381 
114S030 

10^1^768 
114497 
114336 
118974 
113713 
118451 
118190 
113938 
118667 
113406 

10.113146 
111884 
111683 
111361 
111100 
110840 
110679 
110318 
110057 
109796 

10.109636 
109376 
109014 
108763 
106493 
108838 
107978 
107711 
107461 
107190 



Tang. 



N.8ine. N. oos. 



6018379664 



60305 



60838 79889 
60861 79611 
6037479793 
79776 
6033179768 



60344 
60367 



60414 
60437 



79741 
79733 
79706 
79688 
79671 



6046079668 



60483 
60606 
60629 



79635 
79618 
79600 



60553 79583 



60676 
60699 
60638 
60645 



6066879494 



60691 
60714 
60738 
60761 
60784 
60607 
60830 
60663 



79477 
79469 
79441 
7904 
79406 
79388 
79371 
79353 



61107 



61163 
61176 



61833 
61346 
61368 
61391 
61314 
61337 
61360 
61383 
61406 



79646 



79666 



79547 
79630 
79513 



6087679835 
79318 
60933 79300 
60946 
60968 79364 
60991 79347 
61016 79239 
79811 
61061 79193 
6106479176 



79168 



6113079140 



79138 
79105 



61199 79067 



79069 
79061 
79033 
79016 
78998 
78960 



78944 
78986 



6148978906 



78891 
78873 
78886 
78837 
78819 
78801 



61461 
61474 
61497 
61680 
61543 
61666 
N. oos. N^sine. ^ 



60 
69 
58 
67 
56 
56 
64 
63 
63 
61 
50 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
35 
34 



31 
30 
39 
38 
37 
36 
35 
34 
33 
33 
31 
30 
19 
18 
17. 
16 
16 
14 
13 
13 
11 
10 
9 
8 
7 
.6 
5 
4 
3 
» 
1 




TABLSn. 



Ut^ BioM tad TiM^^eatiL 



-r 



^0) 

1). 10' 



59 



w* 



Sine. 



anipr^KassiTpKio^r 



Tang. 



Ootong. 



9.789343 



1 

3 

8 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

26 

36 

27 



30 
31 



84 
86 



37 



40 
41 
48 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
65 
66 
67 
68 
69 
60 



789604 
789666 
789837 



790149 
790810 
790471 
790632 
790793 
790954 

9.791115 
791275 
791436 
791696 
791757 
791917 
792077 
792237 
792397 
792667 

9.792716 
792876 
793035 
793196 
793354 
793514 
793673 



793991 
794160 

9.794308 
794467 
794626 
794784 
794d42 
796101 
795259 
795417 
796576 
796788 

9.795891 
796049 
796206 
796864 
796631 
796679 
796886 
798998 
797160 
797807 

9.797464 
797631 
797777 
797984 
796091 
798347 
798403 
798660 
798716 
796873 



36.9 
36.9 
36.9 
36.9 
36.9 
36.9 
36.8 
36.8 
36.8 
36.8 
36.8 
36.8 
26.7 
26.7 
26.7 
26.7 
26.7 
26.7 
26.6 
26.6 
26.6 
26.6 
26.6 
26.6 
26.6 
26.5 
36.6 
36.6 
36.6 
36.6 
36.4 
36.4 
36.4 
36.4 
36.4 
36.4 
36.4 
36.8 
36.8 
36.8 
36.8 
36.8 
36.8 
36.8 
36.3 
36.3 
36.3 
36.3 
36.3 
36.1 
36.1 
36.1 
36. 1 
36.1 
36.1 
36.1 
36.1 
36.0 
i36.0 
L36.0 



9.896683 



896438 



896386 
886187 



896840 
896741 
896641 
896642 
.896443 



896244 
896146 
896046 
894946 
894846 
894746 
894646 
894646 
.894446 
894346 
894346 
894146 
894046 



898746 
898646 
893644 
9.893444 
898848 
898348 
898143 
898041 
893940 



893789 



9,893486 



893338 



883080 
891939 
891837 
891736 
891634 
891638 
9.891431 
891819 
891317 
891116 
891018 
890911 
890609 
890707 
890606 
890608 



16.4 
16.i> 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.6 
16.7 
16.7 
16.7 
16.7 
i6.7 
16.7 
16.7 
16.7 
16.7 
16.7 
16.8 
16.8 
16.8 
16.8 
16.8 
16.8 
16.8 
16.8 
16.8 
16.8 
16.9 
16.9 
16.9 
16.9 
16.9 
16.9 
16.9 
16.9 
16.9 
17.0 
17.0 
17.0 
17.0 
17.0 
17.0 
17.0 
17.0 
17.0 
17.0 



9.893810 
898070 
893881 



894111 
894371 



896163 
896413 
9.896673 
896933 
896193 



896713 
896971 
897331 
897491 
897761 
898010 
9.898S^70 



899049 
899308 



899837 
900066 
900846 
900606 
9.900664 
901134 
901888 
901643 
90190V 
903160 
903419 
903679 



903197 
9.908466 
903714 
908978 
904383 
904491 
904760 
906006 
906367 
906636 
906784 
9.906048 



906660 
906819 
907077 
907836 
907694 
907863 
906111 



10. 



10 



107190 
106930 
106669 
106409 
106149 
106889 
106639 
105368 
106108 
104848 
104688 
104838 
104068 
103806 
103648 
103288 



10 



10 



102769 
102609 
102249 
101990 
,101730 
101470 
101211 
100961 
100692 
100482 
100178 
099914 
099664 
099396 
.099186 
098876 
096617 



096099 
097840 
097681 
097331 
097063 



10. 



096646 
09628Q 
096037 
096768 
096609 
096260 



10 



094788 
094474 
094216 
.093967 



093440 
093181 
092928 
092664 
092406 
093148 
091889 
091681 



6166678801 
6168978788 



61613 
61636 



78766 

78747 



6166878739 



61681 



78711 



6170478694 



61736 
61749 
61773 
61796 



78676 
78668 
78640 
78633 



6181878604 
61841 78686 
78668 
78560 
78632 
78614 
78496 
78478 
78460 
78442 



61864 
61887 
61909 
61932 
61956 
61978 
63001 
63034 
6304678434 



6306978406 
6309378887 



63116 
63138 
63160 
63183 



78869 
78361 
78333 
78316 



62261 



78279 
78261 



6227478243 
78226 
6282078206 
78188 
63365 78170 
6338878163 
78134 
63433 78116 
6345678098 
6247978079 
6260278061 
6362478043 
62647 78036 
6257078007 
77988 
77970 
77952 
6266077934 
77916 
77897 
6372877879 
63761 77861 
62774 77843 



63616 



63706 



62796 
63819 
63842 



77824 
77806 
77788 



6286477769 



63887 



77761 
77733 
77716 



69 
66 
67 
66 
66 
64 
63 
63 
61 
60 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
88 
87 
36 
36 
34 



31 

80 

39 

28 

37 

26 

26 

24 

23 

23 

31 

30 

19 

18 

17 

16 

16 

14 

13 

13 

11 

10 

9 

8 

7 

6 

6 

4 

3 

3 

1 





Biiw. 



W 



Cotang. 
61 Degreei. 



Tang. 



N. oofl. N.gine. ' 



Log. SfBM ftnd Tangents. (89^ Natural Sfnea. 



TABLX n. 



dTIo^ 



N. sine. N. oos. 



Sine. 



. 1(/' 



Oosine. 



D. 10" 



Tang. 



Ootang. 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

n 

12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
38 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
60 
51 
52 
53 
64 
65 
56 
67 
58 
59 
60 



9.798772 
799028 
799184 



799495 
799651 
799806 
799962 
800117 
800272 
800427 

9.800582 
800737 
800892 
801047 
801201 
801366 
801511 
801665 
801819 
801973 

9.802128 



802436 
802589 
802743 
802897 
803060 
803204 
803357 
803511 

9.803664 
803817 
803970 
804123 
804276 
804428 
804581 
804734 
80^86 
805039 

9.805191 
806343 
805495 
805647 
806799 
805961 
806103 
806254 
806406 
806557 

9.806709 
806860 
807011 
807163 
807314 
807465 
807615 
807766 
807917 
808067 



26.0 
26.0 
26.0 
25.9 
25.9 
25.9 
25.9 
25.9 
25.9 
26.8 
26.8 
25.8 
26.8 
26.8 
25.8 
25.8 
28.7 
25.7 
25.7 
25.7 
26.7 
26.7 
26.6 
25.6 
25.6 
25.6 
25.6 
25.6 
25.6 
25.5 
26.5 
25.6 
25.5 
25.5 
25.6 
25.4 
25.4 
25.4 
26.4 
25.4 
25.4 
25.4 
25.3 
25.3 
25.3 
25.3 
25.3 
25.3 
25.3 
26.2 
26.2 
26.2 
25.2 
25.2 
25.2 
25.2 
25.1 
25.1 
25.1 
25.1 



.890503 
890400 
890298 
890195 
890093 



889785 



889579 
889477 
.889374 
889271 
889168 
889064 
888961 
888858 
888756 
888651 
888548 
88H444 
9.888341 
888237 
888134 



887926 
887822 
887718 
887614 
887610 
887406 
.887302 
887198 
887093 



886885 
886780 
886676 
886671 



9.1 



886257 
886152 
886047 
886942 
885837 
885732 
885627 
885522 
8854U$ 
885311 
885205 
885100 
884994 



884783 
884677 
884572 
884466 
884360 
884254 



7.0 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.1 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
7.2 
.7.2 
7.3 
7.3 
7.3 
7.3 
7.3 
7.3 
7.3 
7.3 
7.3 
7.3 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 
7.4 



9. 



7.5 
7.5 
7.5 
7.5 
7.5 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7.6 
7,6 



908628 
908886 
909144 
909402 
909660 
909918 
910177 
910435 
910693 
910951 
911209 
911467 
911724 
911982 
912240 
912496 
912756 
913014' 
913271 
913529 
913787 
914044 
914302 
914560 
914817 
915076 
916332 
916690 
915847 
916104 
19.916362 
916619 
916877 
917134 
917391 
917648 
917906 
918163 
918420 
918677 
.918934 
919191 
919448 
919705 
919962 
920219 
920476 
920733 
920990 
921347 
.921503 
921760 
922017 
922274 
922530 
922787 
923044 
923300 
923557 
923813 



43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
43.0 
42.9 
42.9 
42.9 
42.9 
43.9 
42.9 
42.9 
43.9 
42.9 
43.9 
42.9 
42.9 
42.9 
4^.9 
42.9 
43.9 
42.9 
43.9 
42.9 
42.9 
42.8 
42.8 
42.8 
42.8 
42.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
42.8 
42.8 
42.8 
42.8 
48:8 
43.7 



10. 



091631 
091373 
091114 
090666 
090598 
090340 
090083 



10. 



089565 
069307 
069049 
068791 
068538 
068276 
088018 
087760 
087602 
067244 



086729 
086471 
066213 
086956 
065698 
065440 
065183 
06492^ 



10 



084410 
064153 
083896 
10063636 
063381 
063123 



082609 



10 



10 



062096 
081837 
081680 
081823 
.061066 
080809 
080652 
080295 
080038 
079781 
079524 
079267 
079010 
078753 
.078497 
078240 
077983 
077726 
077470 
077213 
076956 
076700 
076443 
076187 



6293377715 
62955 77896 



62977 
63000 



77678 
77660 



6302277641 

63046 

77605 
77586 
77568 
77550 
77631 
77513 
77494 
77476 
77458 
77439 

63393 77421 



63113 
63135 
63168 
93180 



63225 



63371 



63316 



77403 



63338 77384 



63361 
63383 
63406 



63451 
63473 



63518 
63540 
63663 
63585 



63630 
63663 



77366 
77347 
77329 
77310 
77392 
77273 
77255 
77336 
77318 
77199 
77181 
77162 
77144 
77125 



63720 
63742 



63675 77107 
77068 
77070 
77061 
6376577033 
6378777014 
6381076996 
63832 76977 
63854 76959 



6387776940 
63899 76921 
63922 76903 
6394476884 
63966 76866 
6398976847 
64011 76828 



64033 
64056 
64(n8 
64100 
64123 



76810 
76791 
76772 
76764 
76735 



64145 76717 
64167 76698 
6419076679 



64212 
64234 
64256 
64279 



76661 
76642 
76623 
76604 



68 
67 
56 
66 
64 
53 
53 
51 
50 
49 
48 
47 
46 
45 
44 
43 
43 
41 
40 



37 

36 

35 

34 

33 

33 

31 

30 

39 

38 

37 

36 

36 

34 

33 

33 

21 

30. 

19 

18 

17 

16 

15 

14 

13 

13 

11 

10 

9 

8 

7 

6 

5 

4 

3 

3 

1 





Cosine. 



Cotang. 
60 Degreefl. 



Tang. 



N. oofl. N.f4ne. 



TABLB n. \ Log. Sines and Tangente. (40°) Natunl SIbm. 



€1 



Sine. tP. lyq Oorine. [DTW Sug! P. l<y»| Ootang. ijN jine.|N. cob. 




1 
3 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 



9.808087 
808218 



806519 
808669 
808819 



809119 



809419 
809569 

9.809718 
809868 
810017 
810167 
810316 
810466 
810614 
810763 
810912 
811061 
.811210 
811368 
811507 
811666 
811804 
811962 
812100 
812248 
812396 
812544 

9.812692 
812840 
812988 
813135 
813283 
813430 
813578 
813725 
813872 
814019 

9.814166 
814313 
814460 
814607 
814763 
814900 
816046 
815193 
816339 
816486 

9.816631 
815778 
816924 
816069 
816215 
816361 
816507 
816652 
816798 
816943 



883723 
883617 
883510 
883404 
883297 
883191 
9.883084 
882977 
882871 
882764 
882657 
882560 
882443 



.884264 
884148 
884042 



882121 

.882014 
8»1907 
881799 
881692 
881584 
881477 
881369 
881261 
881163 
881046 
9.880938 
880830 
880722 
880613 
880505 
880397 
880289 
880180 
880072 
879963 

.879666 
879746 
879637 
879529 
879420 
879311 
879202 
879093 
878984 
878875 

i.878766 
878666 

'878647 
878438 
878328 
878219 
878109 
877999 
877890 
877780 



Sine. 



7.7 
7.7 
7.7 
7.7 
7.7 
7.7 
7.7 
7.7 
7.7 
7.8 
7.8 
7.8 



7.9 
7.9 
7.9 
7.9 
7.9 
7.9 
7.9 
7.9 
7.9 
7.9 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.1 
8.2 
8.2 
.8.2 
.8.2 
6.2 
8.2 
6.2 
6.2 
8.2 
6.3 
6.3 
6.3 
6.3 



.923813 
924070 
924^27 
924683 
924840 
926096 
926352 



926866 
926122 
926378 
.926634 
926890 
927147 
927403 
927659 
927916 
928171 
928427 



.929196 
929462 
929708 
929964 



930476 
930731 
930987 
931243 
931499 
.931756 
932010 



932622 
932778 



933645 



934066 
.934311 
934667 



936078 
936333 



936644 
936100 
936366 
936610 
9.936866 
937121 
937376 
937632 
937887 
938142 



938908 
989163 



10.076187 
076930 
076673 
076417 
076160 
074904 
074648 
074391 
074136 
073878 



Ootong. 
49 Degrees. 



10.073366 
073110 
072863 
072697 
072341 
072065 
071629 
071573 
071317 
071060 

10.070604 
070648 
070292 
070036 
069780 



069013 
066767 
066501 

10.068246 
067990 
067734 
067478 
067222 
066967 
066711 
066466 
066200 
066944 

10.066689 
066433 
066177 
064922 
064667 
064411 
064166 
063900 
063646 
063390 

10.063134 
062879 



062113 
061868 
061602 
061347 
061092 
060837 



Tang. 



64279 
64301 
64328 



76604 
6430176666 

76667 
64346 76546 



64368 
64390 



76630 
76611 



6441276492 



64436 
64467 



76473 
76466 



64479 76436 
64501 76417 
64624 76398 
6464676380 
6466676361 
6468076342 
64612 76323 



64636 
64667 



76304 
76286 



64679 76267 



76248 
6472376229 

76210 
64768 76192 
6479076173 



64701 
64723 
64746 



64612 
64834 
64866 
64878 



64923 
64946 



65166 



1^18676632 
6521075613 



66232 
65264 
66276 



65386 
66406 
65430 
65462 
65474 
65496 
66518 



65684 
656U6 



76164 
76185 
76116 
76097 
76078 
76069 
76041 



64967 76022 
64989 76003 
66011 76984 
65033 76966 
66066 76946 
66077 75927 
6510076906 
66122 76889 
6614476870 



76851 



76794 
76776 
76766 



6529676788 
6632076719 
66342 76700 
6636476680 



76661 
76642 
76623 
76604 
76685 
75666 
76647 



6664075528 
76509 
76490 
76471 



N. COS. N.sine. 



60 
69 

68 



65 
64 
63 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 



87 

36 

35 

34 

33 

32 

31 

80 

29 

28 

27 

26 

26 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

18 

12 

11 

10 

9 

6 

7 

6 

6 

4 

3 

2 

1 





1^ 



i Tngnnti. (410) Nataial SfaiMi 



TABLin. 



D,10^ Oodae. |D. KT TSj. 



D. ly^l CofagT 



IN. liBA. N. 008. 



9.816048 
817068 
817388 
817879 
817634 
817866 
817818 
817966 
818106 
818347 



9.818586 
818681 
818836 
818960 
819118 
819857 
819401 
819546 
819689 
819883 

9.810076 
830130 



830406 



830979 

831133 

831366 

81 19.831407 



80 



831660 



831886 
831977 
833130 



833404 
833646 



9.838880 
833973 
838114 
838366 



83 
88 
84 
36 
86 
87 
88 
89 
40 
41 
43 
43 
44 
46 
46 
47 
48 
40 

60 834104 

61 9.834346 
63 834886 
63 834637 
64 
66 
66 
67 
68 



834949 
836090 



836371 
836611 



33 



S3 



33 



9.877780 
877670 
877660 
877460 
877840 
877380 
877130 
877010 
876899 
876789 
876678 

9.876668 
876467 
876847 



876136 
876014 
876904 
876793 
876683 
876671 
9.875460 
876848 
876337 
876196 
876014 
874003 
874791 
874680 
874668 
874466 
0.874844 
874333 
874131 
874009 
878896 
878784 
878673 
878660 
878448 
878386 
9.878333 
878110 
873998 
873886 
»?3773 
873669 
873647 
873434 
878331 
. 873308 
^9.878006 
871961 
871868 
871766 
871641 
871638 
871414 
871301 
871187 
871073 



Sine. 



048843 
048488 
043763 
044007 
044363 
0.044617 
044771 
046036 
046881 
046636 
046700 
048046 



043478 
043733 



046664 



10.080163 
080418 
080673 
069038 
040188 
040488 
040604 
040040 
041804 
041468 
. 041714 
'Z 0.041968 

.4 
6 

.6 
.6 
.6 
.6 
.6 
6 
.6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
8 
8 
8 
8 
8 
8 
8 
8 
8 


9 
9 
9 
9 
9 
9 
9 



9.047068 
047818 
047673 
047836 
048061 
048836 
048600 
048844 
040000 
049363 

0.048607 



960116 
960370 
060636 
060879 
961133 
9613^ 
061642 
961896 
9.963160 
968405 
963669 
963913 
963167 
963431 
053676 
063030 
964183 
064437 



43.6 
43.5 
43.6 
48.6 
43.6 
43.5 
43.6 
43.6 
48.6 
43.6 
43.5 
43.6 
43.6 
43.6 
43.6 
43.6 
43.6 
6 
43.6 
43.6 
43.6 



10.060887 
060583 
060337 
060073 
060817 
060663 
060806 
060061 
068796 
068543 



10.068083 
057777 
067633 
067367 
067013 
066757 
066603 
066348 



066738 



Ootong. 
48 Dogg> oo . 



2.5 lo-ssiS 



43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.3 
43.3 
43.3 
43.3 
43.3 



056339 
054974 
054719 
064465 
064310 
053955 
058701 
068446 
068198 
10.063987 



053174 
051919 
061664 
051410 
061156 
060901 
060647 

10.050393 
050138 
049684 
049680 
040676 
040131 
048867 
048613 
048368 
048104 

10.047860 
047596 
047341 
047067 
046833 
046579 
046335 
046071 
046817 
046663 



Tang. 



6560675471 
75453 
6566075488 



66673 
66694 



75414 
75896 
6671675376 
65738 75366 
65769 76387 
65781 76818 
66808 76399 
66835 76380 



66847 76361 
76341 
76383 
6591876303 
65935 76184 
66066 76165 



65801 



66978 
66000 



75146 
76136 



6603375107 
66044 76088 
66066 76060 
75060 
6610976030 
66131 76011 



66163 



74903 



6617674873 
66107 74953 
66318 74834 
66340 74915 



6638474876 
66306 74857 



66337 



66340 
66371 



74888 
74818 
74789 
74780 
6641474760 
6643674741 
6646874733 
6648074703 



66601 



74683 



66546 



74663 



66740 
66762 
66783 
66806 
66837 
66848 



74644 
74636 
6658874606 
6661074586 
74667 



66663 
66675 
66697 74609 
66718 74489 



74648 
74638 



74470 
74451 
74431 
74412 
74382 
74373 
6687074853 
74834 
74814 



N. eoB. N.fliiM. 



60 
60 
68 
57 
66 
66 
54 
63 
63 
51 
60 
40 
48 
47 
46 
45 
44 
43 
43 
41 
40 
39 
88 
37 
36 
35 
34 
83 
33 
31 
30 
39 
38 
37 
36 
35 
34 
38 
33 
31 
30 
10 
18 
17 
16 
15 
14 
18 
13 
11 
10 

8 
7 
6 
5 
4 
8 
3 
1 






1 

3 
3 
4 
6 
6 
7 
8 
9 
10 
11 
13 
13 
14 
16 
16 
17 
18 
19 
30 
31 
33 
33 
34 
36 
36 
37 
38 
39 
80 
31 
33 
33 
84 
86 
36 
87 
88 
89 
40 
41 
43 
43 
44 
46 
46 
47 
46 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 
60 



TABLE II. 

S ine. 

19.835611 
836651 
836791 
826931 
836071 
836211 



Log, BiiMS and Tangenti. <420) Ntttml SliiM. 



836491 
826631 
826770 
836910 
9.837049 
827189 
827328 
837467 
837606 
837746 
837884 



838163 
838301 
9.838489 
838678 
838716 



839181 



839407 
839646 



9.829831 



830097 
830384 
830373 
880609 
830646 
830784 
830931 
831068 
9.831196 



9.833661 
833697 



831469 
831606 
831743 
831879 
883016 
883163 



Co rine. 

9.871078 
870960 
870646 
870783 
870618 
870504 
870390 
870276 
870161 
870047 



9.869618 
869704 
869689 
869474 



869346 
869130 
869016 



23.4 
28.3 
28.3 
28.8 
23.3 
33.8 
33.8 
38.8 
23.3 
28.3 
23.3 
33.3 
38.3 
23.3 
38.3 
38.3 
33.2 
28.1 
28.1 
23.1 
23.1 
23.1 
23.1 
33.1 
33.0 
38.0 

gj 867978 
is ^^ 
MO ^'^^'^ 

55;9|9.867516 

32;9 
22.9 
23.9 
22.9 
22.9 
22.9 
23.9 
33.8 

i:||9.866868 

33.8 '^ 



868786 
9.868670 
868666 
868440 
868834 



33.8 
32.8 
83.8 
32.8 
22.7 
23.7 
33.7 
32.7 



888106 
883241 
883877 
838613 



838783 
Oodne. 



DTIO^ 



867167 
867061 



866819 
866703 
866686 
866470 



866130 
866004 



866770 
866663 
866686 
865419 
866303 



g;: 9.866186 

S? 866068 

i:? 864960 

^•5 864716 

^6 864598 

i1 864481 

^'l 864863 

1 6 884346 

-"•^ 864137 



Tang. 

9.964437 
954691 
954945 
955300 
965454 
956707 
965961 
956315 
956469 
956738 
956977 

9.957331 
967485 
967789 
957998 



968600 
958754 
959006 



969616 
9.969769 
960088 
960877 
960681 
960784 
961088 
961391 
961645 
961799 
963063 
9.963806 
963660 
963813 
968067 



968674 
968837 
964081 
964835 
964688 
9.9648^ 
966096 
966849 
966603 
966855 
966109 



966616 



967138 
9.967876 
967639 
967883 
968186 



968648 



969149 
969403 
969656 
Ootang. 
43 P ua ii M . 



43.8 
43.8 
43.3 
43.8 
43.3 
43.3 
43.8 
43.3 
43.8 
43.3 
43.8 
43.8 
43.8 
43.8 
^^.8 
43.8 
43.8 
43.8 
43.8 
43.8 
^^.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
43.8 
4A.3 
43.8 
43.3 
43.8 
43.8 
43.3 
43.8 
43.8 
43.8 
43.8 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
^^.3 
43.3 
43.3 
43.3 
43.3 
43.3 



10 



Ootang. 



10, 



10 



045668 
045809 
046055 
044800 
044546 
044898 
044039 
048785 
048531 
043377 
048038 
,043769 
043615 
043361 
043007 
041764 
041500 
041346 
040993 
040788 
040484 
.040881 
039977 
089783 



039316 



10 



088709 
038466 
038301 
037948 
.087694 
087440 
037187 



10 



086436 
036173 
086919 
086666 
086413 
.085158 
084906 
084651 
084896 
034146 
038891 



10 



088131 
083877 
.089634 
033871 
083117 
081864 
031611 
081367 
031104 
080661 
080597 
030844 
Tang. 



N.atne. 
66918174814 



66978 



7-^76 
7^66 
74387 
67031 74317 
67048 74196 
6706474178 
6706674169 
67107 74189 
6713974130 
67151 74100 



67173 



74080 



6719474061 
67316 74041 
67387 74083 
6736874008 
6738078963 



6780178068 
6733878944 
6784478934 
67366 73904 
67887 78886 



6740978866 



6748078846 
78886 



67468 
67478 78806 



67496 73787 
6751678767 



67588 
67569 



67753 
67778 



67816 



67938 
67944 
67966 



73747 

73728 



6768073708 
67608 78688 
67638 78669 



67646 78649 
67666 
6768878610 
67709 78690 
6778073670 



73551 
78681 



67796 78611 



78491 



67837 73473 
6786973463 
6788078483 
67901 78413 



78393 
6794478878 

78368 
67987 78388 
68006 78314 
6803973394 

73374 



68061 
68073 78364 
68098 73384 
73315 
78195 
73176 



68116 
68136 
68157 
68179 73166 
68200 78186 
N. COS. N.8ine. 



69 
68 
67 
66 
66 
54 
63 
53 
61 
60 
49 
48 
47 
46 
46 
44 
43 
48 
41 
40 
89 
88 
87 
86 
86 
84 
88 
83 
81 
80 
39 
38 
37 
36 
36 
34 
33 
33 
31 
30 
19 
18 
17 
16 
16 
14 
18 
13 
11 
10 
9 
8 
7 
6 
6 
4 
3 
3 
1 




64 



Los. StaiM wd Tncuits. (ASP) Ntttonl Snes. 



TABLIML 





1 

3 

8 

4 

6 

6 

7 

8 

9 

10 

11 

19 

13 

14 

16 

16 

17 

18 

19 

30 

31 

33 

33 

34 

36 

36 

37 



9.888783 
833019 
834054 
834189 
834336 
834460 
834695 
834730 
884866 



836134 

9.836369 

836403 

836638 



31 
33 
33 
34 
86 
36 
37 



40 
41 
43 
43 
44 
46 
46 
47 
48 
49 
60 
61 
63 
63 
64 
66 
66 
67 
68 
69 



D.10" OosUie. 



886807 
886941 
886076 



886843 
836477 

9.836611 
836746 
836878 
837013 
837146 
837379 
837413 
837646 
837679 
837813 

9.837946 
838078 
838311 
838344 
838477 
838610 
838743 
838876 
839007 
839140 

9.839273 
839404 
839636 



839800 
839933 
840064 
840196 
840328 
840469 
9.840691 
840732 
840654 
840985 
841116 
841247 
841378 
841609 
841640 
8 41771 
"Cosine. 



9.864197 
864010 
863892 
863774 



19.863837 
863709 



863116 
861996 
861877 
861758 
9.861638 
861619 
861400 
861380 
861161 
861041 
860932 
860802 



863419 
863301 
863183 
863064 



863471 



860662 
9.860442 



860082 
869962 
869842 
869721 
869601 
860480 
860360 
9.869239 
869119 



868877 
868766 



868614 



868372 
868161 
9.868039 
867908 
857786 
857666 
867643 
867423 
867300 
867178 
857066 
866934 



Sine. 



J>,W 



19.6 
19.6 
19.7 
19.7 
19.7 
19.7 
19.7 
19.7 
19.7 
19.7 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
19.9 
19.9 
19.9 
19.9 
19.9 
19.9 
19.9 
19.9 
19.9 
30.0 
30.0 
20.0 
20.0 
20.0 
30.0 
30.0 
30.0 
30.1 
20.1 
30.1 
30.1 
30.1 
30.1 
30.1 
20.1 
30.3 
20.2 
20.2 
30.3 
30.2 
20.2 
20.2 
30.3 
30.3 
20.3 
30.3 
20.3 
20.3 
20.3 
30.3 



Tang. 



9.969656 



970162 
970416 
970669 
970922 
971175 
971429 
971682 
971935 
972188 

.972441 
973694 
973948 
973301 
973464 
978707 
973960 
974313 
974466 
974719 

.974973 
976336 
976479 
976732 
976985 
976338 
976491 
976744 
976997 
977360 

1.977603 
977766 
978009 
978363 
978615 
978768 
979021 
979374 
979637 
979780 

.960033 



980638 
980791 
981044 
961397 
981660 
981803 
983066 
983309 
9.983662 
982814 
983067 
983320 
983573 



964079 
984331 
984684 
984837 



D. 10" 



42.2 
42.2 
42.2 
42.2 
43.2 
42.2 
42.2 
43.3 
43.3 
42.2 
42.2 
42.2 
43.3 
43.3 
43.3 
43.2 
43.3 
43.3 
43.3 
43.3 
43.3 
43.2 
42.2 
42.3 
42.2 
43.2 
43.2 
43.2 
42.2 
42.2 
43.2 
42.2 
43.3 
43.3 
43.3 
43.3 
43.3 
43.2 
42.2 
42.2 
43.3 
43.3 
43.3 
43.3 
42.1 
42.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 
43.1 



Ootang. 
46 Degreei. 



Cotang. 



10 



10, 



.030344 
030091 
029838 
029584 
029331 
029078 
028826 
028671 
028318 
028066 
027813 
037569 
027306 
027052 
096799 
026646 



10 



10 



10 



10 



026040 
025787 
026634 
026281 
,096027 
024774 
024521 
034368 
024015 
023762 
023609 
033256 
083003 
032750 
,033497 
022244 
021991 
021738 
031485 
031332 
020979 
020726 
020473 
030220 
,j019967 
019714 
019462 
019209 
018956 
018703 
018450 
018197 
017944 
01769J 
,017438 
017186 



016680 
016427 
016174 
015921 
016669 
016416 
016163 



N .sine. N. oos. 



682001 
68221 
68342 
68264 
68285 
68306 
68327 
68349 



73136 
73116 
73096 
73076 
73056 
73036 
73016 
72996 



6837072976 
68391 72957 



68412 



72937 



6848472917 
6846673897 
68476(72877 



68497 



72867 



6851872837 
6853972817 
73797 
73777 
73767 
6863473737 
68646 73717 



68561 
68583 



73697 
6868872677 
6870972657 
6873072637 



68751 
68772 



73617 
72697 



68793 72577 



68814 



73567 



69004 
69026 
69046 



69446 



Tmg. I N. COS. N.siae. 



68835 73537 
68857 73617 
68878172497 
68899{72477 
6892072467 
68941 73437 
68962 72417 
72397 
72377 
72367 
73337 
69067 73317 
73397 
78377 
6913073267 



69109 



69161 

6917373316 

6919373196 

6931473176 

6983573166 

6925673136 

69377 73116 



6931973075 
6934073065 
73035 
69383 73016 
69403 71995 
69434 71974 



71964 



69466 71934 



60 
59 
58 
67 
56 
56 
64 
53 
63 
51 
50 
49 
48 
47 
46 
46 
44 
43 
43 
41 
40 
39 
38 
37 
36 
36 
34 



31 

30 

39 

28 

27 

36 

26 

24 

33 

22 

31 

30 

19 

18 

17 

16 

16 

14 

13 

19 

11 

10 

9 

8 

7 

6 

6 

4 

3 

3 

1 





TABLBn. 



Log. BioM and TtngnBts. (U<^ Natunl SbiM. 



65 



Sine. D.in Cosine. 



.10" 



Tang. 



D..iyT Ootong. 



N.8ine.|N.ooe. 



27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
50 
61 
62 
68 
64 
65 
56 
67 
68 
69 
60 



9.841771 
841902 



842163 
842294 
842424 
842656 



842815 
842946 
843076 

9.843206 
843336 
843466 
843596 
843725 
843855 
843984 
844114 
844243 
844372 

9.844502 
844631 
844760 
844889 
846018 
845147 
846276 
845405 
846533 
845662 

9.845790 
845919 
846047 
846176 
846304 
846432 
846660 
846688 
846816 
846944 

9.84707X 
847199 
847327 
847454 
847582 
847709 
847836 
847964 
848091 
848218 

9.848345 
848472 
iB48599 
848726 
848852 
848979 
849106 
849232 



849485 



9.866934 
866812 
866690 



866446 
856323 
856201 
856078 
865966 
865833 
855711 

9.856688 
855465 
866342 
866219 
865096 
854973 
864850 
864727 
854603 
854480 

9.854356 
854233 
854109 



853862 
853738 
853614 
863490 
853366 
853242 

9.863118 
852994 
862869 
862745 
862620 
852496 
852371 
862247 
852122 
851997 

9.861872 
861747 
861622 
851497 
851372 
861246 
861121 
860996 
850870 
850745 

9.850619 
860493 
850368 
850242 
860116 



849864 
849738 
849611 
849486 



20.8 

20.8 

20.4 

20.4 

20.4 

20.4 

20.4 

20.4 

20.4 

20.4 

20.5 

20.6 

20.5 

20.5 

20.5 

20.6 

20.5 

20.5 

20.6 

20.6 

20.6 

20.6 

20.6 

20.6 

20.6 

20.6 

80.6 

20.7 

20.7 

20.7 

20.7 

20.7 

20.7 

20.7 

20.7 

20.7 

20.8 

20.8 

20.8 

20.8 

20 

20.8 

20.8 

20.8 

20.9 

20.9 

20.9 

20.9 

20.9 

20.9 

20.9 

20.9 

21.0 

21.0 

21.0 

21.0 

21.0 

21.0 

21.0 

21.0 



1.984837 
985090 
986343 
986596 
985848 
966101 
986354 
966607 



967112 
987366 
19.967618 
967871 
988128 
988376 



989134 



989640 



9.990145 



990651 
990903 
991156 
991409 
991662 
991914 
992167 
992^0 
9.992672 
992925 
993178 
993430 



993936 
994189 
994441 



1-9 



994947 
.996199 
995462 
996706 
995967 
996210 
996463 
996715 



997221 
997473 
.997726 
997979 



998484 
998737 



999242 

999495 

999748 

10.000000 



10.015163 
014910 
014657 
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